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The Gel’fand Problem

We are concerned with the global bifurcation diagram of solutions of
the Gel’fand problem,

—Av=rpe’ in Q

(QH,Q)
v=20 on Of)

where,
o ) C R? is any open, smooth and bounded domain;

o € (—00,+00).
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The Gel’fand Problem

The Gel’fand problem (Q,, ) arises in many applications, such as for
example:

@ the nonlinear heat diffusion and thermal ignition of gases
[Frank-Kamenetskii (1955), Gel’fand (1963), Bebernes &
Eberly (1989)];

@ the statistical mechanics of point vortices in turbulent flows and
plasmas [Caglioti, Lions, Marchioro & Pulvirenti (1995), Smith
& O’Neil (1990)] and of self-gravitating objects with cylindrical
symmetries [Ostriker (1964), Katz & Lynden-Bell (1978)].

Daniele Bartolucci University of Rome "Tor a" ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



The Gel’fand Problem

The Gel’fand problem (Q,, ) arises in many applications, such as for
example:

@ the nonlinear heat diffusion and thermal ignition of gases
[Frank-Kamenetskii (1955), Gel’fand (1963), Bebernes &
Eberly (1989)];

@ the statistical mechanics of point vortices in turbulent flows and
plasmas [Caglioti, Lions, Marchioro & Pulvirenti (1995), Smith
& O’Neil (1990)] and of self-gravitating objects with cylindrical
symmetries [Ostriker (1964), Katz & Lynden-Bell (1978)].
Similar problems with exponential nonlinearities in 2-d also arise in
the theory of Chern-Simons and Gauge Fields [Tarantello (1996),
Yang (2001)], in Liouville Quantum Gravity [Polyakov (1981)] and
in the dynamics of bacterial chemotaxis [Suzuki (2005)].
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The Gel’fand Problem

The Gel’fand problem (Q,, ) arises in many applications, such as for
example:

@ the nonlinear heat diffusion and thermal ignition of gases
[Frank-Kamenetskii (1955), Gel’fand (1963), Bebernes &
Eberly (1989)];

@ the statistical mechanics of point vortices in turbulent flows and
plasmas [Caglioti, Lions, Marchioro & Pulvirenti (1995), Smith
& O’Neil (1990)] and of self-gravitating objects with cylindrical
symmetries [Ostriker (1964), Katz & Lynden-Bell (1978)].

Similar problems with exponential nonlinearities in 2-d also arise in
the theory of Chern-Simons and Gauge Fields [Tarantello (1996),
Yang (2001)], in Liouville Quantum Gravity [Polyakov (1981)] and
in the dynamics of bacterial chemotaxis [Suzuki (2005)].

Moreover, the equation in (Q, o) (known as the Liouville equation
[Liouville (1853)]) has a long history in mathematics due to its
relevance to the study of constant curvature metrics in 2-d. [Picard
(1893), Poincare (1898), Berger (1971), Kazdan & Warner (1974),
S.Y.A. Chang & P.C. Yang (1987)].
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The Gel’fand Problem

Therefore, a lot of work has been done to understand existence,
uniqueness, regularity, blow up analysis, symmetry properties and
Morse index estimates of blow up solutions and the (very rich)
structure of the bifurcation diagram of solutions of (Q o)
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The Gel’fand Problem

Therefore, a lot of work has been done to understand existence,
uniqueness, regularity, blow up analysis, symmetry properties and
Morse index estimates of blow up solutions and the (very rich)
structure of the bifurcation diagram of solutions of (Q, ), see [Fujita
(1968), Bandle (1975), (1980), Nagasaki & Suzuki (1990), Brezis
& Merle (1991), W. Chen & C. Li (1991), Suzuki (1992), Y.Y. Li &
Shafrir (1994), Baraket & Pacard (1998), Y.Y. Li (1999), Struwe &
Tarantello (1998), W. Ding, Jost, J. Li & G. Wang (1999), C.C.
Chen & C.S. Lin (2001), (2002), (2003), S.Y.A. Chang, C.C. Chen
& C.S. Lin (2003), Esposito, Grossi & Pistoia (2005), Del Pino,
Kowalczyk & Musso (2005), Malchiodi (2008), Grossi, Ohtsuka &
Suzuki (2011), D.B. & C. S. Lin (2014), C. Gui & Moradifam
(2018), D.B., Jevnikar, Y. Lee & W. Yang (2019), Kowalczyk,
Pistoia, Vaira (2019)],
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The Gel’fand Problem

Therefore, a lot of work has been done to understand existence,
uniqueness, regularity, blow up analysis, symmetry properties and
Morse index estimates of blow up solutions and the (very rich)
structure of the bifurcation diagram of solutions of (Q, ), see [Fujita
(1968), Bandle (1975), (1980), Nagasaki & Suzuki (1990), Brezis
& Merle (1991), W. Chen & C. Li (1991), Suzuki (1992), Y.Y. Li &
Shafrir (1994), Baraket & Pacard (1998), Y.Y. Li (1999), Struwe &
Tarantello (1998), W. Ding, Jost, J. Li & G. Wang (1999), C.C.
Chen & C.S. Lin (2001), (2002), (2003), S.Y.A. Chang, C.C. Chen
& C.S. Lin (2003), Esposito, Grossi & Pistoia (2005), Del Pino,
Kowalczyk & Musso (2005), Malchiodi (2008), Grossi, Ohtsuka &
Suzuki (2011), D.B. & C. S. Lin (2014), C. Gui & Moradifam
(2018), D.B., Jevnikar, Y. Lee & W. Yang (2019), Kowalczyk,
Pistoia, Vaira (2019)], and the references quoted therein, just to cite
a few.
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The global bifurcation diagram on ) = By

Nevertheless, a kind of basic question seems unanswered so far
concerning the shape of the unbounded continuum [Rabinowitz
(1981)] of solutions of (Q, q),

Pocl®) ={(1,0,) € B x C3(T) : v, solves (Quu) }.

emanating from the origin (i, v,) = (0,0) € [y ().
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The global bifurcation diagram on ) = By

Nevertheless, a kind of basic question seems unanswered so far
concerning the shape of the unbounded continuum [Rabinowitz
(1981)] of solutions of (Q, q),

I (Q) :{(u,vu) eRx Co*(Q) : v, solves (QM7Q)},
emanating from the origin (i, v,) = (0,0) € [y ().

Question: Under which conditions on 2, T's(£2) takes the same form
(Fig. [1]) as that corresponding to a disk Q = Bg?

Here Bp = {z € R? : |z| < R} and in this case solutions are radial
[Gidas, Ni & Nirenberg (1979)] and can be evaluated explicitly.

Daniele Bartolucci University of Rome "Tor a" ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



The global bifurcation diagram on €2 = B;

sgn () [|v, [l oo

(0,0)

Figure: [1] The graph of I'so(B1)
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Well known facts about I'(

Let us list some well known facts about I'e, ().

of Rome " r E 0 A U N DIAGRAM OF THE GEL'FAND PROBLEM



Well known facts about I (€2)

Let us list some well known facts about I'e, ().

Classical results [Keller & Cohen (1967)], [Keener & Keller (1974)],
[Crandall & Rabinowitz (1975)] show that v, is a monotonic
increasing function of p as far as the first eigenvalue of the associated
linearized problem is strictly positive. This is the so called branch of
minimal solutions which is well understood and naturally described
in the (1, sgn(12) [0, (0 )-Plane for 1 < 1,(2) € (0, +00).
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Well known facts about I (€2)

Let us list some well known facts about I'e, ().

Classical results [Keller & Cohen (1967)], [Keener & Keller (1974)],
[Crandall & Rabinowitz (1975)] show that v, is a monotonic
increasing function of p as far as the first eigenvalue of the associated
linearized problem is strictly positive. This is the so called branch of
minimal solutions which is well understood and naturally described
in the (1, sgn(12) [0, (0 )-Plane for 1 < 1,(2) € (0, +00).

In fact, this nice behavior breaks down at some positive value p,(€2),
which is the least upper bound of those p, such that (Q o) has
solutions for any pu < .
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Well known facts about I (€2)

Let us list some well known facts about I'e, ().

Classical results [Keller & Cohen (1967)], [Keener & Keller (1974)],
[Crandall & Rabinowitz (1975)] show that v, is a monotonic
increasing function of p as far as the first eigenvalue of the associated
linearized problem is strictly positive. This is the so called branch of
minimal solutions which is well understood and naturally described
in the (1, sgn(12) [0, (0 )-Plane for 1 < 1,(2) € (0, +00).

In fact, this nice behavior breaks down at some positive value p,(€2),
which is the least upper bound of those p, such that (Q o) has
solutions for any p < p,. In particular the first eigenvalue of the
linearized problem at p,(£2) is zero and p,(£2) is known to be a left
bending point.
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The global bifurcation diagram: minimal solutions and

the bending point in ', (€2)

Uu”oo

sgn(v,)

IR(D)

Figure: The branch of minimal solutions
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Well known facts about I'(

The situation for non-minimal solutions on I'(€2), i.e. after the first
bending point, is more involved.
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Well known facts about I (€2)

The situation for non-minimal solutions on I'(€2), i.e. after the first
bending point, is more involved.

Based on the Mountain Pass Theorem [Ambrosetti & Rabinowitz
(1973)], it has been shown in [Crandall & Rabinowitz (1975)] that
for any g € (0, 14(€2)) there exists at least another solution of (Qg.q).
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Well known facts about I (€2)

The situation for non-minimal solutions on I'(€2), i.e. after the first
bending point, is more involved.

Based on the Mountain Pass Theorem [Ambrosetti & Rabinowitz
(1973)], it has been shown in [Crandall & Rabinowitz (1975)] that
for any g € (0, 14(€2)) there exists at least another solution of (Qg.q).
On the other side, if 2 has at least one hole, then for any IV € N there
exists a sequence of solutions of (Q, o) making N-point blow up as
tn — 0% (the concentration phenomenon) that is,

N
pn€Vrn — 87 E Op,y @8 M — +00,
i=1

where {p1,--- ,pn} C Q, [Esposito, Grossi & Pistoia (2005), Del
Pino, Kowalczyk & Musso (2005)].
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Well known facts about I (€2)

The situation for non-minimal solutions on I'(€2), i.e. after the first
bending point, is more involved.

Based on the Mountain Pass Theorem [Ambrosetti & Rabinowitz
(1973)], it has been shown in [Crandall & Rabinowitz (1975)] that
for any g € (0, 14(€2)) there exists at least another solution of (Qg.q).
On the other side, if 2 has at least one hole, then for any IV € N there
exists a sequence of solutions of (Q, o) making N-point blow up as
tn — 0% (the concentration phenomenon) that is,

N
pn€Vrn — 87 E Op,y @8 M — +00,
i=1

where {p1,--- ,pn} C Q, [Esposito, Grossi & Pistoia (2005), Del
Pino, Kowalczyk & Musso (2005)].

Actually, solutions blowing up at more than one point exist also on
suitably defined dumbbell-type domains.
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Well known facts about I (€2)

Therefore, in general, there can be many solutions of (Q, ) for u
small and "high" ||v, ||ec, and in particular it may happen in this
situation that I's(£2) has many bifurcating branches, see for example
[Nagasaki & Suzuki (1990)] when €2 is an annulus.
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Well known facts about I (€2)

For a particular class of simply connected domains it has been proved
in [Suzuki (1992)], that I's(£2) is a smooth curve with only one
bending point, which makes 1-point blow up as p — 0% (i.e.

pevs — 8mh,, p € 2, as p— 07).
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Well known facts about I (€2)

For a particular class of simply connected domains it has been proved
in [Suzuki (1992)], that I's(£2) is a smooth curve with only one
bending point, which makes 1-point blow up as p — 0% (i.e.

pevs — 8mh,, p € 2, as p— 07).

As a consequence of a result in [D.B. & C.S. Lin (2014)], this is true
also for a particular class of non simply connected domains.
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Well known facts about I (€2)

For a particular class of simply connected domains it has been proved
in [Suzuki (1992)], that I's(£2) is a smooth curve with only one
bending point, which makes 1-point blow up as p — 0% (i.e.

pevs — 8mh,, p € 2, as p— 07).

As a consequence of a result in [D.B. & C.S. Lin (2014)], this is true
also for a particular class of non simply connected domains.

We will be more precise concerning this point later on. However, it is
natural in this situation to guess that I'o(Q2) takes the same form
shown in Fig. [1].
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise. Indeed, for
© > 0, we have that

A= ,u/e””, takes values in (0, 87), along I'oo(2),
Q
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise. Indeed, for
© > 0, we have that

A= ,u/e””, takes values in (0, 87), along I'oo(2),
Q
while the first eigenvalue v; of the linearized equation for

(Qu.n) is positive if A < 47 but then changes sign at some
A« > 47 and stays negative in (\,,87) (non minimal branch).
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise. Indeed, for
© > 0, we have that

A= ,u/e””, takes values in (0, 87), along I'oo(2),
Q

while the first eigenvalue v; of the linearized equation for
(Qu.n) is positive if A < 47 but then changes sign at some
A« > 47 and stays negative in (\,,87) (non minimal branch).
The second eigenvalue v, is always positive for A\ < 8, see
[Suzuki (1992)] for simply connected domains and [D.B. & C.S. Lin
(2014)] for general domains.
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise. Indeed, for
© > 0, we have that

A= ,u/e””, takes values in (0, 87), along I'oo(2),
Q

while the first eigenvalue v; of the linearized equation for
(Qu.n) is positive if A < 47 but then changes sign at some
A« > 47 and stays negative in (\,,87) (non minimal branch).
The second eigenvalue v, is always positive for A\ < 8, see
[Suzuki (1992)] for simply connected domains and [D.B. & C.S. Lin
(2014)] for general domains.

Therefore, after the bending, which happens at some A\, > 47, we
have v < 0, and then, even in this lucky situation,
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise. Indeed, for
© > 0, we have that

A= ,u/e””, takes values in (0, 87), along I'oo(2),
Q

while the first eigenvalue v; of the linearized equation for
(Qu.n) is positive if A < 47 but then changes sign at some
A« > 47 and stays negative in (\,,87) (non minimal branch).
The second eigenvalue v, is always positive for A\ < 8, see
[Suzuki (1992)] for simply connected domains and [D.B. & C.S. Lin
(2014)] for general domains.

Therefore, after the bending, which happens at some A\, > 47, we
have v; < 0, and then, even in this lucky situation, where we know
that the bifurcation curve cannot bend back to the right,
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An open problem about the monotonicity of non

minimal solutions in ', (€2)

On the other side, at this point a subtle problem arise. Indeed, for
© > 0, we have that

A= ,u/e””, takes values in (0, 87), along I'oo(2),
Q

while the first eigenvalue v; of the linearized equation for
(Qu.n) is positive if A < 47 but then changes sign at some

A« > 47 and stays negative in (\,,87) (non minimal branch).
The second eigenvalue v, is always positive for A\ < 8, see
[Suzuki (1992)] for simply connected domains and [D.B. & C.S. Lin
(2014)] for general domains.

Therefore, after the bending, which happens at some A\, > 47, we
have v; < 0, and then, even in this lucky situation, where we know
that the bifurcation curve cannot bend back to the right, we don’t
know much about the monotonicity of ||v,|[cc = [|v,| Lo ()
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Possible non monotone behaviour of the non minimal

branch in ', ()

Uu”oo

sgn(v,)




Possible non monotone behaviour of the non minimal

branch in ', ()

The problem is not trivial because along the minimal branch v; is
strictly positive and then (by the maximum principle) ||v
strictly increasing as p increases in (—o0, i (€2)), while,

u”OO iS
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Possible non monotone behaviour of the non minimal

branch in ', ()

The problem is not trivial because along the minimal branch v; is
strictly positive and then (by the maximum principle) ||v, || is
strictly increasing as p increases in (—o0, 14 (2)), while, along the non
minimal branch, one wants to prove that ||v, ||« is decreasing as p
increases in (0, u.(€?)), by using only 141 < 0 and 2 > 0.

ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM
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Possible non monotone behaviour of the non minimal

branch in ', ()

The problem is not trivial because along the minimal branch v; is
strictly positive and then (by the maximum principle) ||v, || is
strictly increasing as p increases in (—o0, 14 (2)), while, along the non
minimal branch, one wants to prove that ||v, ||« is decreasing as p
increases in (0, u.(€?)), by using only 141 < 0 and 2 > 0.

In other words we are trying to prove the opposite inequality for
the derivative %v#, but we only have one negative eigenvalue to get

that far (a kind of inverse maximum principle).
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[ (£2) on symmetric and directionally convex domains

Actually, for domains which are symmetric and convex in the
coordinates directions, by the result in [Holzmann & Kielhofer
(1994)], for any m € (0,400) there exists one and only one solution
of (Qu,0) such that sgn(u)||v,|lcc = m and I's(2) is a smooth curve
which contains all solutions of (Q.q).

Therefore, for these domains, ||v,||e is monotone along I'w (£2), which
answer to our question in this case.
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A new approach to the analysis of I'o(2)

We attack this problem by a new approach suggested by some recent
results in [B], that is, to go back to one of the physical motivations
and find out a natural quantity suitable to be used as a global
variable to parametrize ', ().
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A new approach to the analysis of I'o(2)

We attack this problem by a new approach suggested by some recent
results in [B], that is, to go back to one of the physical motivations
and find out a natural quantity suitable to be used as a global
variable to parametrize ', ().

Indeed, we will not look at the trace of I'no (€2) on the

(1, sgn(p)]|v.]loo) plane, but rather on the (u, E(un)) plane, where E(p)
is the energy of the associated mean field equation, naturally arising
in the Onsager statistical mechanics description [Caglioti, Lions,
Marchioro & Pulvirenti (1995)] of two-dimensional turbulence.
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A new approach to the analysis of I'o(2)

For any pair (11,v,) € (R,C3*(Q)) solving (Q,.q) we define,

1 elu

2u [V | [eln Yn>
Q Q2 Q

p#0,
E(u) =

z,y dzdya ,LLZO,
QQ

where G(z,y) is the Green function for —A with Dirichlet boundary
conditions.
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A new approach to the analysis of I'o(2)

For any pair (11,v,) € (R,C3*(Q)) solving (Q,.q) we define,

1 elu

2u [V | [eln Yn>
Q Q2 Q

p#0,
E(u) =

z,y dzdya ,LLZO,
QQ

where G(z,y) is the Green function for —A with Dirichlet boundary
conditions. For later use let us set,

1
Ey :=E(0) = 30 //G(Jc,y)dacdy.
Q Q
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The mean field equation

Although its definition in the context of the Gel’fand problem looks
rather unnatural, it turns out that indeed E(u) is just the energy in
the [Onsager (1949)] mean field model of two dimensional
turbulence, when expressed as a function of u.
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The mean field equation

Although its definition in the context of the Gel’fand problem looks
rather unnatural, it turns out that indeed E(u) is just the energy in
the [Onsager (1949)] mean field model of two dimensional
turbulence, when expressed as a function of p. For A € (—o0, +00) we
consider the mean field equation,

_ Qf—empA (P.o)
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The mean field equation

Although its definition in the context of the Gel’fand problem looks
rather unnatural, it turns out that indeed E(u) is just the energy in
the [Onsager (1949)] mean field model of two dimensional
turbulence, when expressed as a function of p. For A € (—o0, +00) we
consider the mean field equation,

_ QT e/\d»\ (PA,Q)
Yy =0 a0

This is a particular case of a stationary Euler equation in vorticity
form, where v, is the stream function of the flow

(V = Vi, = (=02, Drh))
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The mean field equation

Although its definition in the context of the Gel’fand problem looks
rather unnatural, it turns out that indeed E(u) is just the energy in
the [Onsager (1949)] mean field model of two dimensional
turbulence, when expressed as a function of p. For A € (—o0, +00) we
consider the mean field equation,

T e
J (Bo)
Py =0 o0
This is a particular case of a stationary Euler equation in vorticity

form, where v, is the stream function of the flow

(V = Vb, = (v, 019,)) and

is the vorticity of the flow (pA = 81(7)2 — 62(7)1).
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The mean field equation

For later use let us set

<ie=[pd fo=i-<f>
Q
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The mean field equation

For later use let us set

<ie=[pd fo=i-<f>
Q

The kinetic energy associated to the flow is + [ |V, |2 = L [|¥%.
) O
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The mean field equation

For later use let us set

<ie=[pd fo=i-<f>
Q

The kinetic energy associated to the flow is 1 f IV, |2 = 1 f |V]2.
Since ¥, (z fG x,y p/\ y)dy, then, mtegratlng by parts in (P} q),

we see that,

£p,) = %/|V1/Jx(x)|2dx - %/p)\(x)z/)x(x)dm - % <y >y,
Q Q
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The mean field equation

For later use let us set

<ie=[pd fo=i-<f>
Q

The kinetic energy associated to the flow is 1 f IV, |2 = 1 f |V]2.
Since ¥, (z fG x,y p/\ y)dy, then, mtegratlng by parts in (P} q),

we see that,
1 1 1
&) = 5 / Vi ()Pl = §/p)\(x)1/)x(:c)dm = S <t
Q Q

and we can equivalently set,

~5 | [ e.wGlzuip, @y

Daniele Bartolucci University of Rome "To " ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



The mean field equation

In particular, for any (X, ,) solving (B o), setting

-1

Hx = A /ek’djx )

Q

and v, (x) = M, (x) we have a pair (y,v,) solving (Qu.q)-
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The mean field equation

In particular, for any (X, ,) solving (B o), setting

-1

/10\ = )‘ /ekwX )

Q

and v, (x) = M, (x) we have a pair (y,v,) solving (Qu.q)-

We will see that, for a large class of domains, for A € (—oo, A.] and
[\, 87) is well defined the inverse of p,, A = A, which allows us to
write E(u) = ﬁ <, >5,= % <y >X|A:>\“,
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The mean field equation

In particular, for any (X, ,) solving (B o), setting
-1

/10\ = )‘ /ekwX )

Q

and v, (x) = M, (x) we have a pair (y,v,) solving (Qu.q)-

We will see that, for a large class of domains, for A € (—oo, A.] and
[\, 87) is well defined the inverse of p,, A = A, which allows us to
write E(u) = ﬁ <w, >y,=3 <Yy >la2y, > that is E(p) is just
&(P,) when expressed in terms of (4, v,).
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The mean field equation

In particular, for any (X, ,) solving (B o), setting

-1

/10\ = )‘ /ekwX )

Q

and v, (x) = M, (x) we have a pair (y,v,) solving (Qu.q)-

We will see that, for a large class of domains, for A € (—oo, A.] and
[\, 87) is well defined the inverse of p,, A = A, which allows us to
write E(u) = ﬁ <w, >y,=3 <Yy >la2y, > that is E(p) is just

&(P,) when expressed in terms of (4, v,).

The underlying idea is to describe ' (2) in terms of the solutions of
(P, o) with the energy as a global parameter.
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The Microcanonical Variational Principle.

The reason why there is a chance to succeed in using the energy as a
global parameter, is that it has been shown in [Caglioti, Lions,
Marchioro & Pulvirenti (1995)] that for any E € (0, +00), there
exists A = A(E) and a solution v, of (P q),
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The Microcanonical Variational Principle.

The reason why there is a chance to succeed in using the energy as a
global parameter, is that it has been shown in [Caglioti, Lions,
Marchioro & Pulvirenti (1995)] that for any E € (0, +00), there
exists A = A(F) and a solution v, of (P, q), which is the stream
function of a density O which maximizes the entropy

&(e) = f/plog(p), ©>1lae. inQ,

Q

for fixed energy €(Q) = E and total vorticity f e=1
Q
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The Microcanonical Variational Principle.

The reason why there is a chance to succeed in using the energy as a
global parameter, is that it has been shown in [Caglioti, Lions,
Marchioro & Pulvirenti (1995)] that for any E € (0, +00), there
exists A = A(F) and a solution v, of (P, q), which is the stream
function of a density O which maximizes the entropy

&(e) = f/plog(p), ©>1lae. inQ,
Q

for fixed energy €(Q) = E and total vorticity [© = 1. This is the so
Q

called microcanonical variational principle.
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The Microcanonical Variational Principle.

The reason why there is a chance to succeed in using the energy as a
global parameter, is that it has been shown in [Caglioti, Lions,
Marchioro & Pulvirenti (1995)] that for any E € (0, +00), there
exists A = A(F) and a solution v, of (P, q), which is the stream
function of a density O which maximizes the entropy

&(e) = f/plog(p), ©>1lae. inQ,
Q

for fixed energy €(Q) = E and total vorticity [© = 1. This is the so
Q

called microcanonical variational principle. In particular A(F) is the
Lagrange multiplier associated to the energy constraint,

ANE) = —m, where Tyia¢ is the statistical temperature.
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The Microcanonical Variational Principle.

The reason why there is a chance to succeed in using the energy as a
global parameter, is that it has been shown in [Caglioti, Lions,
Marchioro & Pulvirenti (1995)] that for any E € (0, +00), there
exists A = A(F) and a solution v, of (P, q), which is the stream
function of a density O which maximizes the entropy

&(e) = f/plog(p), ©>1lae. inQ,
Q

for fixed energy €(Q) = E and total vorticity [© = 1. This is the so
Q

called microcanonical variational principle. In particular A(F) is the
Lagrange multiplier associated to the energy constraint,

ANE) = —m, where Tya¢ is the statistical temperature. Unlike
ordinary states, in a negative temperature state vortices attract each
other, which is the origin of the concentration phenomenon.
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Existence of solutions of (P, g) for A < 8.

The existence and uniqueness of solutions of (B, o) is easy to prove
for A < 0. On the other side it is well known that (B, o) admits a
unique solution for any A € (0,8x) ([Suzuki (1992)] for simply
connected domains, [D.B., C.S. Lin (2014)] for general domains).
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Existence of solutions of (P, g) for A < 8.

The existence and uniqueness of solutions of (B, o) is easy to prove
for A < 0. On the other side it is well known that (B, o) admits a
unique solution for any A € (0,8x) ([Suzuki (1992)] for simply
connected domains, [D.B., C.S. Lin (2014)] for general domains).

The existence/non existence problem for A = 87 is a subtle issue,
since (P, o) is critical with respect to the Moser-Trudinger inequality
[Moser (1971)].
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Existence of solutions of (P, g) for A < 8.

The existence and uniqueness of solutions of (B, o) is easy to prove
for A < 0. On the other side it is well known that (B, o) admits a
unique solution for any A € (0,8x) ([Suzuki (1992)] for simply
connected domains, [D.B., C.S. Lin (2014)] for general domains).

The existence/non existence problem for A = 87 is a subtle issue,
since (P, o) is critical with respect to the Moser-Trudinger inequality
[Moser (1971)]. The variational functional whose critical points are
solutions of (P, o) is bounded from below but it is not coercive for
A= 8.
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Existence of solutions of (P, g) for A < 8.

The existence and uniqueness of solutions of (B, o) is easy to prove
for A < 0. On the other side it is well known that (B, o) admits a
unique solution for any A € (0,8x) ([Suzuki (1992)] for simply
connected domains, [D.B., C.S. Lin (2014)] for general domains).

The existence/non existence problem for A = 87 is a subtle issue,
since (P, o) is critical with respect to the Moser-Trudinger inequality
[Moser (1971)]. The variational functional whose critical points are
solutions of (P, o) is bounded from below but it is not coercive for

A = 8m. Therefore minimizing sequences are not always convergent.
For a complete discussion of this problem see [S.Y.A. Chang, C.C.
Chen & C.S. Lin (2003)] for simply connected domains and [D.B. &
C.S. Lin (2014)] for general domains.
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Domains of first/second kind

This is why we need the following definition,

Definition

A domain Q is of first kind if (B o) has no solution for A = 87 and
is of second kind otherwise.
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Domains of first/second kind

This is why we need the following definition,

Definition

A domain Q is of first kind if (B o) has no solution for A = 87 and
is of second kind otherwise.

This definition was first introduced with a different (but equivalent)
formulation in (Caglioti, Lions, Marchioro & Pulvirenti (1992)).
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Domains of first/second kind

This is why we need the following definition,

Definition

A domain Q is of first kind if (B o) has no solution for A = 87 and
is of second kind otherwise.

This definition was first introduced with a different (but equivalent)
formulation in (Caglioti, Lions, Marchioro & Pulvirenti (1992)).

It has been proved in [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)]
for simply connected domains and in [D.B. & C.S. Lin (2014)] for
general domains that minimizing sequences converge, if and only if 2
is of second kind
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Domains of first/second kind

This is why we need the following definition,

Definition

A domain Q is of first kind if (B o) has no solution for A = 87 and
is of second kind otherwise.

This definition was first introduced with a different (but equivalent)
formulation in (Caglioti, Lions, Marchioro & Pulvirenti (1992)).

It has been proved in [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)]
for simply connected domains and in [D.B. & C.S. Lin (2014)] for
general domains that minimizing sequences converge, if and only if 2
is of second kind and that €2 is of first kind if and only if the unique
solutions of (P, o) for A < 87 make 1-point blow up as A — 87~
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Domains of first/second kind

This is why we need the following definition,

Definition

A domain Q is of first kind if (B o) has no solution for A = 87 and
is of second kind otherwise.

This definition was first introduced with a different (but equivalent)
formulation in (Caglioti, Lions, Marchioro & Pulvirenti (1992)).

It has been proved in [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)]
for simply connected domains and in [D.B. & C.S. Lin (2014)] for
general domains that minimizing sequences converge, if and only if 2
is of second kind and that €2 is of first kind if and only if the unique
solutions of (P, o) for A < 87 make 1-point blow up as A — 87~ As
a corollary we have a characterization of the simply connected
domains considered in [Suzuki (1992)]: it turns out a posteriori that
they are exactly the simply connected domains of first kind.
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Domains of first/second kind

It is well known that any disk Q2 = Bp is of first kind. Actually any
regular polygon is of first kind, see [S.Y.A. Chang, C.C. Chen & C.S.
Lin (2003)], where, among many other things, it is shown that
domains of first kind need not be symmetric.
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Domains of first/second kind

It is well known that any disk Q2 = Bp is of first kind. Actually any
regular polygon is of first kind, see [S.Y.A. Chang, C.C. Chen & C.S.
Lin (2003)], where, among many other things, it is shown that
domains of first kind need not be symmetric.

It has been proved in [D.B. & De Marchis (2015)] that there exists a
universal constant I > 47 such that any convex domain whose
isoperimetric ratio is larger than I is of second kind.
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Domains of first/second kind

It is well known that any disk Q2 = Bp is of first kind. Actually any
regular polygon is of first kind, see [S.Y.A. Chang, C.C. Chen & C.S.
Lin (2003)], where, among many other things, it is shown that
domains of first kind need not be symmetric.

It has been proved in [D.B. & De Marchis (2015)] that there exists a
universal constant I > 47 such that any convex domain whose
isoperimetric ratio is larger than I is of second kind.

If Qg5 is a rectangle of sides a < b, then there exists £ € (0,1) such
that €, is of second kind if and only if ¢ <&, see [S.Y.A. Chang,

C.C. Chen & C.S. Lin (2003)].
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Domains of first/second kind

It is well known that any disk Q2 = Bp is of first kind. Actually any
regular polygon is of first kind, see [S.Y.A. Chang, C.C. Chen & C.S.
Lin (2003)], where, among many other things, it is shown that
domains of first kind need not be symmetric.

It has been proved in [D.B. & De Marchis (2015)] that there exists a
universal constant I > 47 such that any convex domain whose
isoperimetric ratio is larger than I is of second kind.

If Qg5 is a rectangle of sides a < b, then there exists £ € (0,1) such
that €, is of second kind if and only if ¢ <&, see [S.Y.A. Chang,
C.C. Chen & C.S. Lin (2003)]. If Q, = By \ B,(zo) with z9 € By,
xo # 0, then there exists ro < min{|xo|,1 — |zo|} such that €, is of
first kind for any r < rg, see [D.B. & C.S. Lin (2014)].
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Domains of first/second kind

We refer to [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)] and [D.B.
& C.S. Lin (2014)] for other equivalent characterizations of domains
of first kind and a complete discussion concerning this point.
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Domains of first/second kind

We refer to [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)] and [D.B.
& C.S. Lin (2014)] for other equivalent characterizations of domains
of first kind and a complete discussion concerning this point. Among
other things it is proved there that the set of domains of first/second
kind is closed/open in the C'-topology.

Daniele Bartolucci University of Rome "Tor V a" ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



Domains of first/second kind

We refer to [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)] and [D.B.
& C.S. Lin (2014)] for other equivalent characterizations of domains
of first kind and a complete discussion concerning this point. Among
other things it is proved there that the set of domains of first/second
kind is closed/open in the C'-topology. Concerning this point we
have the following recent result:

Theorem (D.B. & A. Malchiodi (2019))

The set of class C', simply connected domains of first kind is a
contractible set with nonempty interior.
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A new approach to the analysis of I'o(2)

We say that f: I — X, where I C R is an open set and X is a
Banach space, is real analytic if for each tg € I it admits a power
series expansion in ¢, which is totally convergent in the X-norm in a
suitable neighborhood of tg.
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The bifurcation diagram for A < 87 on a domain of first

kind

Our first result [B,BJ] is relevant also to the mean field equation on
domains of first kind and asserts that the energy S(p/\) is a real
analytic and strictly increasing for A € (—o0, 87).

e@,)

Q of first kind

(Oa EO)

27 %y 67 8m
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A new approach to the analysis of I'o(2)

Then we have,
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A new approach to the analysis of I'o(2)

Then we have,

Theorem 1 [BJ]

Let €2 be a domain of first kind.
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A new approach to the analysis of I'o(2)

Then we have,

Theorem 1 [BJ]
Let Q be a domain of first kind. For any E € (0, +00), the equation

E(w)=E  (pv.) € Fo() (E)

admits a unique solution p = peo(E).

In particular, pe : (0, +00) = (=00, 14 (2)] and

Vul e () (0, +00) — C*(2) are real analytic functions of E and
(1), 1= () 1S & parametrization of I'wc (€2).
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A new approach to the analysis of I'o(2)

Then we have,

Theorem 1 [BJ]
Let Q be a domain of first kind. For any E € (0, +00), the equation

E(w)=E  (pv.) € Fo() (E)

admits a unique solution p = peo(E).
In particular, fio : (0, 4+00) — (=00, tx(2)] and
Vul e () (0, +00) — C*(2) are real analytic functions of E and

(/L, “)| (@) 18 a parametrization of I'(€2).

Finally uoo( ) has the following properties:

(1) poo(E) = —00 as E — 0%, poo(Eo) = 0, fico(E) — 0% as

E — +oo;

(i4) d“L” >0 for E < B,, W= _ dieelB) - for B > E,,
where E = E.(Q) > Ey(Q) is uniquely defined by E.(Q) = E(u.(2)),
that 1S oo (Ex) = ().
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The shape of I'o(2) on domains of first kind




A new approach to the analysis of I'o(2)

Therefore, on domains of first kind, we have found a global
parametrization of ', (Q2),

Too(©) = {(11.,) € [0, 1 (] X CTX(Q) : 11 = poc(B), B € (0, +00)},

which takes the form depicted in Fig. [4], as claimed.
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A new approach to the analysis of I'o(2)

Therefore, on domains of first kind, we have found a global
parametrization of ', (Q2),

Too(©) = {(11.,) € [0, 1 (] X CTX(Q) : 11 = poc(B), B € (0, +00)},

which takes the form depicted in Fig. [4], as claimed. At least to our
knowledge, this is the first global result (i.e. including non-minimal
solutions) about the shape of the Rabinowitz unbounded continuum,
for an elliptic equation with superlinear growth in dimension n = 2,
which is not just concerned with radially symmetric solutions [Korman
(2012)], and/or with domains symmetric and directionally convex
w.I.t. two orthogonal directions [Holzmann & Kielhofer (1994)].
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Sketch of the proof

The underlying idea is to parametrize I'o (2) via the map A — p,
along the analytic branch Gg, of solutions of (B q) for A € (—o0, 87).

Daniele Bartolucci Univ »f Rome "Tor " ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



Sketch of the proof

The underlying idea is to parametrize I'o (2) via the map A — p,
along the analytic branch Gg, of solutions of (B q) for A € (—o0, 87).
As a matter of fact, the natural global parameter (at least for

A < 8m) to describe both (Q o) and (B o), is the energy.

E()

B
(0,Eq

2m 4 67 8
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Sketch of the proof

The use of (P o) as an auxiliary problem is very helpful since, unlike
(Qu,0) where the Morse index along the non minimal branch is 1, the
Morse index of the solutions of (B, o) is zero along Js;, as
shown in [Suzuki (1992), D.B. & C.S. Lin (2014)].
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Sketch of the proof

The use of (P o) as an auxiliary problem is very helpful since, unlike
(Qu,0) where the Morse index along the non minimal branch is 1, the
Morse index of the solutions of (B, o) is zero along Js;, as
shown in [Suzuki (1992), D.B. & C.S. Lin (2014)].

On the other side it seems that we have a high price to pay, since
(P\.o) is a constrained problem and then the eigenvalue problem
associated to the linearized equation

—A¢— AP, b0, o =¢— <>, ¢€HHQ)

is more difficult to analyze.
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Sketch of the proof

From the physical point of view ([B]), the natural spectral
formulation of (B, o) seems to be the following,

—Ap— Mo, 00 = 0P, o, P € HG(Q) (L)

Daniele Bartolucci University of Rome "To " ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



Sketch of the proof

From the physical point of view ([B]), the natural spectral
formulation of (B, o) seems to be the following,

—Ap— Mo, 00 = 0P, o, P € HG(Q) (L)

which corresponds to take variations along the tangent space to the
constraint [ o, =1
Q
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Sketch of the proof

From the physical point of view ([B]), the natural spectral
formulation of (B, o) seems to be the following,

—Ap— Mo, 00 = 0P, o, P € HG(Q) (L)

which corresponds to take variations along the tangent space to the
constraint [ P, = 1. However, in general the first eigenvalue o  need
Q

not be simple, the first eigenfunctions may change sign and, even if
o1,» > 0, the maximum principle in general does not hold for the
linearized operator, see either [D.B. (2012)] or [BJ] for an example
of this sort.
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Sketch of the proof

This is not strange afterall, since the first eigenfunction of a
constrained problem in general may look like an higher order
eigenfunction of an underlying, suitably defined unconstrained
problem.
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Sketch of the proof

This is not strange afterall, since the first eigenfunction of a
constrained problem in general may look like an higher order
eigenfunction of an underlying, suitably defined unconstrained
problem.

The crux of the proof is to use the fact that o1 > 0 [Suzuki (1992),
D.B. & C.S. Lin (2014)], to describe the shape of u, along the non
minimal branch.
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Sketch of the proof

In this spectral setting, it can be shown, as a consequence of the
results in [Suzuki (1992), D.B. & C.S. Lin (2014)]
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Sketch of the proof

In this spectral setting, it can be shown, as a consequence of the
results in [Suzuki (1992), D.B. & C.S. Lin (2014)] that the first
eigenvalue oy, of (L,) satisfies 01,, > 0 V) € (—o0,87) and in
particular that

(S1) A opr>A+o01,>0,VEeN e (—o0,8).
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Sketch of the proof

In this spectral setting, it can be shown, as a consequence of the
results in [Suzuki (1992), D.B. & C.S. Lin (2014)] that the first
eigenvalue oy, of (L,) satisfies 01,, > 0 V) € (—o0,87) and in
particular that

(S1) A opr>A+o01,>0,VEeN e (—o0,8).

Moreover, denoting by ¢, , the eigenfunctions relative to the

eigenvalue oy, then {(¢x,»)otren = {dr— < drx >i}ren is a
complete base in the subspace of L?(2) functions of vanishing mean.
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Sketch of the proof

In particular, if we define the Fourier coefficients of (1, )¢ and of
(%o

O, 2 :/P/\("/}A)O(‘bk,)\)()a B, :/p/\(%)o(‘bk,x)()a
Q Q

then we find,

(82) Qp o\ = Uk,xﬂk,x-
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Sketch of the proof

In particular, if we define the Fourier coefficients of (1, )¢ and of
(%o

O, 2 :/P/\("/}A)O(‘bk,)\)()a B, :/p/\(%)o(‘bk,x)()a
Q Q
then we find,
(82) Qp o\ = Uk,xﬂk,x-

As a consequence of (S1) — (52) we can prove that £(Q, ) is real
analytic and strictly increasing,
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Sketch of the proof

In particular, if we define the Fourier coefficients of (1, )¢ and of

(5
O, 2 :/P/\("/}A)O(‘bk,)\)()a B, :/p/\(%)o(‘bk,x)()a
Q Q
then we find,
(82) Qp o\ = Uk,xﬂk,x-

As a consequence of (S1) — (52) we can prove that £(Q, ) is real
analytic and strictly increasing, so that it is just enough to
understand the sign of ddL)\*.
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Sketch of the proof

Then we have:

E GEL'FAND PROBLEM



Sketch of the proof

Then we have:

. . . .. d(Apy)
(S3) An integral version of the maximum principle for z, = =57

with A\ < 8.

of Rome " r E 0 A U N DIAGRAM OF THE GEL'FAND PROBLEM



Sketch of the proof

Then we have:
(S3) An integral version of the maximum principle for z, = %
with A < 8.

(S4) We can prove a subtle property of a certain quantity
proportional to %% which is seen to satisfy a linear
non-homogeneous ODE.
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Sketch of the proof

Then we have:
(S3) An integral version of the maximum principle for z, = %
with A < 8.

(S4) We can prove a subtle property of a certain quantity
proportional to %% which is seen to satisfy a linear
non-homogeneous ODE. This is the result of a rather surprising
evaluation which, together with (S3), allows us to conclude that diy

dX
must stay negative along the non minimal branch.
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Sketch of the proof

It is easy to see that,

d
/e)\wA % =1-XA< 2, >=:9(\),\ € (—o0,8),
Q

where )
2y = d)\x , < 2\ >*:/pxz*'
Q
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Sketch of the proof

It is easy to see that,

d
/e)\wA % =1-XA< 2, >=:9(\),\ € (—o0,8),
Q

where )
2y = d)\x , < 2\ >*:/pxz*'
Q

By using 01,5 > 0 it can be shown that < z, >,> 0, A € (—o0, 87).
Then %2 > 0 for A < 0.
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Sketch of the proof

It is easy to see that,

d
/e)\wA % =1-XA< 2, >=:9(\),\ € (—o0,8),
Q

where )
2y = d)\x , < 2\ >*:/pxz*'
Q

By using 01,5 > 0 it can be shown that < z, >,> 0, A € (—o0, 87).
Then %1’% > 0 for A < 0. Also, because of the blow up as A — 87~

and the monotonicity of the energy, < z, >,— +0o as A — 87~
Then % < 0 for A — 87~
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Sketch of the proof

It is easy to see that,

d
/e)\wA % =1-XA< 2, >=:9(\),\ € (—o0,8),
Q

where )
d}\* . <2z >A=/pxzk.
Q

By using 01,5 > 0 it can be shown that < z, >,> 0, A € (—o0, 87).
Then <& d 5 >0 for A < 0. Also, because of the blow up as A\ — 87~

and the monotom(:lty of the energy, < z, >,— +oocas A\ — 87~
Then ddL)\* < 0 for A — 87~. The hard part is to show that there
exists A. € (0,87) such that id% >0 <= A< A, Indeed, a major
problem arises in the proof of M < 0 along the non-minimal
branch of solutions, that is for A > Ak

Zy =
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Sketch of the proof

To have a grasp of the problem one can observe that z, satisfies,

/|VZ)\|2 —A< 22> =< > (=A< 2y >)) =< 2, >\ g(\).
Q
The Lh.s. is just the numerator of the Rayleigh quotient of the

unconstrained problem, which is known to be strictly positive for
A < 47 ([Suzuki (1992), D.B. & C.S. Lin (2014))),
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Sketch of the proof

To have a grasp of the problem one can observe that z, satisfies,

/|VZ)\|2 —A< 22> =< > (=A< 2y >)) =< 2, >\ g(\).
Q

The Lh.s. is just the numerator of the Rayleigh quotient of the
unconstrained problem, which is known to be strictly positive for
A < 47 ([Suzuki (1992), D.B. & C.S. Lin (2014)]), while for

A € (A, 87) we need to prove that it is strictly negative
although only the first eigenvalue is negative.
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Sketch of the proof

To have a grasp of the problem one can observe that z, satisfies,

/|VZ)\|2 —A< 22> =< > (=A< 2y >)) =< 2, >\ g(\).
Q

The Lh.s. is just the numerator of the Rayleigh quotient of the
unconstrained problem, which is known to be strictly positive for
A < 47 ([Suzuki (1992), D.B. & C.S. Lin (2014)]), while for

A € (A, 87) we need to prove that it is strictly negative
although only the first eigenvalue is negative.

In other words, if we would go back and take the Fourier expansion in
the unconstrained setting of g(\), then we would find only one
negative term against infinitely many positive terms,
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Sketch of the proof

To have a grasp of the problem one can observe that z, satisfies,

/|VZ)\|2 —A< 22> =< > (=A< 2y >)) =< 2, >\ g(\).
Q

The Lh.s. is just the numerator of the Rayleigh quotient of the
unconstrained problem, which is known to be strictly positive for
A < 47 ([Suzuki (1992), D.B. & C.S. Lin (2014)]), while for

A € (A, 87) we need to prove that it is strictly negative
although only the first eigenvalue is negative.

In other words, if we would go back and take the Fourier expansion in
the unconstrained setting of g(\), then we would find only one
negative term against infinitely many positive terms, and we would
have to prove that the negative term prevails.
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Sketch of the proof

This is also why it is still non trivial, even in the constrained setting,
to prevent the oscillations of g(A\) =1 — A < z, >,,
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Sketch of the proof

This is also why it is still non trivial, even in the constrained setting,
to prevent the oscillations of g(A\) =1 — A < z, >,, that is, to show
that indeed it changes sign only once in A € (0, 87).
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Sketch of the proof

This is also why it is still non trivial, even in the constrained setting,
to prevent the oscillations of g(A\) =1 — A < z, >,, that is, to show
that indeed it changes sign only once in A € (0,87). This is obtained
as a consequence of (S3) — (S4).
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Sketch of the proof

In particular, concerning (S4), we have found a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:
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Sketch of the proof

In particular, concerning (S4), we have found a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:

g (A) =aN)g(A) +b(A), A€ (—00,87),  ¢(0)=1,
where

aA) = —(2A < ()8 > HA< 2 >+ <z, >), bA) =A<z >
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Sketch of the proof

In particular, concerning (S4), we have found a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:

g (A) =aN)gA) +b(A), A€ (-00,8m),  g(0)=1,
where
aA) = —(2A < ()8 > HA< 2 >+ <z, >), bA) =A<z >

By a careful analysis of this equation, we conclude that if A, > 47 is
the "first" zero of g(\), then g(\) is strictly positive for A < A, and
strictly negative for A > A,.

Daniele Bartolucci University of Rome "Tor a" ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



Sketch of the proof

In particular, concerning (S4), we have found a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:

g (A) =aN)gA) +b(A), A€ (-00,8m),  g(0)=1,
where
aA) = —(2A < ()8 > HA< 2 >+ <z, >), bA) =A<z >

By a careful analysis of this equation, we conclude that if A, > 47 is
the "first" zero of g(\), then g(\) is strictly positive for A < A, and
strictly negative for A > A,.

At this point it is not difficult to prove that indeed fix[y_y = 1«(9).
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Thank you very much for your attention!
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Sketch of the proof

Since the first eigenvalue oy , is strictly positive for A € (—oo, 87),
then Gg, is a real analytic curve with no bending and no
bifurcation points.
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Sketch of the proof

Since the first eigenvalue oy , is strictly positive for A € (—oo, 87),
then Gg, is a real analytic curve with no bending and no
bifurcation points.

A crucial fact which follows from (S1), (S2) and oy x > 0, is that the
energy FE, = 8(%) is a (real analytic) strictly increasing function of A
along Gg.
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Sketch of the proof

Since the first eigenvalue oy , is strictly positive for A € (—oo, 87),
then Gg, is a real analytic curve with no bending and no

bifurcation points.
A crucial fact which follows from (S1), (S2) and oy x > 0, is that the
energy FE, = 8(%) is a (real analytic) strictly increasing function of A

along Gg.

Proposition [B],[BJ]

dE)\ > A+01,)\ <

2
/\ _
D2 oL, (12)g >r1> 0, VA € (—o0,0),

dE,
dax

>< (22 > +Ao1s < ((‘Z"—;)O)Z >,> 0, Y\ € [0, 87).
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Sketch of the proof

Since the first eigenvalue oy , is strictly positive for A € (—oo, 87),
then Gg, is a real analytic curve with no bending and no
bifurcation points.

A crucial fact which follows from (S1), (S2) and oy x > 0, is that the
energy FE, = 8(%) is a (real analytic) strictly increasing function of A
along Gg.

Proposition [B],[BJ]

dE)\ > A+01,)\ <

2
/\ _
D2 oL, (12)g >r1> 0, VA € (—o0,0),

dE,
dax

>< (22 > +Ao1s < ((‘Z"—;)O)Z >,> 0, Y\ € [0, 87).

Please observe that this is always true (i.e. also on domains of
second kind ([B])). Therefore, the energy is always a good global
variable to describe Gg;.
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Sketch of the proof

Since the first eigenvalue oy , is strictly positive for A € (—oo, 87),
then Gg, is a real analytic curve with no bending and no
bifurcation points.

A crucial fact which follows from (S1), (S2) and oy x > 0, is that the
energy FE, = 8(%) is a (real analytic) strictly increasing function of A
along Gg.

Proposition [B],[BJ]

dE)\ > A+01,)\ <

2
/\ _
D2 oL, (12)g >r1> 0, VA € (—o0,0),

dE,
dax

>< (22 > +Ao1s < ((‘Z"—;)O)Q >,> 0, Y\ € [0, 87).

Please observe that this is always true (i.e. also on domains of
second kind ([B])). Therefore, the energy is always a good global
variable to describe Gg,. Moreover, to understand the
monotonicity of p as a function of F, it is enough to evaluate
the sign of id%.
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Sketch of the proof

Then we evaluate,

d
/e)‘wA % =1-A<z, >=:g(N\),\ € (—o0,87),
Q

where dO)
2y = d)\k , < 2Za >x:/P/\ZA~
Q
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Sketch of the proof

Then we evaluate,

d
/e)‘wA % =1-A<z, >=:g(N\),\ € (—o0,87),
Q
where

d(A
2y = (dl)l\)k)’ < Zx >x:/P/\ZA~
Q

By using o1 x > 0 it can be shown that < z, >,> 0, A € (—o0, 87).

Then 22 > 0 for A < 0.
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Sketch of the proof

Then we evaluate,

d
/e)‘wA % =1-A<z, >=:g(N\),\ € (—o0,87),
Q

where ()
2y = d)\k , < 2Za >x:/P/\ZA~
Q

By using o1 x > 0 it can be shown that < z, >,> 0, A € (—o0, 87).
Then ddL)\* > 0 for A < 0. Also, because of the blow up and the
monotonicity of the energy, < z, >,— +00 as A — 871~. Then
%"/\—*<0f0r)\—>87r’.
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Sketch of the proof

Then we evaluate,

d
/e)‘wA % =1-A<z, >=:g(N\),\ € (—o0,87),
Q
where

d(A
(dl)l\)k)’ <z >a= /pkzk.
Q

By using o1 x > 0 it can be shown that < z, >,> 0, A € (—o0, 87).
Then dﬁ > 0 for A < 0. Also, because of the blow up and the
monot0n1c1ty of the energy, < z, >,— 400 as A — 87~. Then

i“—* < 0 for A — 87 ~. The hard part is to show that there exists

)\ € (0,8m) such that d“* >0 <= X<\ Indeed, a major
problem arises in the proof of d‘” < 0 along the non-minimal
branch of solutions, that is for A > Ase

Zyx =
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Sketch of the proof

Then we evaluate,

d
/e)‘wA % =1-A<z, >=:g(N\),\ € (—o0,87),
Q

where ()
2y = d)\k , < 2Za >x:/P/\ZA~
Q

By using o1 x > 0 it can be shown that < z, >,> 0, A € (—o0, 87).

Then ddL)\* > 0 for A < 0. Also, because of the blow up and the

monotonicity of the energy, < z, >,— +00 as A — 871~. Then
%‘/\—* < 0 for A — 87~. The hard part is to show that there exists

A« € (0,87) such that CZL—A* >0 <= X<\ Indeed, a major

problem arises in the proof of ddL)\* < 0 along the non-minimal

branch of solutions, that is for A\ > \,.We solve this problem by
two non-trivial facts about the quantity which controls the sign of

‘ZL—/\A, which is g(\) above.
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Sketch of the proof

First of all, still by oq,, > 0, we obtain a version of the maximum
principle for z, based on the sign of g(\).
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Sketch of the proof

First of all, still by oq,, > 0, we obtain a version of the maximum
principle for z, based on the sign of g(A). This is not at all obvious
since o1,y > 0 does not imply, as usually happens in
unconstrained-type problems, that the maximum principle
holds for the linearized problem relative to (B, o).
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Sketch of the proof

First of all, still by oq,, > 0, we obtain a version of the maximum
principle for z, based on the sign of g(A). This is not at all obvious
since o1,y > 0 does not imply, as usually happens in
unconstrained-type problems, that the maximum principle
holds for the linearized problem relative to (B, o).

This is readily seen by observing that any eigenfunction (therefore in
particular the first eigenfunction) satisfies

- 6u¢k,x = - A(bk,x = ()\ + Uk,x) p ((bk,x_ < (bk,x >>\) = 07
Jooe=] e

that is, the normal derivative in general changes sign on 0f2, whence,
in general, ¢1 ) is not of fixed sign, neither if o1 » > 0.
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Sketch of the proof

Nevertheless we succeed in showing that:

Proposition [BJ]

(1) If X € (—o00,87), then < z, >,> 0.
(73) If A € (—o0,4m), then g(A) =1 - A < z, >> 0.
(#3i) If X € (—o0,87) and g(A) > 0, then z,(z) > 0 in Q.
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Sketch of the proof

Nevertheless we succeed in showing that:

Proposition [BJ]

(1) If X € (—o00,87), then < z, >,> 0.
(73) If A € (—o0,4m), then g(A) =1 - A < z, >> 0.
(#3i) If X € (—o0,87) and g(A) > 0, then z,(z) > 0 in Q.

(¢) is an immediate consequence of o1 , > 0 and of the equation
satisfied by z,. (i7) follows from (7) and the fact that,

0<vp,<2i>,< / IVar 2 = A < 22 >,=< 2, >, (1 =A< 2y >,).
Q

Here vy, is the first eigenvalue of the unconstrained problem,
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Sketch of the proof

Nevertheless we succeed in showing that:

Proposition [BJ]

(1) If X € (—o00,87), then < z, >,> 0.
(73) If A € (—o0,4m), then g(A) =1 - A < z, >> 0.
(#3i) If X € (—o0,87) and g(A) > 0, then z,(z) > 0 in Q.

(¢) is an immediate consequence of o1 , > 0 and of the equation
satisfied by z,. (i7) follows from (7) and the fact that,

0<vp,<2i>,< / IVar 2 = A < 22 >,=< 2, >, (1 =A< 2y >,).
Q
Here vy, is the first eigenvalue of the unconstrained problem,

which is known to be positive for A < 47 ([Suzuki (1992), D.B. &
C.S. Lin (2014)]), which yields the 1.h.s. inequality.
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Sketch of the proof

Nevertheless we succeed in showing that:

Proposition [BJ]

(1) If X € (—o00,87), then < z, >,> 0.
(73) If A € (—o0,4m), then g(A) =1 - A < z, >> 0.
(#3i) If X € (—o0,87) and g(A) > 0, then z,(z) > 0 in Q.

(¢) is an immediate consequence of o1 , > 0 and of the equation
satisfied by z,. (i7) follows from (7) and the fact that,

0<vp,<2i>,< / IVar 2 = A < 22 >,=< 2, >, (1 =A< 2y >,).
Q

Here vy, is the first eigenvalue of the unconstrained problem,
which is known to be positive for A < 47 ([Suzuki (1992), D.B. &
C.S. Lin (2014)]), which yields the Lh.s. inequality. (i4¢) is obtained
by a careful non-local refinement of the usual argument (for
unconstrained problems) which shows that the maximum principle
holds if the first eigenvalue is positive.
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Sketch of the proof

However, it turns out that this is not enough.
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Sketch of the proof

However, it turns out that this is not enough. To have a grasp of the
problem one can observe that z, satisfies,

/|Vz:x|2 A< 22> =< 2 >, (1= A< 2y >,).
Q

Here we see that the sign of the Lh.s. depends on the eigenvalues of
the unconstrained problem,
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Sketch of the proof

However, it turns out that this is not enough. To have a grasp of the
problem one can observe that z, satisfies,

/|Vz:x|2 A< 22> =< 2 >, (1= A< 2y >,).
Q

Here we see that the sign of the 1.h.s. depends on the eigenvalues of
the unconstrained problem, which for A € (\,,87) has a negative
first eigenvalue and positive second eigenvalue.
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Sketch of the proof

However, it turns out that this is not enough. To have a grasp of the
problem one can observe that z, satisfies,

/|Vz:x|2 A< 22> =< 2 >, (1= A< 2y >,).
Q

Here we see that the sign of the Lh.s. depends on the eigenvalues of
the unconstrained problem, which for A € (\,,87) has a negative
first eigenvalue and positive second eigenvalue. Therefore it is
non trivial to prevent the oscillations of this quantity, i.e.,
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Sketch of the proof

However, it turns out that this is not enough. To have a grasp of the
problem one can observe that z, satisfies,

/|Vz:x|2 A< 22> =< 2 >, (1= A< 2y >,).
Q

Here we see that the sign of the Lh.s. depends on the eigenvalues of
the unconstrained problem, which for A € (\,,87) has a negative
first eigenvalue and positive second eigenvalue. Therefore it is
non trivial to prevent the oscillations of this quantity, i.e.,to show
that g(A) =1 - X < z, >,,
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Sketch of the proof

However, it turns out that this is not enough. To have a grasp of the
problem one can observe that z, satisfies,

/|Vz:x|2 A< 22> =< 2 >, (1= A< 2y >,).
Q

Here we see that the sign of the Lh.s. depends on the eigenvalues of
the unconstrained problem, which for A € (\,,87) has a negative
first eigenvalue and positive second eigenvalue. Therefore it is
non trivial to prevent the oscillations of this quantity, i.e.,to show
that g(A\) =1 — X < z, >, which must change sign at least once
(since < z, >,— +oo as A — 87 ),
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Sketch of the proof

However, it turns out that this is not enough. To have a grasp of the
problem one can observe that z, satisfies,

/|Vz:x|2 A< 22> =< 2 >, (1= A< 2y >,).
Q

Here we see that the sign of the Lh.s. depends on the eigenvalues of
the unconstrained problem, which for A € (\,,87) has a negative
first eigenvalue and positive second eigenvalue. Therefore it is
non trivial to prevent the oscillations of this quantity, i.e.,to show
that g(A\) =1 — X < z, >, which must change sign at least once
(since < z, >,— 400 as A — 87~ ), indeed changes sign only once in
A € (0,87).
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Sketch of the proof

We solve this problem by the discovery of a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:
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Sketch of the proof

We solve this problem by the discovery of a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:

g (A) =a(N)g(A) +b(A), A€ (—00,87),  ¢(0)=1,
where

aA) = —(2A < ()8 > HA< 2 >+ <z, >), bA) =A<z >
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Sketch of the proof

We solve this problem by the discovery of a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:

g (A) =a(N)g(A) +b(A), A€ (-00,8m),  g(0)=1,
where
aA) = —(2A < ()8 > HA< 2 >+ <z, >), bA) =A<z >

By a careful analysis of this equation with (iii) above, we conclude
that if A, > 47 is the "first" zero of g(A), then g()\) is strictly positive
for A < A, and strictly negative for A > A,.
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Sketch of the proof

We solve this problem by the discovery of a surprising property of
g(\), which is seen to satisfy the following first order
non-homogeneous linear O.D.E.:

g (A) =a(N)g(A) +b(A), A€ (-00,8m),  g(0)=1,
where
aA) = —(2A < ()8 > HA< 2 >+ <z, >), bA) =A<z >

By a careful analysis of this equation with (iii) above, we conclude
that if A, > 47 is the "first" zero of g(A), then g()\) is strictly positive
for A < A, and strictly negative for A > A,.

At this point it is not difficult to prove that indeed fix[y_y = 1«(9).
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Appendix: Q2 = B,

For a disk we have the explicit expressions of p = py, v, = Ap,.

Setting
A

= m, A€ (700,871'),

Tx

we have

and A\, (By) = 47, E.(B;) = 22821 and 1, (By) = 2.

Daniele Bartolucci University of Rome "To " ON THE GLOBAL BIFURCATION DIAGRAM OF THE GEL'FAND PROBLEM



Appendix: non simple first eigenvalue for (L,)-type

problems.

If 7, is the standard first eigenvalue,
—A¢ - V¢) = 51¢1 in Q)

then its eigenfunction ¢ is of fixed sign, since the quadratic form in
the Rayleigh quotient,

[ (wop -ve)

is invariant in H}(Q) under the map ¢ ~ |@|.
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Appendix: non simple first eigenvalue for (L,)-type

problems.

For constrained type problems of the form,
“Ap-V(p-<9>)=0V(p—-<¢>) in Q

with V > 0in Qand < ¢ >= ([ V)7 [V,
Q Q
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Appendix: non simple first eigenvalue for (L,)-type

problems.

For constrained type problems of the form,
“Ap-V(p-<9>)=0V(p—-<¢>) in Q

with V > 0in Q and < ¢ >= ([ V)~! [ V¢, the same argument fails,
O O

since the quadratic form now reads,

/ (V6P — V(#*— < 6 >2),

Q

which in general is not invariant under the the map ¢ — |4,
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Appendix: non simple first eigenvalue for (L,)-type

problems.

For constrained type problems of the form,
“Ap-V(p-<9>)=0V(p—-<¢>) in Q

with V > 0in Q and < ¢ >= ([ V)~! [ V¢, the same argument fails,
O O

since the quadratic form now reads,
[ (96R —vie- <o),
Q

which in general is not invariant under the the map ¢ — ||, unless
< ¢ > vanishes, which already implies that ¢ changes sign in Q.
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Appendix: non simple first eigenvalue for (L,)-type

problems.

We consider a simplified linear problem which however share the same
structure of (L,).

—Ap=o0 qﬁ—][qb in B (1)
By
with ¢ =0 on 8By, and ¢ = ﬁ [ ¢. Passing to the new variable
By By
$o = ¢ — ¢ we are reduced to calculate the spectrum of
B
7A§Z‘)070’¢)0:0 in Bl, (2)

with boundary conditions

(I) ¢o =constant on 9By and (II) ][qﬁO:O. (3)

B1
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Appendix: non simple first eigenvalue for (L,)-type

problems.

Passing to polar coordinates, we first consider solutions of (2) of the
form

Py (r,0) = (Acos (nf) + Bsin (nf)) J,(vor)

where J,, is the Bessel function of order n. Now either n = 0 and then
(3)-(1) is always satisfied or n > 1 and then (3)-(I) is satisfied if and
only if 0 = 0y = M%,m, where (i, is the m-th zero of J,. Next, if
n > 1 then (3)-(II) is always satisfied, while if n = 0 then (3)-(II) is

1
equivalent to [ Jo(y/or)rdr = 0. Since (Jy(r)r) = rJo(r) this is

0
equivalent to \/o.J1 (/o) = 0, that is o = 3 ,,. Therefore the

eigenvalues of (1) are
2

On,m = Hpoms
where 01, admits three eigenfunctions,
{Jo(p1,mr) — Jo(t1,m), cos (6) J1 (p1,mr), sin (6) J1 (p1,mr)} and oy m
with n > 2 that admits two eigenfunctions
{cos (n8)Jy, (tn,m7), sin (8) Iy, (ten,mr)}). Observe that these are the
eigenfunctions of (1).
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Appendix: non simple first eigenvalue for (L,)-type

problems.

In particular the first eigenvalue o1 = u%l ~ (3.83)% admits three
eigenfunctions, one of which is radial,

¢1 = ¢1(r) = Jo(p1,17) — Jo(p1,1),

and satisfies ¢1(1) = 0 and ¢;(1) = p1.1Jy(p11,1) = 0. This is not in

contradiction with the Hopf Lemma, since f¢1 = —Jo(u1,1) # 0 and
B

the identically zero function ¢ = 0 is not a solution of (1) with

+f¢ # 0. Alternatively, in terms of ¢, the eigenfunction

By
P10 = ¢1 — F 1 satisfies ¢1,0(1) = Jo(p1,1) # 0 and
B

¢1.0(1) = p,1Jy(p1,1) = 0 but still the function ¢o = Jo(pr,1) # 0 is
not a solution of (2), (3).
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Appendix: domains of second kind with no bifurcation.
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Appendix: domains of first/second kind.

The reason why € is of first kind if and only if the unique solutions of
(Pyo) blow up as A — 87~ is that, see [S.Y.A. Chang, C.C. Chen &
C.S. Lin (2003)] and [D.B. & C.S. Lin (2014)], if a solution for

A = 87 exists, then 1,5, > 0. As a consequence, by the implicit
function theorem, we see that there exists a smooth branch of
solutions in a full neighborhood of A = 8x. Therefore, if this branch of
bounded solutions exists, then by the uniqueness for A\ < 8, solutions
blowing up as A — 87~ are not allowed. This argument shows that if
the unique solutions of (P o) blow up as A — 87—, then there is no
solution for A = 8, that is, Q is of first kind. The other implication is
easier.
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Appendix: domains of first/second kind.

Let,

1
Jy(u) = §/|Vu|2 — Alog /e” . u € Hy(Q),
Q Q
R(z,y) = G(z,y) + 5= log(lz — y|) and v(z) = R(z,z) be the Robin
function of Q. Let us recall that y(z) - —oo as z — 0.

Then, see [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)] and [D.B. &
C.S. Lin (2014)],

1
— inf Jgy < —1-1 —4 :
S iy o = 71 o) g0

and  is of second kind if and only if the strict inequality holds.
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Appendix: domains of first/second kind.

Also, let ¢ € Q be a critical point of 7 and

mAa() = Jiny | — gl
Q\B:(q) R2\Q

8 (R(z,q)—R(q,9)) _ / 1
[z —ql*

If © is simply connected and f : By — 2 is a Riemann map satisfying,
+oo
f(2) :q—l—Zanz”, z € By CC,
n=1

then since ¢ is a critical point of 7, we have a; = 0 and
Dq(q) := |a1|?Aq(q) takes the form,

o0 2

n
Do) = 3 —"lanf? — Jar .

n=3
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Appendix: domains of first/second kind.

+oo
Observe that Dq(q) < 400, since |Q = Y n|a,|?. Moreover
n=1
OR(w,q) —
d Ow o 47(11121% .

7(q) = 35 log(|aa|) an o
Then, see [S.Y.A. Chang, C.C. Chen & C.S. Lin (2003)] and [D.B. &

C.S. Lin (2014)], Q is of second kind if and only if there exists a
maximum point ¢ of v such that Dg(g) > 0.

Also, if Dg(p) <0 for a critical point p of 7, then p is a maximum
point and in particular it is the unique maximum point and it is non
degenerate (in the sense that det(D?~v)(p) # 0).

Therefore € is of first kind if and only if there exists a a critical point
p of v such that Dg(p) < 0. In particular, if v has more than one
maximum point, then € is of second kind.
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Appendix: domains of first/second kind.

The reason why Dg(q) plays such a role is that, see [S.Y.A. Chang,
C.C. Chen & C.S. Lin (2003)], if v, is a blow up sequence for (Q,, o)
as Ap = fin f e — 8, or equivalently if 1, is a blow up sequence for

Q
(Pyo) as A, — 8, then

An — 81 =e,(Dq(q) +0(1)), e, — 0, as n — +oo.
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Appendix: classical results on ', (Q2)

The fact that the set of existence (w.r.t. ) of solutions is an interval
is always true if the nonlinearity is positive, increasing and
continuous, and in particular this is sufficient to ensure the
monotonicity of v, along the branch of minimal solutions [Keller &
Cohen (1967)]. Besides, it was shown in [Keller & Cohen (1967)],
[Crandall & Rabinowitz (1975)] that the first eigenvalue of the
linearized equation for (Q,q) at (u,v,) (say vi(uw)) is strictly positive
if and only if v, is minimal. Therefore this is an alternative
characterization of minimal solutions.

Also, v1(p) is monotone decreasing in (0, u.(€2)) along the branch of
minimal solutions and obviously v (14 (£2)) = 0.

Another classical result [Fujita (1974)], [Keener & Keller (1974)], is
the non existence of fully ordered triples in (0, u«(£2)).
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Canonical and Microcanonical Variational Principles.

By defining the entropy and the energy of a density Q,

7/plog(P), e) = %/PG[P]

then, setting % = = —\, solutions of the mean field equation
(P o) arise (Caglioti, Lions, Marchioro & Pulvirenti (1995)) as
critical densities of the canonical variational principle,

inf{—%@(p)—l—g(p),pZOa. e.,fp:l}, 8>0
sup{16(p EP), p=0a. e, fpl} —8r<B<0

or either of the microcanonical variational principle,

sup G(p)|8(p):E,pZOa.e.,/p:1 , Ee(0,+00).
Q
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