
�g¨�gÀ�=� �ÀL�ÍÄ
Í�À�Òz� Í�g

����gÛ�<g��^gÀ ��^gÚ
<latexit sha1_base64="Rzi9NAivgJ55u8CVQ14nvqxIQPU="></latexit>

��gÄÄ=�^À� -�ÀÍ=�ÒÀ�
2��ØgÀÄ�ÍC ^� 1�À���

<latexit sha1_base64="eK+Yb1tRm1/4PcDtHlOZWziO9H4="></latexit>

��U��ÍÀ� ÄÒ 7=À�=Í���=� �gÍ��^Ä\ Ù�Í� =¨¨��U=Í���Ä Í� ¨À�L�g�Ä �� �=Í�g�=Í�U=�
¨�ÛÄ�UÄ =�^ zg��gÍÀÛ

<latexit sha1_base64="qEztrRVJ/t3ON/ND1VLpeKk9Avc="></latexit>

Îß "�Øg�LÀg�£ ��Ug�LÀg Ñß£�
�ÄÍ�ÍÒÍ� �=��ÄÄ�=�� 0=� 1À�Ø=Ä�

7g�gÞ�=
<latexit sha1_base64="IVeHgUXMoqY7siANIbnJzufs7SM="></latexit>



T 1�g ÄÍÒ^Û �s Í�g ^Û�=��UÄ �s n�¨���Í �=ÄÄgÄ ��ÍgÀ=UÍ��z =U�
U�À^��z Í� "gÙÍ���=� zÀ=Ø�Í=Í���=� ¨�Íg�Í�=� �Ä ÒÄÒ=��Û U=��g^
Í�g n�L�^Û ¨À�L�g�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T �À�� = zg��gÍÀ�U=� ¨���Í �s Ø�gÙ = �gÛ ¨���Í U��Ä�ÄÍÄ �� ÍÀÛ��z
Í� Ò�^gÀÄÍ=�^ Í�g ÄÍÀÒUÍÒÀg �s Í�g ¨�=Äg Ä¨=Ug ������z s�À Í�g
gµÒ���LÀ�Ò� ¨���ÍÄ\ ¨gÀ��^�U �ÀL�ÍÄ\ ��Ø=À�=�Í Í�À� =�^ �� ¨=ÀÍ�U�
Ò�=À Í�g�À ÄÍ=L���ÍÛ ¨À�¨gÀÍ�gÄ
1�g ÄÍ=L�g =�^ Ò�ÄÍ=L�g �=��s��^Ä =ÄÄ�U�=Íg^ Í� Í�gÄg �L�gUÍÄ
s�À� = ���^ �s �gÍÙ�À� �s U���gUÍ���Ä ª=UÍÒ=��Û ����U����U\
�gÍgÀ�U����U =�^ �=�sU����U U���gUÍ���Ä«\ Ù��U� =�� Í�zgÍ�gÀ U���
ÄÍ�ÍÒÍg = L�z ¨=ÀÍ �s Í�g gÄÄg�Í�=� Ä�g�gÍ�� �s Í�g ÄÛÄÍg�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

���Í�=� /g�=À�Ä
<latexit sha1_base64="QhneOOMwhgeQ8A1zNcNw6be7ARk="></latexit>



�� Í�g tÀÄÍ ¨=ÀÍ �s Í�g Í=�� Ùg ��ÍÀ�^ÒUg Í�g ¨À�L�g� =�^ Ùg LÀ�gvÛ ^�ÄUÒÄÄ
Í�g gÚ�ÄÍg�Ug �s U����^��z =�^ ����U����^��z ¨gÀ��^�U Ä��ÒÍ���Ä

�s Í�g n�L�^Û ¨À�L�g�® ª =zÀ=�zg Àg�=Í�Øg gµÒ���LÀ�= =�^ U��Àg�zÀ=¨��gÄ«®
<latexit sha1_base64="wPzQrC4cnRuM/w6u40QkBtXuhQU="></latexit>

�� Í�g ÄgU��^ ¨=ÀÍ �s Í�g Í=�� Ùg ^�ÄUÒÄÄ Í�g !�ÀÄg ��^gÚ
=�^ ÄÍ=L���ÍÛ ¨À�¨gÀÍ�gÄ �s Í�g ÍÙ��L�^Û ¨À�L�g�

Í�À�Òz� Í�g ����gÛ�<g��^gÀ ��^gÚ®
<latexit sha1_base64="sF75q4hMTdClwE9zw3ML9E2rEpw="></latexit>

$ÒÍ���g �s Í�g Í=��
<latexit sha1_base64="v6EkmPVsyljdoPrkBcMp8icw2o4="></latexit>



8g U��Ä�^gÀ n � 2 ¨���Í ¨=ÀÍ�U�gÄ Ù�Í� �=ÄÄgÄ m1, . . . ,mn =�^ U��À^��=ÍgÄ q1(t), . . . , qn(t)
��Ø��z �� Rd Ò�^gÀ Í�g s�ÀUg tg�^ ��^ÒUg^ LÛ = ¨�Íg�Í�=� sÒ�UÍ���

<latexit sha1_base64="gI/0IbLqQwSNW3b/i0+QAqNtuiE="></latexit>

��¨���Í ��ÍgÀ=UÍ��z ÄÛÄÍg�Ä
<latexit sha1_base64="22wJ+YNyT7aV5oml9oh5diB+XMQ="></latexit>

U : X ! R
Ù�gÀg X = Rnd \� �Ä Í�g U��tzÒÀ=Í��� Ä¨=Ug =�^

� :=
n[

i,j=1

{q 2 Rnd|qi = qj s�À Ä��g i 6= j}

�Ä Í�g U����Ä��� ÄgÍ ª=UÍÒ=��Û =� =ÀÀ=�zg�g�ÍÄ �s �Û¨gÀ¨�=�gÄ«®
<latexit sha1_base64="19MYTT+HSUpPEfYMb5pBIyLfGGE="></latexit>



8g s�UÒÄ �� Í�g s����Ù��z U�=ÄÄ �s ¨�Íg�Í�=� sÒ�UÍ���Ä

T ↵�����zg�g�ÒÄ ªzÀ=Ø�Í=Í���=� U=Äg[ ↵ = 1«[

U↵(q) :=
nX

i,j=1
i<j

mimj

|qi � qj|↵
, ↵ 2 (0, 2)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>


Û Í�g U��ÄgÀØ=Í��� �=ÙÄ �s Í�g ÄÛÄÍg�\ Ùg tÚ Í�g Ug�ÍÀg �s �=ÄÄ
=Í Í�g �À�z��[

Pn
i=1 mixi = 0 =�^ Ùg ^gt�g I(x) := kxk2M = hMx, xi

U=��g^ ª���g�Í �s ��gÀÍ�=«® 8g ^g��Íg LÛ E Í�g Ò��Í Ä¨�gÀg �� Í�g
�=ÄÄ ��À� ª�=�g�Û Í�g ��gÀÍ�= g���¨Ä��^«®

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

� U�=ÄÄ �s Ä��zÒ�=À ¨�Íg�Í�=�Ä
<latexit sha1_base64="qRNC9WSRB40aDVSiRY8/8KSRD3g="></latexit>



T "gÙÍ��½Ä �µÒ=Í���Ä[

(NE) Mq̈(t) = rU
�
q(t)

�

Ù�gÀg M := ^�=z(m1Id, . . . ,mnId) �Ä Í�g �=ÄÄ �=ÍÀ�Ú®
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�g�gÀ=� /g�=À�Ä 1�g Ä��zÒ�=À ÄgÍ ¨�=ÛÄ = sÒ�^=�g�Í=� À��g �� Í�g
¨�=Äg ¨�ÀÍÀ=�Í =�^ ÄÍÀ��z�Û ��vÒg�Ug Í�g z��L=� �ÀL�Í ÄÍÀÒUÍÒÀg\
Lg��z ÀgÄ¨��Ä�L�g\ �s Í�g ¨ÀgÄg�Ug �s U�=�Í�U ��Í���Ä =�^ �s ���
Í���Ä LgU����z Ò�L�Ò�^g^ �� = t��Íg Í��g U.B�+m- .2p�M2v- :2`p2`-
:mixrBHH2`- J�i?2`- a��`B- aBKƺ- sB�V® !�ÀgØ�Àg\ Ä��zÒ�=À�Í�gÄ =Àg
��Í��=Íg�Û ����g^ Í� Í�g Ø=À�=Í���=� ÄÍÀÒUÍÒÀg �s ¨gÀ��^�U ÍÀ=�gUÍ�À�gÄ®

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�µÒ=Í���Ä �s ��Í���
<latexit sha1_base64="1USCvS9yO5y81AxddQpJAf3p7Og="></latexit>



�� �ÀL�Í �s Í�g ÄÛÄÍg� �Ä = ØgUÍ�À Ø=�Òg^ sÒ�UÍ��� (q1(t), . . . , qn(t))
�s ÍÙ�Ug ^�ssgÀg�Í�=L�g sÒ�UÍ���Ä Ù��U� ØgÀ�sÛ Í�g ª"�« =Í g=U� Í��g
t 2 (a, b)® 1� Lg �g=���zsÒ�\ Ùg �=Øg Í� ÀgµÒ�Àg qi(t) 6= qj(t) s�À gØgÀÛ
t 2 (a, b)® 1��Ä ÀgµÒ�Àg�g�Í ¨ÀgØg�ÍÄ U����Ä���Ä =���z Í�g L�^�gÄ®

T 1�g ÍÙ� L�^Û ¨À�L�g� �Ä ��ÍgzÀ=L�g®

T 1�g Í�Àgg L�^Û ¨À�L�g� U=���Í Lg Ä��Øg^ =�^ U=���Í Lg Ägg�\
�� �ÍÄ sÒ�� zg�gÀ=��ÍÛ\ =Ä = ¨gÀÍÒÀL=Í��� �s = Ä��¨�g ��ÍgzÀ=L�g
¨À�L�g�®

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

$ÀL�ÍÄ �s Í�g ªU�=ÄÄ�U=�« ��L�^Û ¨À�L�g�
<latexit sha1_base64="Zb1WhH1P2t7GstsI1CupPembt1A="> </latexit>



$ÀL�Í gÚ¨gÀ�g�U��z = Í�Í=� U���=¨Äg
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0��g Àg�=Íg^ ¨=¨gÀÄ =^�¨Í��z = Ø=À�=Í���=� =¨¨À�=U�® ��LÀ�ÄgÍÍ�\

=�À�\ 
=ÀÒÍg���\ 
gÄÄ�\ ��g�U��gÀ\ ��g�\ ��Í� <g�=Í�\ �gÄ���gÒÚ\ �gÀ�
À=À��\ ��À^��\  ��z\ !=ÀU�=�\ !��Íz��gÀÛ\ $st�\ -®\ /=L���Ù�ÍÞ\
/�=��\ 0gÀÀ=\ 1=�=�=\ 1gÀÀ=U���\7gÀÞ���®

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



����zÀ=¨��U ��Í���Ä =�^ Àg�=Í�Øg gµÒ���LÀ�=
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1�g Ä��¨�gÄÍ ¨gÀ��^�U Ä��ÒÍ���Ä =Àg =ÄÄ�U�=Íg^ Ù�Í� Ug�ÍÀ=� U���
tzÒÀ=Í���Ä =�^ U=��g^ ����zÀ=¨��U �ÀL�ÍÄ®

!=�� ¨À�¨gÀÍ�gÄ

1�gÛ �gg¨ = U��ÄÍ=�Í Ä�=¨g ªÒ¨ Í� À�Í=Í���Ä =�^ ^��=Í���Ä«® �� ÄÒU�
¨=ÀÍ�UÒ�=À ��Í���Ä\ g=U� L�^Û ��ØgÄ Ò�^gÀ Í�g gssgUÍ �s ��g Ä��z�g
Ug�ÍÀg �s =ÍÍÀ=UÍ���\ ��U=Íg^ �� Í�g L=ÀÛUg�ÍgÀ\ �g�Ug ^gÄUÀ�L��z =�
g���¨Äg ª�À = ¨=À=L��=\ �À = �Û¨gÀL��=«®

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



1�g !�ÀÄg ��^gÚ �s Í�g  =zÀ=�zg U�ÀUÒ�=À �ÀL�Í
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3

0 9 β

1

2

α

0

2

4

1�g�Àg� 
 1�g !�ÀÄg ��^gÚ �s L↵,�\ =Ä = UÀ�Í�U=� ¨���Í �s Í�g  =�
zÀ=�z�=� =UÍ��� sÒ�UÍ���=�\ �Ä

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

/gsgÀg�Ug[ 
=ÀÒÍg���\ 7�Ø��=Æ �=^=�Þ= /�UU=À^� �®Æ -®�® !�ÀÄg ���
^gÚ =�^ ���g=À ÄÍ=L���ÍÛ �s Í�g  =zÀ=�z�=� U�ÀUÒ�=À �ÀL�Í �� = Í�Àgg�
L�^Û�ÍÛ¨g ¨À�L�g� Ø�= ��^gÚ Í�g�ÀÛ �`+?X _�iBQMX J2+?X �M�HX kRN
UkyReV- MQX R- j3d@@999X

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



��zÒÀg g�z�Í �ÀL�Í
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�� ÀgUg�Í Ûg=ÀÄ\ �=�Û �gÙ ¨gÀ��^�U �ÀL�ÍÄ �ÀL�ÍÄ �=Øg Lgg� ^�Ä�
U�ØgÀg^\ ÒÄ��z Í�g ÄÛ��gÍÀ�gÄ ª�� Ä¨=Ug =�^ Í��g« =�^ Í�g �g=ÄÍ
=UÍ��� ¨À��U�¨�g® �� Ñßßß\ ÍÙ� �=Í�g�=Í�U�=�Ä ��=�� ��g�U��gÀ =�^
/�U�=À^ !��Íz��gÀÛ ÒÄg^ Í�g �g=ÄÍ =UÍ��� ¨À��U�¨�g ª =zÀ=�zg« Ù�Í�
ÄÛ��gÍÀ�gÄ Í� t�^ = ÄÒÀ¨À�Ä��z ¨gÀ��^�U �ÀL�Í s�À Í�g Í�Àgg L�^�gÄ

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Q��À^��\ £�ÇÇR Í�g ��t�Ò� �s Í�g  =zÀ=�z�=� =UÍ��� �� Í�g ���¨ Ä¨=Ug �s
R2 \{0} =�^ �=Ø��z ����Ø=��Ä���z Ù��^��z �Ò�LgÀ =L�ÒÍ Í�g �À�z�� �Ä Àg=��Þg^
LÛ Í�g �g¨�gÀ�=� �ÀL�ÍÄ ªg���¨ÄgÄ«\ ��U�Ò^��z Í�g ����Í��z U=Äg �s Í�g g���¨Í�U
U����Ä����g�gUÍ��� �ÀL�Í Ù��U� ¨=ÄÄgÄ Í�À�Òz� Í�g �À�z��®

<latexit sha1_base64="4+3+Yhdwc4KmduZYlOA6bxDbbFE="></latexit>

�g¨�gÀ�=� g���¨ÄgÄ �� �=�UÒ�ÒÄ �s 7=À�=Í���Ä
<latexit sha1_base64="9QRa4N0napQTRd48O8JTM50T0sM="></latexit>

1�g ¨À��s �Ä L=Äg^ �� Í�g 1��g��� ��ÀgUÍ !gÍ��^ �� �=�UÒ�ÒÄ �s 7=À�=Í���Ä® 1�g
�=�� ^�stUÒ�Í�gÄ =Àg ^Òg Í� Í�g �=U� �s U��¨=UÍ�gÄÄ[

T ����U��¨=UÍ�gÄÄ ^Òg Í� Í�g Ò�L�Ò�^g^�gÄÄ �s Í�g U��tzÒÀ=Í��� Ä¨=Ug ªUÒÀg^
LÛ ������Þ��z Í�g =UÍ��� �� Í�g ¨=Í� U���gUÍg^ U��¨��g�ÍÄ �s Í�g ���¨ Ä¨=Ug
�s R2 \{0} �=Ø��z Ù��^��z �Ò�LgÀ ±1«

T ¨ÀgÄg�Ug �s Í�g Ä��zÒ�=À�ÍÛ =Í Í�g �À�z�� ªÀgµÒ�Àg^ =� =^���U =ÄÛ�¨Í�Í�U
=�=�ÛÄ�Ä«

<latexit sha1_base64="FWjtDzoQCFZ5Jr1t5fje+2FkLns="></latexit>



1�g Í=�� �Ä L=Äg^ �� = ÀgUg�Í ����Í ¨=¨gÀ Ù�Í� �=Ø�g =�^ $st� ª¨Àg¨À��Í
=Ø=��=L�g =Í �ÍÍ¨Ä[ÉÉ=ÀÚ�Ø®�ÀzÉ=LÄÉ£�ßl®ßßßÇu«® �� Í��Ä ¨=¨gÀ Ùg ¨À�Ø�^g

T = �gÙ ªÄÛ�¨�gUÍ�U« ¨À��s �s ��À^�� ÀgÄÒ�ÍÄ Í�À�Òz� Í�g ÒÄg �s Í�g ����gÛ�
<g��^gÀ ��^gÚ

T ��À^��½Ä Í�g�Àg� LÀg=�Ä ^�Ù� �s Í�g ^��g�Ä��� �s Í�g U��tzÒÀ=Í��� Ä¨=Ug
�Ä L�zzgÀ Í�=� Ñ\ U��ÍÀ=ÀÛ Í� Ù�=Í �=¨¨g�Ä Ù�Í� �ÒÀ =¨¨À�=U�®

<latexit sha1_base64="wdLe3C622O5PjyfebFuwuvD4PyY="></latexit>

��=ÄÄ�tU=Í��� �s Í�g �g¨�gÀ�=� ����¨ÄgÄ
Ø�=

����gÛ�<g��^gÀ ��^gÚ
<latexit sha1_base64="EaApIGwzsqn5dea/gs+dGK4u9ZY="> </latexit>



1�g�Àg�®  gÍ � Lg = �g¨�gÀ�=� g���¨Äg® 1�g� �Í �Ä g���¨Í�U\ �g=���z Í�=Í =�� Í�g
g�zg�Ø=�ÒgÄ Lg���zÄ Í� Í�g Ò��Í U�ÀU�g �s Í�g U��¨�gÚ ¨�=�g® !�Àg�ØgÀ �Í �Ä
Ä¨gUÍÀ=��Û ÄÍ=L�g =�^ ��Í ���g=À�Û ÄÍ=L�g®

<latexit sha1_base64="cnre1k1eExbz/CToZXY9ynGuW/w="> </latexit>

!=�� /gÄÒ�ÍÄ
<latexit sha1_base64="LpUiwxfquYAmZnUY0qsm9krvoSA="></latexit>

1�g�Àg�®  gÍ � Lg = �g¨�gÀ�=� g���¨ÄgÄ Ù�Í� ¨À��g ¨gÀ��^ T =�^ �gÍ �k Í�g ��Í�
�ÍgÀ=Í���® 1�g�\ Ùg �=Øg

◆Mor(�
k) = 2(k � 1).

�� ¨=ÀÍ�UÒ�=À
◆Mor(�) = 0.

<latexit sha1_base64="T3SC+vWQEYX01AXe4+mKr34Qi4w="></latexit>



 ��g=À =�^ Ä¨gUÍÀ=� ÄÍ=L���ÍÛ
<latexit sha1_base64="LSTqebYMjT+WJL/3Jn17joji9JE="></latexit>

1�g ÄÍÒ^Û �s Í�g ÄÍ=L���ÍÛ ¨À�¨gÀÍ�gÄ �s = �g¨�gÀ�=� g���¨ÄgÄ U�ÀÀgÄ¨��^Ä Í� ��U=Íg
Í�g Ä¨gUÍÀÒ� �s Í�g =ÄÄ�U�=Íg^ ����^À��Û �=ÍÀ�Ú

<latexit sha1_base64="4CNMGgjX+cnvvWLLbD/SLsY3DUg="></latexit>

0��Ug Í�g ����^À��Û �=ÍÀ�Ú M �s = �=���Í���=� ÄÛÄÍg� �Ä = ÄÛ�¨�gUÍ�U �=ÍÀ�Ú\
�� ¨=ÀÍ�UÒ�=À Ùg zgÍ Í�=Í

T � 2 �(M) ( ��1,�,�
�1 2 �(M)

<latexit sha1_base64="gV9c+7CRiqK7SIdtcdvpKGMQ0Ek="></latexit>

� �g¨�gÀ�=� g���¨ÄgÄ �Ä

T Ä¨gUÍÀ=��Û ÄÍ=L�g �s �(M) ⇢ U ªÒ��Í=ÀÛ U�ÀU�g«Æ

T ���g=À�Û ÄÍ=L�g �s �Í �Ä Ä¨gUÍÀ=��Û ÄÍ=L�g =�^ ^�=z��=��Þ=L�g

T ^gzg�gÀ=Íg �s 1 2 �(M)®
<latexit sha1_base64="4btgeVN6WjIdWIxY+nhlANCT4z0="></latexit>



1Ù� ¨���Í ¨=ÀÍ�U�gÄ �� Í�g �ÒU��^g=� ¨�=�g �=Ø��z �=ÄÄgÄ m1,m2 2 R+ �Ä �=Í��
g�=Í�U=��Û gµÒ�Ø=�g�Í Í� Í�g ��Í��� �s = Ä��z�g L�^Û Ù�Í� = Àg^ÒUg^ �=ÄÄ gµÒ=�
Í�

µ :=
m1m2

m1 +m2
<latexit sha1_base64="0wcgEkORmIpibY7hLCCil26o+38="></latexit>

X = R2 \{0}®  =zÀ=�z�=� sÒ�UÍ��� L : TX ! R ^gt�g^ LÛ

L(q, v) = K(v) + U(q) Ù�gÀg K(v) =
1

2
µ|v|2, =�^ U(q) =

m

|q| .

m = Gm1m2 =�^ G 2 R+ �Ä Í�g zÀ=Ø�Í=Í���=� U��ÄÍ=�Í®
<latexit sha1_base64="dFmYezRLBjDEapaWmMU4Y14Y6Tg="></latexit>

/g^ÒUÍ��� �s Í�g ÍÙ� L�^Û ¨À�L�g�
Í� Í�g

£�Ug�ÍgÀ ¨À�L�g�
<latexit sha1_base64="TX8sH3HDPE/i0c4nr6E80L+B8oU="> </latexit>



1�g ÍÙ� L�^Û ¨À�L�g� Àg^ÒUgÄ Í� Í�g U�=ÄÄ�U=� �g¨�gÀ ¨À�L�g�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



0ÍÀ=ÍgzÛ s�À U��¨ÒÍ��z Í�g !�ÀÄg ��^gÚ
<latexit sha1_base64="OPZq5wpABrkNdlqbYBrQmCnpqj4="></latexit>

/g�=À�® ��^gÚ Í�g�Àg�Ä �=Ä = ���z ��ÄÍ�ÀÛ Í�=Í U=� Lg ÍÀ=Ug^ L=U� Í� Í�g U�=ÄÄ�U=�
0ÍÒÀ� �ÄU���=Í��� Í�g�Àg� =�^ Í�g !�ÀÄg ��^gÚ 1�g�Àg� �� /�g�=���=� zg��gÍÀÛ®

<latexit sha1_base64="ekq3dhmR6xGW3Ag6nC2MobEgtbU="></latexit>

��À U=�UÒ�=Í��z Í�g !�ÀÄg ��^gÚ

T Ùg U��¨ÒÍg Í�g ����gÛ�<g��^gÀ ��^gÚ ◆CZ(�0) ª= ÄÛ�¨�gUÍ�U ��Ø=À�=�Í =ÄÄ��
U�=Íg^ Í� Í�g sÒ�^=�g�Í=� Ä��ÒÍ��� �0 �s Í�g ���g=À�Þg^ �=���Í���=� ÄÛÄÍg�«

T Ùg ÒÄg =� ��^gÚ Í�g�Àg� Í�=Í U��¨=ÀgÄ Í�gÄg ÍÙ� �L�gUÍÄÆ ��Àg ¨ÀgU�Äg�Û

◆Mor(�) = ◆CZ(�0).
<latexit sha1_base64="xikuzbF+k6MFFQ9EbMNbwkw3ZkY="></latexit>



T -��=À U��À^��=ÍgÄ (r,#) �� X® 1�g  =zÀ=�z�=� �Ä

L
�
r,#, ṙ, #̇

�
=

1

2
µ
�
ṙ2 + r2#̇2

�
+ U

�
r
�
.

T �Ò�gÀ� =zÀ=�zg �µÒ=Í���
8
<

:

µr̈ � µr#̇2 +
m

r2
= 0 �� [0, T ]

d

dt

�
µr2#̇

�
= 0.

<latexit sha1_base64="a30rTl55vud/O/1ne5Q+woMMkFA="> </latexit>

-��=À U��À^��=ÍgÄ �� Í�g ÄÍ=Íg Ä¨=Ug
<latexit sha1_base64="gDpk9Ca4EUqXAZFymdfjLkXGGig="></latexit>



�� gÚ¨��U�Í ¨=À=�gÍÀ�Þ=Í���
<latexit sha1_base64="aG48TMRTCN92wa0VcHoop7u5uHw="></latexit>

��� Ä��ÒÍ���Ä U=� Lg ÙÀ�ÍÍg� �� ÍgÀ�Ä �s Í�g �ÀL�Í=� g�g�g�ÍÄÆ �� Í�g ¨=ÀÍ�UÒ�=À U=Äg
�s ����ÞgÀ� =�zÒ�=À ���g�ÍÒ� =�^ �gz=Í�Øg g�gÀzÛ\ ÄÒU� Ä��ÒÍ���Ä =Àg g���¨ÄgÄ
z�Øg� LÛ z�Øg� LÛ

r(#) =
r0

1� " U�Ä# Ù�gÀg r0 :=
k2

µm
.

<latexit sha1_base64="HbJWG+Sufcg5bFCRma4EJKZGV9c="></latexit>

T r0 �Ä U=��g^ Í�g Äg����=ÍÒÄ ÀgUÍÒ� =�^ �Í �Ä Àg�=Íg^ Í� Í�g gUUg�ÍÀ�U�ÍÛ =�^
Í�g Äg����=��À =Ú�Ä a �s Í�g g���¨ÄgÄ LÛ a = r0/(1� "2))®

T k �Ä Í�g =�zÒ�=À ���g�ÍÒ� =�^ " =

s

1 +
2hk2

µm2
ª�� Í�g U�ÀUÒ�=À U=Äg " = 0«®

<latexit sha1_base64="RM6j34ASRYXwOWPSdl5cOCaqA2Q="></latexit>



1�g �=���Í���=� sÒ�UÍ��� �Ä z�Øg� LÛ

H
�
r,#, ṙ, #̇

�
=

1

2
µ
�
ṙ
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2
#̇
2
�
� U

�
r
�
=

1

2


p
2
r

µ
+

p
2
#

r2µ

�
� m

r

Ù�gÀg (pr, p#) =
�
µṙ, µr

2
#̇
�
®

<latexit sha1_base64="pFIBMA1jvFFANxE2wDtjKYXEpgo="></latexit>

0gÍÍ��z w = (yr, y#, xr, x#)
h\ Í�g� Í�g ���g=À�Þg^ �=���Í���=� ÄÛÄÍg� =Í Í�g U�ÀUÒ�=À

Ä��ÒÍ��� r(t) = rei!t �Ä ẇ = Lw Ù�gÀg L �Ä Í�g �=���Í���=� �=ÍÀ�Ú

L =

2

66666664

0
2p#
µr3


2m

r3
� 3p2#

µr4

�
0

0 0 0 0
1

µ
0 0 0

0
1

r2µ
�2p#
r3µ

0

3

77777775

=

2

664

0 A C 0
0 0 0 0
D 0 0 0
0 B �A 0

3

775

<latexit sha1_base64="bJQTP5+320lwbyh0kL+42YmikwU="></latexit>

 ��g=À�Þ=Í��� =���z = U�ÀUÒ�=À �ÀL�Í
<latexit sha1_base64="0+4EaBNHEYzuJ+pxC3dMto6LZz4="></latexit>



1�g ��t��ÍgÄ��=� ¨�=Äg v�Ù
<latexit sha1_base64="h9GprxCbPhOqSnxpwTPDuGJDYsM="></latexit>

1�g �=ÍÀ�Ú L �Ä = Í��g ��^g¨g�^g�Í �=���Í���=� �=ÍÀ�Ú® 1�g sÒ�^=�g�Í=� ª�=ÍÀ�Ú«

Ä��ÒÍ��� �Ä z�Øg� LÛ �0(t) = eLt Ù�gÀg t 2

0,

2⇡

!

�
®

0��Ug Í�g ^gÍgÀ���=�Í �s L� �Id4 �Ä �2(�2 + !2)\ Í�gÀg gÚ�ÄÍÄ = ÄÛ�¨�gUÍ�U �=ÍÀ�Ú
P 2 0¨(4) ÄÒU� Í�=Í

L = P

✓
0 s(r)
0 0

�
⇧

0 �!
! 0

�◆
P�1.

<latexit sha1_base64="lrpw7iIHUwOAG7LypDii42ZkJEM="> </latexit>

�^Ø=�Í=zgÄ

T ���¨ÒÍ=Í��� �s Í�g ����gÛ�<g��^gÀ ��^gÚ �� 0¨(2) ��ÄÍg=^ �s 0¨(4)

T 1�g ����gÛ�<g��^gÀ ��^gÚ �Ä =^^�Í�Øg Ù�Í� ÀgÄ¨gUÍ Í� Í�g ÄÛ�¨�gUÍ�U ÄÒ� ⇧
<latexit sha1_base64="+dEQdfGhV8XZqtH/tbzWXl551do="></latexit>



1�g ÄÛ�¨�gUÍ�U zÀ�Ò¨ 0¨(2) U=¨ÍÒÀg^ Í�g =ÍÍg�Í��� �s �® �g�s=�^ =�^ 7®  �^Ä���
tÀÄÍ\ Ù�� �� £�ul ^gÄUÀ�Lg^ = Í�À�U Àg¨ÀgÄg�Í=Í��� �s �Í® 1�g R3�UÛ���^À�U=�

U��À^��=Íg Àg¨ÀgÄg�Í=Í��� �s 0¨(2) Ù=Ä ��ÍÀ�^ÒUg^ LÛ :®  ��z �� £��£®
<latexit sha1_base64="WWnh5nafhfkkIxZrI817d0ArIvc="></latexit>

�Û���^À�U=� Àg¨ÀgÄg�Í=Í��� �s 0¨(2)
<latexit sha1_base64="KMmwLoEzl9OwwAHY68ASa/e/UT4="></latexit>

1�À�Òz� Í�g ¨��=À ^gU��¨�Ä�Í���\ gØgÀÛ �=ÍÀ�Ú M 2 0¨(2) U=� Lg ÙÀ�ÍÍg� =Ä

M =

✓
r z
z 1+z2

r

◆✓
U�Ä ✓ � Ä�� ✓
Ä�� ✓ U�Ä ✓

◆
,

Ù�gÀg (r, ✓, z) 2 (0,+1)⇥ [0, 2⇡)⇥R® 7�gÙ��z (r, ✓, z) =Ä UÛ���^À�U=� U��À^��=ÍgÄ ��
R3 \{z�=Ú�Ä} Ùg �LÍ=�� = Ä���Í� z��L=� ^�ssg���À¨��Ä�  : 0¨(2) ! R3 \{z�=Ú�Ä}®

8g Ä�=�� �g�Ugs�ÀÍ� �^g�Í�sÛ g�g�g�ÍÄ �� 0¨(2) Ù�Í� Í�g�À ��=zg Ò�^gÀ  ®
<latexit sha1_base64="a+46tbBspgmbCMGfLlm0ig3Np50="></latexit>



����gÛ�<g��^gÀ ��^gÚ �� 0¨(2)
<latexit sha1_base64="g5XClth6EdzEfBd1GpV8EzD1N5k="></latexit>

Arnol’d-Maslov cycle in Sp(2)

A path having CZ-index =2 

�s Ùg ��=z��g ¨À��gUÍ��z Í�g ÄÛ�¨�gUÍ�U ¨=Í� ��Í� Í�g ��À�Þ��Í=� ¨�=�g {z = 0} =
Ä��¨�g Ù=Û Í� Í���� =L�ÒÍ Í��Ä ��^gÚ �Ä =� =�zgLÀ=�U U�Ò�Í �s ��ÍgÀÄgUÍ��� Ù�Í�

Í�g UÒÀØg ^g¨�UÍg^ �� ��zÒÀg �s = U��Í��Ò�ÒÄ ¨=Í� ªÙ��U� �Ä Í�g ¨À��gUÍ��� �s Í�g
�À�z��=� ��g« �� Í�g dxOy�¨�=�g®

<latexit sha1_base64="0S5KeNTTVmQ5O1Kz51xiZOynmT8="></latexit>
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Intersection between the Arnol’d-Maslov cycle and 
the plane  

z=0

/�Òz��Û\ Í�g ����gÛ�<g��^gÀ ��^gÚ �s = ÄÛ�¨�gUÍ�U ¨=Í� �� 0¨(Ñ) ÄÍ=ÀÍ��z sÀ��
Í�g �^g�Í�ÍÛ U�Ò�ÍÄ Í�g =�zgLÀ=�U ªÄ�z�g^« ��ÍgÀÄgUÍ���Ä �s Í�g ¨=Í� Ù�Í� Í�g
ÄÒÀs=Ug

0¨ß(Ñ) = {M 2 0¨(Ñ)|^gÍ(M � I2) = 0}
<latexit sha1_base64="/Se4H0sERVF5bf0JDbB0N4ZyMEA="></latexit>



����Í�¨Û =ÀzÒ�g�ÍÄ
=�^

ÄÛ�¨�gUÍ�U ¨�=Äg v�Ù ��Ø=À�=�Í ^gU��¨�Ä�Í���
<latexit sha1_base64="olsTjhqj3CmJZTyY2TEpdHMzfNs="></latexit>

T 1�g ���g=À�Þg^ �=���Í���=� ØgUÍ�À tg�^ �Ä U��ÄÍ=�Í

T 2¨ Í� = ÄÛ�¨�gUÍ�U U�=�zg �s U��À^��=ÍgÄ\ Ùg zgÍ Í�=Í L ⇠ K1 ⇧K2 Ù�gÀg

K1 =


0 1
0 0

�
=�^ K2 =


0 �!
! 0

�

<latexit sha1_base64="6s+lqbSMoSSOF+XAJ2QMCMQgC70="></latexit>

T 8g �gÍ �0 : [0, T ] ! 0¨(x) Í�g sÒ�^=�g�Í=� Ä��ÒÍ��� �s Í�g �=���Í���=� ÄÛÄÍg�
ẇ = Lw

T ��À i = 1, 2\ Ùg �gÍ �i : [0, T ] ! 0¨(Ñ) Lg Í�g sÒ�^=�g�Í=� Ä��ÒÍ���Ä �s Í�g
�=���Í���=� ÄÛÄÍg�Ä ẇ = Kiw

<latexit sha1_base64="sSrK2WY2N8t7Fd7YlBNd9Io0s3M="></latexit>




Û = ^�ÀgUÍ ��ÍgzÀ=Í���\ Ùg zgÍ Í�=Í

T �1(t) =


1 s(r)t
0 1

�
t 2 [0, 2⇡/!]

T �2(t) =


U�Ä(!t) � Ä��(!t)
Ä��(!t) U�Ä(!t)

�
t 2 [0, 2⇡/!]

Ù�gÀg s(r) = 3/r2 > 0
<latexit sha1_base64="43fuQ6D+beHTLNAamfvAPezdc+s="></latexit>

�Ò�^=�g�Í=� Ä��ÒÍ���Ä =�^ ����^À��Û
<latexit sha1_base64="Wl0pNB/a11s7otTpu8+qzD+R0l0="></latexit>

1�g ����^À��Û �=ÍÀ�Ú �Ä

M =


1 1
0 1

�
⇧

1 0
0 1

�

<latexit sha1_base64="sI4SZSROaA04VB22EZAlt8wcFRs="></latexit>



1�ÒÄ\ Ùg zgÍ Í�=Í

T �(M) = {1} 2 U =�^ Í�g =�zgLÀ=�U �Ò�Í�¨��U�ÍÛ �s �ÍÄ ªÒ��µÒg« ���µÒgÍ �Ò�Í��
¨��gÀ �Ä 4®

T M �Ä ��Í ^�=z��=��Þ=L�g ª�=Ø��z = ����ÍÀ�Ø�=� ��À^=� L��U�«Æ Í�ÒÄ �� ¨=ÀÍ�U�
Ò�=À � �Ä Ä¨gUÍÀ=��Û =�^ ��Í ���g=À�Û ÄÍ=L�g® 8g =�Ä� �LÄgÀØg Í�=Í �ÍÄ �Ò���ÍÛ
�Ä 3 = ^�� �gÀ(M � I)®

<latexit sha1_base64="lJQ5YNlEEIjRA7rz1HXmsC0IJgg="></latexit>

/g�=À�® 8g �LÄgÀØg Í�=Í Í�g 2⇥ 2

T ��À^=� L��U� Àg�=Í�Øg Í� Í�g g�zg�Ø=�Òg 1 �Ä Í�g ÄÛ�¨�gUÍ�U ��À�=� s�À�
U�ÀÀgÄ¨��^��z Í� Í�g g�gÀzÛ U��ÄgÀØ=Í��� �=Ù

T �^g�Í�ÍÛ �=ÍÀ�Ú �Ä Í�g ÄÛ�¨�gUÍ�U ��À�=� s�À� U�ÀÀgÄ¨��^��z Í� Í�g =�zÒ�=À
���g�ÍÒ� U��ÄgÀØ=Í��� �=Ù

<latexit sha1_base64="RlhfqA8VMp5Jjv78Y24d6EFBI54="></latexit>

0Í=L���ÍÛ �s U�ÀUÒ�=À ��Í���Ä
<latexit sha1_base64="Cmau1pIkrF6gqz+u3cBAd/NRaVg="></latexit>
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 Vanishing  CZ-index for the path on the left 
CZ-index= -1 for the path on the right 

y
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I

x

Sp(2)01,+Sp(2)01,�
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1�g ¨=Í� �� Àg^ =�^ �ÍÄ ^gs�À�=Í��� �� L�Òg® $� Í�g �gsÍ U�ÀÀgÄ¨��^��z Í� =
�gz=Í�Øg Ò¨¨gÀ À�z�Í g�ÍÀÛ ªÀgÄ¨gUÍ�Øg�Û À�z�Í U�ÀÀgÄ¨��^��z Í� = ¨�Ä�Í�Øg Ò¨¨gÀ
À�z�Í g�ÍÀÛ«\ Í�g tÀÄÍ ¨=Í� ÄÍ=ÀÍÄ =Í Í�g �=ÍÀ�Ú D(2) ^�ÀgUÍ Í�Ù=À^Ä Í�g �^g�Í�ÍÛ\
Í�g� z�gÄ ^�Ù�Ù=À^Ä �gsÍ® 1�g ÄgU��^ ¨=Í� ªU�ÀÀgÄ¨��^��z Í� Í�g ✏�¨gÀÍÒÀLg^
��g« s����ÙÄ Í�g Ä=�g ÍÀ=�gUÍ�ÀÛ\ �ÒÄÍ À�Í=Íg^ U��U�Ù�Äg LÛ =� =�z�g ✏® 1�g ◆CZ�
��^gÚ �s L�Í� ¨=Í�Ä �� Í�g �gsÍ �Ä 0® 1�g ◆CZ���^gÚ �s L�Í� ¨=Í�Ä �� Í�g À�z�Í �Ä
�1®

<latexit sha1_base64="CRxBTIadG6B+ex6QHUDSccPhK+8="></latexit>

����gÛ�<g��^gÀ ��^gÚ �s Í�g ¨=Í� �1
<latexit sha1_base64="KOI+G+ctCc73zgkisr7LEs7v7Ac="></latexit>



����gÛ�<g��^gÀ ��^gÚ �s U�ÀUÒ�=À ��Í���
<latexit sha1_base64="QPJvxqTUHkfxkn9YcFa/hKYvFKQ="></latexit>

T ◆CZ(�0(t), t 2 [0, T ])p◆CZ(�1(t), t 2 [0, T ]) + ◆CZ(�2(t), t 2 [0, T ]

T ◆CZ(�2(t), t 2 [0, T ] = 2

�
!T

2⇡

⌫
� 1 �s T 2 2⇡

!
Z

T ◆CZ(�1(t), t 2 [0, T ]) = �1 ª��^g¨g�^g�Í �� T«
<latexit sha1_base64="o9Kc94QcffYP+/Qbls2aa9ibNqw="> </latexit>

0Ò����z Ò¨ Ùg zgÍ

◆CZ(�0(t), t 2 [0, T ]) = 2

�
!T

2⇡

⌫
� 2 s�À T 2 2⇡

!
Z

<latexit sha1_base64="Zs2CGYv3y9NG7kejzZuBQjLC4HA="></latexit>



����gÛ�<g��^gÀ ��^gÚ s�À = �g¨�gÀ�=� g���¨ÄgÄ
<latexit sha1_base64="6/fsg/Vp3QAF/yuTaE11zFLKMzY="></latexit>

��Øg� = ¨gÀ��^�U �g¨�gÀ �ÀL�Í zh0(t) �=Ø��z g�gÀzÛ h0\ Í�gÀg gÚ�ÄÍÄ � > 0 =�^
= Ä���Í� ��g�¨=À=�gÍgÀ s=���Û �s ¨gÀ��^�U �ÀL�ÍÄ zh(t) Ù�Í� H(zh(t) = h s�À =��
h 2 (h0 � �, h0 + �)®
 gÍ Th Lg Í�g ¨gÀ��^ �s zh\ �h Lg Í�g U�ÀÀgÄ¨��^��z sÒ�^=�g�Í=� Ä��ÒÍ���\ Mh =
�h(Th) Lg Í�g ����^À��Û �=ÍÀ�Ú =�^ M := Mh0

<latexit sha1_base64="LVKSmbTtbVpCnd2YIh2jqtFzqhU="> </latexit>

M �Ä ÄÛ�¨�gUÍ�U=��Û U���Òz=Íg^ Í� N1(1, a) ⇧ Id2 Ù�gÀg a = 0,±1® �� ¨=ÀÍ�UÒ�=À

T �s dTh
dh |h=h0 > 0\ Í�g� a = 1

0��Ug Th = (2�1/2⇡)(�h)�3/2\ Ùg g�^�Ò¨ ¨ÀgU�Äg�Û =Ä �� Í�g U�ÀUÒ�=À U=Äg®
<latexit sha1_base64="iprnoijf9VTofY3SAiiHBZDSeO0="></latexit>

/g�=À�® ��=��z�ÒÄ ÀgÄÒ�Í �� = ^�ssgÀg�Í U��ÍgÚÍ Ù=Ä ÒÄg^ LÛ  ��z =�^ ��g�=�^
�� Í�g ÄÍÒ^Û �s U��Äg^ U�=À=UÍgÀ�ÄÍ�UÄ®

<latexit sha1_base64="fg/NlaqrUyk4JPT1jrASq7ofeuc="> </latexit>



"gÙ ¨gÀÄ¨gUÍ�ØgÄ =�^ Ù�À���z ¨À�zÀgÄÄ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T (qQ`FBM; T`Q;`2bb rBi? .X P77BM)���¨ÒÍg Í�g !�ÀÄg ��^gÚ =�^
Í�g ÄÍ=L���ÍÛ ¨À�¨gÀÍ�gÄ s�À Í�g Î� �g¨�gÀ ¨À�L�g�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T (qQ`FBM; T`Q;`2bb rBi? aX h2``�+BMB) ��Ù Í�g ¨ÀgÄg�Ug �s Í��
Í=�É¨=ÀÍ�=� U����Ä��� U=� U��ÍÀ�LÒÍg Í� Í�g !�ÀÄg ��^gÚ

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T ��Ù U=� Í�g ÀgzÒ�=À�Þ=Í��� �s U����Ä���Ä =ssgUÍ Í�g !�ÀÄg ��^gÚ¶
Q1ÀÛ Í� gÄÍ=L��Ä� = ¨ÀgU�Äg Àg�=Í��� LgÍÙgg� Í�g !=Ä��Ø ��^gÚ
�s = U����^��z ÍÀ=�gUÍ�ÀÛ =�^ �ÍÄ ÀgzÒ�=À�Þg^ ª�� Í�g Äg�Äg �s
 gØ����Ø�Í=\ !�ÄgÀ\ gÍU®«R

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T (qQ`FBM; T`Q;`2bb rBi? �X �##QM/�M/QHQ) �=� ������À¨��U UÒÀØg
ÍgU���µÒgÄ Lg =¨¨��g^ Í� Í�g Í�Àgg�L�^Û ¨À�L�g�¶ 1ÀÛ Í� ^gØg��¨
= ÄÒ�Í=L�g ���gÀ�/=L���Ù�ÍÞ Í�g�ÀÛq
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