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Geometria algebrica. — Seshadri positive curves in a smooth projective 3-fold. 
Nota(*) di ROBERTO PAOLETTI, presentata dal Corrisp. M. Cornalba. 

ABSTRACT. — A notion of positivity, called Seshadri ampleness, is introduced for a smooth curve C in a 
polarized smooth projective 3-fold {X,A), whose motivation stems from some recent results concerning the 
gonality of space curves and the behaviour of stable bundles on P3 under restriction to C. This condition is 
stronger than the normality of the normal bundle and more general than C being defined by a regular sec
tion of an ample rank-2 vector bundle. We then explore some of the properties of Seshadri-ample 

KEY WORDS: Seshadri constant; Ampleness; Bigness; Normal bundle; Cohomogical dimension. 

RIASSUNTO. — Curve Seshadri-positive in una J>-varietà proiettiva liscia. Si introduce una nozione di 
positività, denominata Seshadri ampiezza, per una curva non-singolare C in una varietà proiettiva liscia 
3-dimensionale polarizzata (X,A), motivata da alcuni recenti risultati concernenti la gonalità di una curva 
nello spazio e il comportamento di fibrati vettoriali stabili su P3 sotto restrizione a una curva data. Questa 
condizione è più forte della normalità del fibrato vettoriale, e più generale dell'essere C definita da una 
sezione regolare di un fibrato ampio di rango due. Si esplorano quindi alcune proprietà delle curve 
Seshadri-ampie. 

1. - INTRODUCTION 

Let X be a projective manifold and Y c X a non-singular ample divisor in it. It is a 
well-established and ubiquitous heuristic principle in algebraic geometry that the intrin
sic geometry of Y should be reflected in the global properties of X. Apart from the best 
known classical results, arising for example from the work of Lefschetz, some striking 
more recent statements are due among others to Sommese and Fujita [19,4], and of 
course the classification theory for varieties with suitable hyperplane sections is another 
vein of this area of research. It would be desirable to have a notion of positivity in high
er codimensions, leading to a similar principle; this has at least partly motivated the the
ory of ample vector bundles (see [11] for a quick overview). In this paper we consider 
the simplest case of curves in 3-folds, and suggest that an ingredient of such a notion of 
positivity should be the Seshadri constant of the curve, and a related invariant of the 
embedding. Recall the following definition from [15]: 

DEFINITION 1.1. Let (X,A) be a smooth polarized projective threefold, C c X a 
smooth connected curve, N = NC/x the normal bundle. 

A ) Let/ : Xc = Blc (X) -> X be the blow-up of X along C, and EcXc the excep
tional divisor. Then set e(C,A) = sup {x e Q.\f*H - xE is ample }. The invariant 
s(C,A) is the Seshadri constant of C with respect to A. 

B) For y e Q set ôy(C9A) = y d e g ( N ) - A - C . Also set ô{C,A) = 
= ôe(CtA)(C>A). We shall often drop the polarization A. 

(*) Pervenuta all'Accademia il 27 luglio 1995. 
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Let A = Qp)(l) in the above expressions; we then have [15]: 

THEOREM A. Let C c P 3 be a smooth connected curve of degree d. Set a = 
= mm{ly\

fd(l-e(C)\fd)}. Then gon(C) ^ min{<5(C)/4e(C), a-(d - a/e(C))}. 

THEOREM B. Let 8 he a stable rank-2 vector bundle on P3 with cx (8) = 0, and C c P 3 

smooth connected curve of degree d. Set y ='. sup {rj e [0, e(C)] \f* 8 is (H, H — rjE)-
stable}, a =: min{l , yfd{ \3/4 - yy/d)}. If S\c is not stable, then c2(8) ^ 
^mm{ôy(C)/4,ay(d-a/y)}. 

Both theorems actually generalize to arbitrary projective threefolds with 
NS(X) = Z . 

Comparison with corresponding results for the codimension one case (e.g., 
from [17, 14, 2]), as well with some results of Lazarsfeld on the gonality of complete in
tersection curves in projective space, shows that the assumption (5(C) > 0 plays the role 
of the positivity hypothesis on the divisor in the former case, and generalizes the one 
that C be a complete intersection in the latter. In this paper, we look at the class of 
curves to which these results may be applied, and add some substance to the idea that 
they form a generalization of complete intersection curves. To this end, we introduce 
the following: 

DEFINITION 1.2. Let (X,A), C c X and E cXc be as in Definition 1.1. Then C is Se-
shadri-big (respectively, Seshadri-ample) with respect to A if for some m, n > 0 such 
that m A — nE is very ample, Os(E) is big and nef (respectively, ample), for a general 
S e I m A — nE\. For brevity, we shall also say that C is yl-big or A -ample, respectively. 
C is Seshadri-ample (respectively, Seshadri-big) if it is Seshadri-ample (resp., Seshadri-
big) with respect to some polarization A. 

REMARK 1.1. Let (A,A) be a smooth polarized threefold, C d a smooth curve in it. 
If C is ^4-big, then it is connected. If it is connected and ô(C,A) > 0 then it is 
A-big. 

REMARK 1.2. A statement of Hard-Lefschetz type holds for the Poincaré dual class
es of Seshadri ample curves. In other words, we have: 

THEOREM. Suppose that X is a smooth projective 3-fold and let C c X be a smooth Se
shadri-ample curve. If 7]c is the Poincaré dual class to C, then rjc A: H 1 (X, C) —» 
—>H5(X, C) is an isomorphism. 

A proof of this will be given elsewhere. 

2. LEMMA 2.1. Let (X9A) be a smooth polarized projective threefold, C cX a smooth 
curve. If C is A-ample, then H1 (X, Z) -^H1 (C, Z) is injective. 

PROOF. Let X c = Blc (X), E cXc the exceptional divisor. By assumption, there exist 
integers m, n > 0, such that m A — nE is very ample, and for S e \mA — nE \ general the 
line bundle Os (E) is ample. We may assume that the curve C ' = S 0 E is smooth and 
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irreducible. The inclusions C ' c S C X c are thus embeddings of smooth ample divisors, 
and therefore all maps in the composition/: H 1 (X, Z) -H> H 1 (X C , Z) -> H 1 (5, Z) -> 
— » H 1 ( C , Z ) are injective. On the other hand, / can also be decomposed 
as H 1 ( X , Z ) - ^ H 1 ( C , Z ) - > H 1 ( C , Z ) . • 

LEMMA 2.2. If C is A-ample, then it meets every surface in X. 

PROOF. Let W c X be a surface, and let W c Xc be the inverse image of IF in X c . 
We want to show that E meets IF. Suppose that mA - nE is very ample and that for 
S E \mA — nE\ general 0S(E) is ample. For S E \mA — nE\ general, the intersection 
Ws = W H S is a curve in 5, and therefore Ws-E>0. • 

COROLLARY 2.1. L ^ / : X —> Y be a dominant morphism, and suppose dim ( Y) > 0. If 
C is A-ample, then / * ([C]) s* 0. 

Using the following result, it is easy to generalize Corollary 2.1 to A-big curves. 
However, this generalization follows more transparently once one shows that the nor
mal bundle to an A -big curve is ample. 

PROPOSITION 2.1. Let (X,A) be a nonsingular polarized threefold, C c X and A-ample 
curve. Then there exist quasi-projective varieties (2, y and morphisms 0 : 6-^Xyp: C->y, 
such that (/) (f)is dominant andp is proper; {ii) Vy 6 y, the inverse image Cy '. = p~l(y)is a 
connected projective curve; {Hi) if y e y is general, the curve Cy is smooth and irreducible, 
and (j)\c : Cy-^X is a closed embedding; {iv) for some y0 E y, the equality 0 * ([Cy0]) = 
= s[C] holds at the cycle level; (v) the curves (j)i<{\_Cy'\)ì y E yy are all rationally 
equivalent. 

PROOF. Let us start by assuming that C is yl-ample. Then there exist m,n > 0, such 
that 0Xc {mA — nE) is very ample, and that for S e \mA - nE\ general the line bundle 
Os (E) is ample. Hence, for such an S, there exists r > 0 such that 0${rE) is very ample. 
Thus we can find U c PH° (Xc, 0Xc {mA - nE)), such that for u E U the surface Su = 
= div(^) is smooth and irreducible, the line bundle QSu{rE) is very ample, and N = 
= h°{Su, 0Su (rE)) — 1 is independent of u E U. Let next S cXc X U be the incidence 
correspondence, and 7t1:S-^XCy JZ2'-S->U the projections. If we let Os{rE): = 
: = TI* {0Xc {rE)), then 8 : = JT2* (Os {rE)) is a vector bundle on U, of rank N + 1. Let us 
set y = PS, and q: y -» U the projection. 

On y, we have the tautological exact sequence 0—>©<y( — 1)—>q* &—> Q,—» 0, 
where Oy{ — 1) Cq * 8 is the universal subbundle. Hence, on S Xv y (with projections 
Pi: S Xv y -> S andp2: S Xv y ^> y) we have the exact sequence 0 ->p2* <V - 1 ) -» 
—>p*#*S—;>p2VQ—>0. On the other hand, there is a morphism p*q* & = 
= p* JZ* Jt2,AOs{rE)) ->p* Os{rE). We thus have a composition ^:p2V ^ ( ~ 1)-> 
-*p{Os{rE), and we can set e := div(V) c S Xv y. 

Given u eU, the inverse image of u in C can be identified with the incidence corre
spondence CucSuX Yu of the linear series | 0^ ( rE) | , and therefore the projection 
Gu —> Su is onto. It follows that the sequence of morphisms 0: C -^ S —> Xc —» X is dom-
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inant. Next, let p: C—> y the projection, and pick y E YU = \0Su(rE) | . Then Cy = 
= p _ 1 (y) cSu can be identified with div(y). Hence, it is a connected projective curve, 
and for general y E YU it is smooth. Since for general u eU the map Su —» X is finite and 
birational onto its image, it follows from [3, §11.3] that for general y EYU the restric
tion </)u: Cy—>X is a closed embedding. 

Next the curves Cy, for 3; E YW and for a fixed u eU, form the linear series 
|©ça(r.E).|, and therefore they are all linearly equivalent in SucXc to r(Su HE). The 
curves r(Su DE), on the other hand, move in the linear series 10E (r(mA — nE))\ when 
u moves in U, and thus they are all rationally equivalent in Xc. The proper push-for
ward of the Cy s in X, therefore, are also all linearly equivalent. Finally it is clear that 
0* (r[Su H £]) = J [ C ] , for some j > 0. 

Suppose now that C is only y4-big. Then for S e \mA — nE| general, and for r » 0, 
we know at least that the linear series \QSu(

rE)| is base-point-free, and that the corre
sponding projective morphism (pos(rE): S —> PN is birational onto its image, and an iso
morphism in the neighbourhood of S fi E. The argument then proceed as in the case 
where C is A-ample. • 

REMARK 2.1. As shown in §1 of [6], similar conclusions do not hold in general di
mensions under the simple assumption of ample normal bundle. 

PROPOSITION 2.2. Let X' —> X be a finite morphism of smooth projective threefolds, A a 
polarization on X, and A1 = f* A. Let C cX be an irreducible smooth curve, and suppose 
that C '. = f~l{C) is also smooth and irreducible. Then C is A-big (resp., A-ample) if and 
only if C is A'-big {resp., A'-ample). 

PROOF. Let us set/>: Xc = Blc(X) ->X and/?': X^ = B l r (X') - > X ' , and let E c 
c Xc, E ' c Xc' be the exceptional divisors. As ( / op ' ) _ 1 (C) = E ' , the universal property 
of blow-up implies the existence of a morphism/: Xc< —» Xc, such that fop '= pof.lt 
is easy to see that / * (E) = E ' , and that / is a finite morphism. Hence 0'Xc, {mA ' -
— nE!) =/*QXc{inA — nE) is ample if and only if GXc(mA — nE) is. This shows 
that 

(1) e(C,A) = e(C',A'). 

By the projection formula, we also have C -A' = deg(/)*(C*^4) and clearly 
deg(NC 'M ' ) = deg( / ) -deg(N C M ) . Thus, 

(2) ô(C',A') = deg(f)'ô(C,A). 

Hence, it follows that C is A-big if and only if C is A'-big. Next, suppose that mA — nE 
is very ample on X c , and pick S e \mA — nE \ general. Then, S ' =f* S is smooth and ir
reducible, and the induced morphism S ' —> S is finite. Thus Os> (E ' ) is ample if and only 
if Os(E) is, and this proves that C is ^4-ample if and only if C is ^4'-ample. • 

EXAMPLE 2.1. Let C c P3 be a complete intersection of type (a,b), with a ^ b. Then 
e(C) = l/a, and 0(C) = £2 [15]. 

More generally, we have: 
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PROPOSITION 2.3. Let X be a smooth projective threefold, 8 and & vector bundles on X 
of ranks r and r + 1, respectively, such that 8* ® $is ample. Let 0: 8 —> flfbe a morphism, 
and suppose that the degeneracy locus C = Xr _ 1 (0) is smooth. If 8 {resp., &) has a filtration 
whose successive quotients are line bundles algebraically equivalent to the trivial line bun
dle, then C is det(&)-big (resp., det(8*)-big). 

PROOF. Let us consider first the case where 8 = Ox, and < ì̂s an ample rank-2 vector 
bundle on X, s G H0 (X, F̂) a regular section of «̂  and C = Z{s). Suppose that C is 
smooth; it is then irreducible. We want to show that then C is det (#9-big. The normal 
bundle to C in X is N = 3\Ci and furthermore [C] = c2{&). Hence, ô(C,A).= 
= (e(C,A) — l)det(&)*c2(&). The second factor is clearly positive, so it remains to 
check that e(C, det ($0) > 1. In other words, if X c is the blow-up of X along C, and if 
E cX is the exceptional divisor, then we need to check that det (#0( —E) is ample on 
X c . By the hypothesis, we have an exact sequence 

0 ^ d e t ( 3 0 * - > ^ # - > 0 , 

where # C Ox is the ideal sheaf of C. This yields a surjection of graded Ox-aigebras 
(BSn &* —> ©3 n and dualizing we obtain a closed embedding Xc ^ P^ , under which 
6P&( 1 ) restricts to 0Xc (~E). Hence det ( & ) ( - E ) is the restriction of 
det($0 ® Op^(l), which is ample by assumption. 

Let us consider the general case. We have [C] = c2(&— 8). Furthermore, K = 
= Ke r (0 | c ) is a line bundle on C, and deg(X) = -cò(&- 8) [1, § II.4]. Hence, if 
N = NC/x is the normal bundle, then 

(3) deg(N) = (Cl(&) - C i W K O f - 8) + c 3 ( ^ - 8). 

Let us consider first the case where 8 has a filtration whose successive quotients are 
line bundles algebraically equivalent to the trivial line bundle. Then <^is ample itself. 
We have C = Z(Ar(p) and therefore a surjective morphism of sheaves 
{A"<^®det(8* )}*-»#. As above, this gives rise to an embedding 
Xc <->P( A"&® det (8)"1 ). Writing Ar&= &* ® det (#Q, and arguing as before, we 
thus see that 0¥#* ( l ) | X c = det {&) ® det (8)_ 1( —E) is ample, and therefore so is 
de t (#Q(-E) . Thus, . e(C, det (#0) > 1. Hence, using equation (3), we obtain 
ô(C,det(&)) > * 3 ( 3 O > 0 [ 8 ] . 

Finally, let us consider the case where <^has a filtration whose successive quotients 
are line bundles algebraically equivalent to the trivial line bundle. Then, clearly, 8* is 
ample. 

CLAIM 2.1. & is nef. 

PROOF. We want to show that Qp&* ( 1 ) is nef. Suppose, by contradiction, that there 
exists a reduced irreducible curve D c P&* , such that Qp&* (1)'D < 0. Let g: D —» 
- ^ D c PcF* be the normalization, and/: D —>X the induced morphism. Then, g corre
sponds to a line bundle L = g * £ W * ( - l ) c / * # * , with deg(L) = Qpg*(-1)-D>0. 

Suppose first that rank(^P) = 2. By assumption, there exists an exact sequence 
0—>N*—>cF*—»M*—»0, with M and N algebraically equivalent to the trivial line 
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bundle. Pulling this sequence back to D, we easily obtain a contradiction. The general 
case is then reduced to this one by induction on the rank. • 

Arguing as above, we then obtain that det(8*){—E) is nef on X c , and 
therefore that e(C, det (8* )) ^ 1. Hence, (5(C, det (8* )) ^ 2cx {S)c2 (8) - c1 (8)3 -
- c 3 ( S ) > 0 [ 8 ] . • 

COROLLARY 2.2. Létf C be a smooth curve of genus 3, &: C <-»/ its Abel-Jacobi map. If 
0 C J is the theta divisor, then C is ©-big. 

PROOF. This follows from the proposition, together with the well-known determi-
nental description on the varieties of special divisors [1, chapters IV and VII; 7]. How
ever, under the additional hypothesis that C is Petri-general, we shall show explicitly 
thatd(C, 0) ^ 1. Namely, we shall prove «by hand» that e(C, 0) ^ 1. Since 0'C = 3 
and deg(N c / / ) = 4, this will then imply ô(C, 0) ^ 4 - 3 = 1. Let then / = B1C(J), 
Eccl the exceptional divisor. We want to show that 0 — Ec is nef. By fixingp0 G C, we 
identify / = Picd(C) (L**L(dp0)) for all d. Similarly, ux : C-^Pic1 (C), given by 
p^[Oc(p)i, gets identified with ud: C—>PicJ(C), defined by p*+ [Gc(p + (d -
— l)p0)]. The image ofz^is Wu and so ud(C) = W1 + (d—l)p0. Since E(C, 0) only 
depends on the numerical class of 0 , by Riemann's theorem we can identify 
0 = W2cYic2{C). 

Consider then an integral curve DcJ, D^Cy and let DcJ be its proper 
transform. 

LEMMA 2.3. There exists qo^C such that D (£W2 + u(p0 — q0). 

PROOF OF LEMMA 2.3. Suppose that the statement is false. Then D c W2 fl (W2 + 
+ u(p0) — u(q)), for every q e C . We have [1, p. 266]: 

W2 H (W2 + u(po) - u(q)) = (Wx + u(p0)) U (Wl - u(q)) . 

The first term on the right is u(C). Hence, it follows that D c Wi, — u(q), \/q e C. By a 
well-known theorem of Fulton-Lazarsfeld [7], W\ is connected. Furthermore, since C 
is Petri-general, Wd has the expected dimension, given by the Brill-Noether number 

Q = g - (r + i ) (g _ d + r), and is smooth off Wd
 + l. Hence dim ( W] ) = 1 and W\ is 

smooth, and therefore irreducible. Thus D = Wl — u(q), for all ^ G C , and W2 C\ 
PI (W2 + #(po) ~~ #(#)) = C U D does not depend on q; but this is impossible (see 
[1, p. 268]). • 

Choose then q0 G C such that D £W2 + u(p0) — u(q0). Letting t:Dn—>] be the 
normalization of D, it follows that D-Ec = deg{/ _ 1C} ^ deg{/_ 1(W2 + #(/>o) ~~ 
-u(qo))} = 0-D. 

Next, we look at the restriction (0 - Ec ) \Ec. By Proposition 3.2 of [153, this is nef 
if and only if 1 ^ 0-C/s(N), where N = NC/j is the normal bundle. Now N = Ml, 
where MK sits in the exact sequence 0 —> MK —> H 0 (C, K) ® Oc -» K —» 0, and there-
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fore it is semistable [16], Hence s(N) = 1/2 deg(N) = 2. Thus, 0-C/s(N) = 
= 3 / 2 > l . • 

EXAMPLE 2.2. Let C c P 3 be residual to a line in a complete intersection of type 
(tf ,Hwithtf ,£^2.Then£(C) = l / ( * + b - 2), and ô(C) = {lab - a -b)/(a +b-
-2) >0[15] . 

LEMMA 2.4. Let Ct c P3 be a flat family of curves, and denote by e(Ct) the Seshadri con
stant of Ct. For t generic, e(Ct) ^ e(C0). 

PROOF. The blow-ups Pt = B1C/(P
3) also form a flat family. For each t, let Ht 

and Et denote, respectively, the hyperplane class and the exceptional divisor on Pt. 
Pick rj G (0, E(CQ)) PI Q, and write rj = n/m, with m, n > 0. Then, by definition, 
mH0 — nE0 is ample on P0 ; since ampleness is an open property, it follows that 
mHt — nEt is also ample, for general t. • 

EXAMPLE 2.3. Let C c P3 be a smooth irreducible curve, embedded by a non-spe
cial line bundle, i.e. H1 (C, Oc ( 1)) =' 0. Let A c P3 be a smooth complete intersection 
curve of type (a,b), with a ^ b, and meeting C non-tangentially at a point P, and 
nowhere else. Let dc, gc and i j , gj denote, respectively, the degree and the genus of C 
and A. Let Cf = C U A. Then d?C' = dc + dA andpc = gc + gA, where p denotes the 
arithmetic genus. We have an exact sequence 0 —> Gc> —> Oc © 0A —> CP —» 0; twisting 
by TP3 we get the other 

0 -» TP3 | c , - > TP3 | c © TP3 |^ -> ci -> 0 . 

Since TP3 is globally generated, the above sequence is exact on global sections. Hence, 
we obtain an isomorphism H1 (TP3 \c,) = H1 (TP3 | c ) © H 1 (TP3 \A ) = 0 where the 
latter vanishing follows from the Euler sequence and the fact that C and A are nonspe
cial. Looking at the exact sequence 

0 -> Tc, -> TP31 c , -^ N -* T£ -» 0 , 

we then conclude that H1 (N) = 0, and H° (N) —> Tp is surjective. Hence, C can be 
smoothed. 

Next, since C can be cut out by surfaces of degree d, and A by surfaces of 
degree a, C can be cut out by surfaces of degree a + d. Hence, e{C) ^ l/(a + d). 
Now let Ct be a flat family smoothing C". Then, by Lemma 2.4, we have that 
ò{Ct) ^ ( l / U + d))(4(d + #£) + 2^c + 2gA - 2) — d - ab, and one easily sees that 
this behaves like b2 — bd — d; if b » 0, then, Ct is big. 

3. Let us now consider the relation between A -ampleness and A -bigness: by analo
gy with the divisor case, one would expect a big curve to be ample if and only if it meets 
every surface in X; as we shall see, this is indeed the case. 

If C is ̂ 4-ample, then clearly it is A -big. On the other hand, as the following example 
shows, the converse is false in general. 

EXAMPLE 3.1. Let C c P3 be an irreducible smooth curve, with ô(C) > 0. Let rj e 
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G (0, e(C)) be a rational number, such that rj deg (N) > d, where N = NC/P3 is the nor
mal bundle. Pick a point p G P 3 \ C , and let X = Blp(P3), with exceptional divisor 
F cX. We can find a rational number #, with 0 < a « 1, such that i) La:= H — aF is 
ample on X, and //) if x = (1 — a)rj, then#deg (N) > J. Now let Xc = Blc (X), where 
we identify C with its proper transform in Xc, and denote by £ C Xc the exceptional di
visor over C 

CLAIM 3.1. La — xE is ample in Xc. 

PROOF. By Seshadri's criterion, we need to show that there exists a > 0, such that 
for all integral curves D c Xc one has 

(4) (La-xE)-D^am(D)y 

where m(D)'.= sup {MQ(D)\Q G D}. TO see this, we distinguish three cases: 

/) DcF. Clearly, F = P 2 , and 0F(F) = 0p2( - 1 ) . Hence, -F-D ^ m(D), and 
so (La —xE)'D = —aF'D^am(D), for all such curves. 

//') D is disjoint from F. Then D can be identified with its image in Pc = 
= Blc (P3 ), and (La - xE) -D = {H - xE) -D. Since* < rj < e(C), H - xE is ample on 
P c . Hence, there exists a j > 0, such that (La - xE)-D = (H - xE)-D ^ axm{D). 

iti) D'F = m > 0, i.e.9 D = Z, the proper transform of a curve Z cPc, having 
multiplicity m at p. Clearly, m ^H*Z, and m(Z) ^ m{Z). Since H — rjE is ample on 
P c , there exists a 2 > 0, such that (H - rjE)'Z ^ a2m{Z) for all integral curves 
Z c P c . Thus, (Lt-xE)-Z = a{H-F)Z + (1 -a)(H-rjE)Z^ (1 -a)a2m(Z) ^ 
^ (1 - a)a2m{Z). 

Hence, by letting a = min{#, a1 ? ( 1 — a) a2}, we see that (4) is satis
fied. • 

Let then y be the Seshadri constant of C c X with respect to La; by the claim, 
y ^ x. Hence, <5(C, La ) ^ .xdeg (N) - d > 0, and therefore C is L^-big. On the other 
hand, every ample surface S c Xc intersetcs F along a curve disjoint from H, and thus C 
is not Ld-ample. 

However, the following theorem gives a simple geometric reason for the failure of 
an A-hig curve to be A-ample. 

THEOREM 3.1. Let (X,A) be a polarized threefold and C c X a smooth curve. If C is A-
big, but not A-ample, then there exists a surface D c X disjoint from C. 

PROOF. AS usual, we shall let X = Bl^ (X) and denote by E the exceptional divisor. 
By assumption, o(C,A)>0. Hence, there exists a rational number rj, with 
0 < rj < e(C,A), such that rj deg (Nc/x ) > A • C. We may write rj=n/m, where 
m, n > 0 are such that mA - nE is very ample, and H* (Xc, 0Xc{r(mA — nE))) = 0, 
for /, r > 0. We shall postpone for now the proof of the following lemma: 

LEMMA 3.1. Let A c PH° {Xc, 0Xc {mA - nE)) be a general pencil, where m, n»0 
and rj = n/m. Then V̂  G A the following properties hold: (i) the surface St = div(t) is re-
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duced; {ii) St is irreducible; {Hi) the curve St 0 E is irreducible; {iv) StC\E is 
reduced. 

Let us grant the lemma for now, and let A c PH° (Xc, 0Xc {mA - nE)) be as in the 
statement. Since ô(C,A) > 0, for aRteA the line bundle GstnE(E) is ample. Let us 
recall the following: 

FACT (see [9, § III.4]). Let S be a projective surface, and C cS an effective Cartier 
divisor, such that Oc (C) is ample. Then for r » 0 the line bundle Os{rC) is globally gen
erated, and the projective morphism (j)rC: S—>S' := (prc(S) c P N is an isomorphism 
onto its image in the neighbourhood of C, and 0 r C(C) c5" is ample. Therefore, 0 ^ 
contracts a curve D c 5, disjoint from C, and is an embedding away from D. 

If r > 0 is as above, we shall say that rE is almost very ample, and that D is the null 
curve oirE (or of E). Let now 8 c P1 X Xc be the incidence correspondence of the pen
cil A. After discarding finitely many points px> ...yp^eA = P 1 , and letting 17 = 
= A\{pi}, we may assume: 

(/) for a suitable r » 0 , the line bundles Ost{rE) are globally generated, for all 
te A; 

{ii) Nt = h°(SnOSt(rE)) — l is constant on U, and therefore the sheaf 
7i*Qs{rE) restricts to a vector bundle of rank N + 1 on U. 

{Hi) there exists a frame of Jt* Os(rE) on [7, />., sections e0, ...,eN restricting to 
a basis e0(t), ...,eN(t) of H°(St9 0St(rE)), for all *e U. 

For each / e A, we shall denote by Dt c 5, the null curve of (^ (rE). Letting SJJ be the 
restriction of S to 17, we then have a morphism t/J : Sv —> P 1 X P N , which is an embed
ding away from the union of the curves Dt. It follows that the curves Dt form a flat divi
sor 0) on U, and we set J£: = 0Su (Q). Let 21 be a coherent extension of £ to S, and set 
j£: = 51** ; then £ is a line bundle on S, restricting to 0^ (Dt ) on £,, for f e U. Now the 
intersection numbers (£'E)t are constant, and therefore, being equal to zero on [7, 
they vanish on all of A. 

On the other hand, h°(St, 0St(Dt)) = 1, for teU. Thus, by semicontinuity, 
h°(St,£®0St)& 1 for all te A. 

LEMMA 3.2. For «>£ry te A, any D e |j£® OyJ «• contained in the null curve of 
0St(rE). 

PROOF OF LEMMA 3.2. By construction, for each / the intersection curve Ct = St fi 
fi E is irreducible, and Cf > 0. Let us write Dt = aCt + Dr, where a ^ 0, and L^ has no 
components supported on Ct. Then 0 = Dt*Ct — aC} + Dr • Q , and this can vanish only 
if a = 0 and Dr is disjoint from E. • 

COROLLARY 3.1. For <z// / e yl, dim | £ ® ©^ | = 0. In particular, JZ* £is a line bundle 
on A. 
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PROOF. By construction, the null curve contracts under of (p0s (rE)9 and therefore 
no effective divisor with support contained in it can move in a positive dimensional lin
ear series. • 

For / e A, let Dt G. | J£ ® 0S(\ be the unique curve. The union of the curves Dt is then 
a surface, whose image in X is disjoint from C. 

We are then reduced to proving Lemma 3.1. 

PROOF OF LEMMA 3.1. Let us set L = 0Xc(mA — nE). 

(i) Let S cXc be a smooth surface, such that 0Xc(S) ® L _ 1 is ample, and such 
that H1 (Xc, L( — S)) = 0, for / = 0, 1. Then we have an isomorphism H°(Xc, L) —> 
—>H°(5, L\s). Furthermore, the family Z of effective line bundles N on X c , for 
which H ° ( X C , L ® N ~ 1 ) ^ 0, is bounded, and therefore we can also assume that 
H / ( X c , M ® N - 1 ( - S ) ) = 0, for / = 0,1 and all M, N e l Hence H ° ( X C , M ® 
® N - 1 ) = H ° ( l S , M ® N - 1 | 5 ) , for all M, N e l 

Let now D = 2) «,-D,e |L | , where the Dzs are the (distinct) irreducible compo-
i 

nents of D, and where «,- > 0 for all /. By our choice of 5, for each /, H° (Xc, 0Xc (D; — 
- S)) = 0, and therefore D{ \s is well-defined. 

CLAIM 3.2. If D is not irreducible, then neither is D\$. 

PROOF. We may as well assume that D{ \ s is irreducible, for each /'. Let us then sup
pose, for example, that D1 \ s and D2 \ s are supported on the same integral divisor RcS: 
there exist a, h > 0 such that Dx \s = aR and D2 \s — bR. Suppose, for example, that 
a^b. Then, Dx \S = D2\S+ (a -b)R, and so (a -b)R<= \D1 \S-D2\S\. By the 
above, \D1—D2\= \D1\S- D2\s\y and therefore there exists F e \D1- D2\ that re
stricts to (a - b)R on S. Hence, DX = D2 + F. On the other hand, Dx* D2 + F, but 
Dx\s = D2\s + F\s, against the fact, also following from our choice of S, that 
H ° ( X c , 0 X c ( D 1 ) ) = H ° ( 5 ) 0 5 ( D 1 ) ) . • 

Hence, under the isomorphism H°(XC , L) —»H°(5, L\s), the family Z of re
ducible divisors in \L\ is contained in the family Zs of reducible divisors in | L | s \. Now 
(j)L (S) C PH° (Xc, L)* is not ruled by lines, and it is not the Veronese or the Steiner 
surface. Hence, by Lemma II.2.4 of [13], codim^l^) ^ 2, and thus the same holds 
for Z. 

(ii) By (/), the general pencil A c PH°(XC , L) consists of irreducible surfaces. 
If S G \L | is irreducible but not reduced, then there exist m > 1 such that (l/m)L is 
integral, and Ve \(l/m)L\, such that S = mV. Let <P c \L\ be the family of all such 
divisors; we then have dim(0) ^ 2 ' h°{( l/m)L), where X means that the sum is 

m > 2 

taken over those values of m, for which ( \/m)L is integral. By replacing L with rL, we 
may then write 

dim(<2>)^ r * ° ( L ® ( r / w ) ) + 2 ' A°(L®(r/w)). 
m > r r~^ m ^ 2 
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One can easily see that the family of line bundles of the formpL, withp E ( 0, 1 ) a ratio
nal number, is finite, and therefore 

% h°(L®{,/m))<N, 
m > r 

where N is some fixed integer, independent of r. Furthermore, if r ^ m then L ®^r/m) — 

— L is ample or trivial, and thus by assumption we have hl (Xc, L ®(r/w) ) = 0. Hence, for 

r^rn one has h°(Xc, L^m)) = X(XC> L^m)) = r3L3/(6m3 ) + r2L2/(4m2) + 
+ (c2 + c2)rL/(12m) + CiC2/24. By summing over m from 2 to r, the three latter 

terms grow at most like r2. The first term, on the other hand, is bounded by 

r 3 L 3 / l 2 | 2) m~3 < 1/2 , and hence is slower than dim|rL| , which goes like 

r3L3/6. Thus, codim(<2>, | rL | ) -» oo. 

(///) We may assume that H 1 (Xc, L( - £ ) ) = 0. Hence, section restriction 
H°(L) —>H°(E, L | £ ) is onto; projectively, it corresponds to the projection from 
PH° (L) with vertex PH° (Xc, L( - £ ) ) . Since <pL(E) is not ruled by lines, by invoking 
again Lemma II.2.4 of [13] we conclude that we need to discard the cone with 
vertex 

A = PH°(XC,L(-E)) 

over a subvariety in PH°(E, L\E) of codimension ^ 2. 

(zi>) Let H^ c | rL|£ | be the family of those irreducible divisors that are not re
duced. We want to avoid the cone over Sr in \L \, with vertex \L( — E) \. Arguing as in 
(«), one sees that codim(5'r, | r L | £ | ) - ^ o o , a s r ^ o o . • 

COROLLARY 3.2. Suppose that NS (X) = Z . TAe# C is A-ample if and only if it is 
A-big. 

COROLLARY 3.3. Let X be a smooth projective threefold, 0:8—» &a morphism of vector 
bundles on X, with rank (8) = r, rank (&) = r + 1, and suppose that 8* ® $is ample, and 
either one of 8 and tfhas a filtration whose quotients are algebraically trivial line bundles. 
Suppose that C = Xr_1{<p) is smooth. Then C is Seshadri-ample. 

PROOF. Suppose, say, that 8 has a filtration whose quotients are algebraically trivial 
line bundles. We know from Proposition 2.3 that C is det($0-big. Hence we need 
to check that C meets every surface in X. This follows from Proposition 3.5 
of [8]. • 

As a partial converse, we have: 

PROPOSITION 3.1. Let X be a smooth projective threefold, and 8 a rank-2 vector bundle 

on X, such that det (8) is ample. Suppose that for some section s e H° (X, 8), the zero locus 
C = Z{s) is smooth and det (8)-big. Then 8 is big and nef and for r» 0 the linear series 
\Op8*(r)\ is base point free. Let (p: P8 —> PN be the corresponding morphism. If C is 
det (8)-ample, but 8 is not ample, then there exists a curve D c PS, such that 0 is an isomor
phism onto its image away from D, and 0* (D) = 0. 
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PROOF. Being connected (Remark 1.1) and non-singular, C is irreducible. Hence, it 
is det (S)-big if and only if ó(C,det (8)) > 0. Arguing as in the Proof of Proposition 2.3, 
this is equivalent to e(C,det (8)) > 1, that is to the condition that det (8)( —E) be ample 
on Xc = Blc (X). Now Xc c PS is divisor, and it is easily seen that 0P8 (Xc ) = 0P8* ( 1.). 
It follows that on Xc we have det (S)( -E) = 0PS* ( 1) ® 0Xc = 0Xc (Xc ), and therefore 
if C is det (8)-big then Xc has ample normal bundle in Pg. Hence, for r » 0 the linear 
series | rXc | has no base points, and furthermore the morphism 0 : PS —» PN that it de
termines is an isomorphism onto its image in a neighbourhood on Xc. Thus, 8 is big and 
nef. 

Suppose next that C is det (S)-ample, but that 8 is not ample. Then (p cannot be a 
closed embedding, and therefore it contracts some subvariety Y c ¥8 disjoint from Xc. 
In particular, Y cannot contain any fiber of ft, and it is disjoint from ft ~l (C) = E c Xc, 
and thus dim(jr(Y)) = dim(Y), and ft{Y) fi C = 0. On the other hand, being det(S)-
ample, C cannot miss surface in X, by Lemma 2.2. Hence, dim(Y) ^ 1. • 

COROLLARY 3.4. Let C c] be a nonsingular curve of genus three, sitting in its Jacobian 
by the Abel-Jacobi map. Then C is ©-ample. 

PROOF. We already know from Corollary 2.2 that C is (9-big. Thus, we need to show 
that C meets every surface S cj. But the normal bundle NC/j is ample [12, § 1.4], 
and on the other hand / is a homogeneous variety. Hence the statement follows from 
[5,'$ 12.2.4]. • 

From the argument of the proof of Theorem 3.1, one can also draw the 
following: 

COROLLARY 3.5. Suppose that C c X is A-big, but not A-ample. Then there exists a ratio
nal map ip\Xc—>P^, for some k, with the following properties: i) ip is generically an 
isomorphism onto its image along E (i.e., there exists an open subset V cXCy such that 
V fi E 5* 0, and V = tp(V)); ii) let S cX be the surface, disjoint from Ec, described by 
Theorem 3.1; then dim(t/H^)) ^ 1; Hi) for a suitable hyperplane H c P , and for 

i 

suitable Sly ..., S^e. \ m A — nE\, we have ip* H = E + 2J S;. 
l 

4. In this section, we relate ^4-bigness and yl-ampleness to the ampleness of 
the normal bundle and to the cohomological dimension of the complement of C 
i n X 

THEOREM 4.1. Let (X,A) be a smooth polarized projective threefold, C cX a nonsingu
lar curve. If C is A-big, then the normal bundle N = NC/X is ample. 

PROOF. Suppose that N is not ample. Then either deg(N) < 0, in which case C is 
obviously not A -big, or else there exist m > 0 and a line bundle L c Symw (N), such that 
deg(L) /^ ^ deg(N) [9]. Let y(N) = sup{deg(L)/w|L c Symm (N) a line bundle}. 
Then y(N) ^ degN. It follows from Proposition 3.2 of [15] that e(C) ^A-Cfy(N), 
and so (3(C) ^ 0, a contradiction. • 
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COROLLARY 4.1. Let C cX be A-big. Then C does not contract under any non-trivial 
morphism. 

COROLLARY 4.2. If X is homogeneous, then C is A-ample if and only if it is 
A-big. 

PROOF. Argue as in the Proof of Corollary 3.4. • 

In the following, cd(U) and q(U) are the cohomological invariants defined for 
example in [9]. The former is the cohomological dimension of the scheme U. 

THEOREM 4.2. Let (X,A) be a smooth polarized threefold, C cX a nonsingular curve 
U = X\C. Then: 

(i) If C is A-ample, cd(LJ) = 1; 

(it) If C is A-big, q(U) = 1. 

PROOF. (/) Since U obviously contains complete curves, it is clear that cd(U) ^ 1. 
On the other hand, to show that cd(U) ^ 1 it is enough to prove that 

Hi(U,Gu(-mA)) = 0, 

for i> 1 and / » » 0 [ 9 , § ILT.3]. Pick m, n > 0 as in Definition 2.1 of [9]. For 
S e \mA — nE\ general, the line bundle Os(E) is ample, and therefore S\E = S Ci U 
is an affine surface. Let then L be a line bundle on U, and look at the exact se
quence 0 ^ L( — S)^L^L\snu^0. Taking cohomology, we get the isomorphisms 
H'(U, L( -S)) = H'(U, L), for all / > 1. On the other hand Ov(S) = Ou(mA)y and 
therefore H1(U", Ou(mA)) is independent of m. Hence, we may as well show that 
Hl (U, Ov (mA)) = 0, for i> \ and m » 0. Let us then consider the local cohomology 
sequence 

Hi(XiOx(mA))^Hl(U,Ou(mA))-^H^l{XyOx(mA)). 

Since for / > 0 and m»0 we have Hl (X, Ox(mA)) = 0, we are reduced to showing 
that H£(X,Qx(mA)) = 0, for k ^ 3 and m»0. By the formal duality theo
rem [9] 

where X and œx( ~mA) denote completions along C as scheme and as sheaf, respect

ively. Thus we need to show that H°(Xya)x( -mA) ) = 0. Now 

H°(X9œ^T:^))=^H0(Ciœx(-mA)®eCl)9 

where Q c X is defined by the ideal sheaf tf c ? #c being the ideal of C. Choose m large 
enough so that 0)Ql(mA) is ample, and consider then the exact sequence 

0 ^ —— ® œx(-mA) -* o)x(-mA) ® 0Cl+l-^> œx(-mA) ® 0Cl-^ Q . 
& i+\ 

SinceH°(C, Zl/Zl + l ® œx( - mA)) = Hl (C, SlN ® àzt(N)(mA))* = 0 foraU/^ 1 
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by the Griffiths' vanishing theorem [18, ch. V] we have inclusions 

H0(Cl+1,œx(-mA)®OCl + 1)^H°(Chœx(-mA)®OCl)^... 

and the last term in this chain is H°(C, cox(-mA) <g)Oc) = 0. 

(ii) One possible argument is entirely similar to the one for (i); alternatively, one 

can appeal to page 107 of [9] in view of Theorem 4.1 above. • 

COROLLARY 4.3. Let S be an ample globally generated rank-2 vector bundle on the 
smooth projective threefold X, and s E H0 (X, 8) a regular section, such that C = Z(s) is 
smooth. Then cd(X\C) = 1. 

COROLLARY 4.4. Let {X,A) be a smooth polarized projective threefold, C cX a smooth 
connected curve. If C is A-big (resp., A-ample), then C is G2 (resp., G3) in X. 

PROOF. By [9, § 6], if C has ample normal bundle then it is in G2 in X. On the other 
hand, if C is A-hig then it has ample normal bundle, by Theorem 4.1. This implies the 
first statement. Next, if C is Sample, then in particular it is A -big, and therefore is G2, 
and furthermore cd (X\C) by Theorem 4.2. By a result of Speiser [20], it then follows 
that C is G3 in X. • 

5. We now illustrate by two simple examples the dependence of A-ampleness and 
A -bigness on the polarization. 

EXAMPLE 5.1. The first example continues Example 3.1. Let S c P 3 be a smooth 
surface of degree s ^ 10, and fix P c S. For some a > 0, choose a general smooth curve 
C E | Os (aH) |, such that P&C. Denote by g: XP -* P3 the blow-up of P, and by F = 
= g'1 (P) the exceptional divisor of g. We shall identify C with its inverse image in XP. As 
we have seen in Example 3.1, C is Hx-big for x > 0 sufficiently small, where Hx = H — 
— xF. On the other hand, if a is sufficiently large with respect to s, then ô(C, Hx ) < 0 
when x ~ 1 ~ . To see this, let / : X = Blc (XP ) —> XP, the exceptional divisor, and ob
serve to start with that s(C,Hx) = mm{ei(C, Hx), s2(C,Hx)}, where £i(C,Hx) = 
= sup {rj E Q | (Hx - rjE) |Eisample},and£2 (C, Hx) = sup {rj e Q |D- (Hx - rjE) ^ 0, 
V irreducible curves D cXP, D ^ C} [15]. Since E and F are disjoint £1{C,HX) = 
= e1 (C, H), and therefore all the depencence of e(C, Hx) onx comes from e2(C, Hx). 
By adjunction, Os (H) = Os ((s ~ 3 ) H) ® co s l. Since H2 = s > 3 2 , by the argument in 
Steps 1 and 2 in the proof of Theorem 2.1 in [10], for all k » 0 there is M E \OS (kH) \ 
such that multp(M) ^ 3k. By generality of our choices, furthermore, we may assume 
that no component of M is supported on C. By definition, e2(C, Hx) ^ HX*M/E-M; 
since Hx- M = H'• M - x multp(M) ^ks — 3kx, we then have e2{C,Hx) ^ (s~3x)/as. 
If d ( C , H J > 0 , then e2(C, Hx) ^ Hx-C/deg(N) = l/(a + *); therefore, ( j -
- 3x)j as > l/(a + s). Hence, ^ 2 / 3 ( ^ 4 - ^ ) > x ; b y taking a sufficiently large, then, we 
may force x to be arbitrarily small. Therefore, for every y e (0,1) there is curve C cXP 

which is Hx-big for x — 0+ but satisfies ô(C,Hy) < 0. 

EXAMPLE 5.2. As the previous example shows, given two polarizations A and B on 
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X, a curve C cX may be A -big and yet fail to be JB-big. The second example shows that 
this also holds for ampleness. Let X be a smooth projective threefold, and L, M c X 
smooth very ample surfaces, such that C = L D M is smooth and irreducible. By Corol
lary 3.3, C is (L + M)-ample; we may then ask whether C is also L-ample. Clearly, we 
may assume that the numerical classes of L and N are independent. Pick D e 10L (L) | , 
and let D cXc be its proper transform. Then D-L = L 3 , and Ec-D = L2-M. Hence, 
£2(C,L)^D-L/EC-D = L3/L2-M. On the other hand, if C is L-ample, then 
£2(C, L) > OL/deg(N) , where N is the normal bundle. We have C-L = L2-M and 
deg(N) =L2-M + L-M2, and therefore if C is L-ample then L5/L2-M> 
> L2-M/(L2-M + L-M2). Suppose now X = P1 X P 2 , with projectionspt\ X-* P ' , 
for / = 1, 2. Set LT, = p* Opt (1), for / = 1, 2. Pick x, y e Q + , with x ^ y, and choose 
a > 0 an integer such that a(H1 •}- xH2 ) and #(Hi + 3>H2 ) are both integral (very ample) 
divisors. Choose L G \a(H1 + xH2 ) | and M G |# (Hi + ̂ H2 ) | smooth and such that 
C = L fi M is smooth. Then C is H1 + ((# + y)/2)H2-ample. If C is L-ample, then by 
the above we should have 3x2/(x2 + 2xy) > (x2 + 2xy)/{x2 + 4xy +y2). Setting 
t = y/x, we then have 0 > t2 — St — 2, and this is impossible for / large enough. 
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