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Anal is i numerica . — «Approximate approximations» and the cubature of po

tentials. N o t a di V L A D I M I R M A Z ' Y A e G U N T H E R S C H M I D T , p resen ta t a (*) dal Socio 

G . Fichera . 

ABSTRACT. — The paper discusses new cubature formulas for classical integral operators of mathemat
ical physics based on the «approximate approximation» of the density with Gaussian and related functions. 
We derive formulas for the cubature of harmonic, elastic and diffraction potentials approximating with 
high order in some range relevant for numerical computations. We prove error estimates and provide nu
merical results for the Newton potential. 

KEY WORDS: Multivariate quasi-interpolation; Cubature formulas; Harmonic, elastic, diffraction 
potentials. 

RIASSUNTO. — «Approssimazione approssimata» e cubatura di potenziali. H lavoro presenta nuove formule 
di cubatura per classici operatori integrali della fisica matematica basati suH'«approssimazione approssima
ta» delle relative densità, mediante funzioni Gaussiane o funzioni a queste connesse. Vengono ottenute for
mule per la cubatura del potenziale armonico, di quello elastico e di quello relativo alla diffrazione. Queste 
hanno un alto grado di approssimazione in determinati contesti del calcolo numero. Vengono date stime 
dell'errore e forniti risultati numerici per il potenziale newtoniano. 

1. INTRODUCTION 

The paper is devoted to the foundation of new cubature formulas for certain inte
gral operators of mathematical physics. It is well known that the numerical treatment of 
potentials and other integral operators with singularities is an essential part of different 
methods for the solution of many practical problems. However, the cubature of such 
integrals is usually very time-consuming, especially in the multidimensional case, such 
that it is of great importance to derive effective approximations. In this paper we pro
pose formulas which are very simple and provide in numerical computations very accu
rate approximations. They are based on «approximate approximations», recently pro
posed by the first author (see [4] and the survey paper [5]). This approximation proce
dure is mainly directed to the numerical solution of partial integro-differential equa
tions. The method provides simple formulas for quasi-interpolants, which approximate 
functions up to a prescribed precision very accurately, but in general the approximants 
do not converge. The lack of convergence, which is not perceptible in numerical com
putations, is offset by a greater flexibility in the choice of approximating functions. So it 
is possible to construct multivariate approximation formulas, which are easy to imple
ment and have additionally the property that pseudodifferential operations can be ef
fectively performed. This allows to create effective numerical algorithms for solving 
boundary value problems for differential and integral equations. 

(*) Nella seduta dell'11 marzo 1995. 
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Here we apply the approximation method to the cubature of harmonic, elastic and 
diffraction potentials, where the obtained cubature formulas result from the approxi
mate approximation of the densities. Based on error estimates for the quasi-interpola-
tion in Sobolev norms we can show that they keep a high approximation rate in a cer
tain range relevant for numerical computations. And in addition, the smoothing proper
ties of the potentials ensure that the cubature formulas converge. For example, the har
monic potential 

r{n/2- 1) r u(y) 
(1.1) £>u(x):= ' / 2 [ - y

in 2dyy n>3, 

can be approximated by thè cubature formula 

(1.2) £„}hu(x):= E u(hmY 
4(jtQ)n/2 meZ» 

1 k r | 2 Af-2 L ( w / 2 _ 1 ) ( l r I2) 

\r \n~2 J y = o / + 1 
I ' m I o 

where Q > 0 is a fixed parameter, M is an integer ^ 2 

- - * " * " and L/̂ 30= V W ^ V ^ ~ V + ̂  

are the generalized Laguerre polynomials. The following estimate of the cubature error 
holds. 

Let 1 <p < n/2;q = np/{n - 2p) and suppose that u e W2M + 2(Rn), M > n/2q. 
There exist positive constants not depending on u, h and CD such that 

(1.3) \\£„u- A,A«IIVK')^ (^i(VSA)^ + ^*2^"ff2ffl)INI^^(i-) . 
Thus, in general £n>h gives a second order approximation of £n. But if the piarameter CD 
is appropriately chosen, then in view of exp( - Jt2 ) = 0.51723 ... • 10~4 the cubature 
£n >h behaves in numerical computations like an approximation of the order 2M. 

The underlying idea in obtaining cubature formulas of the form (1.2) consists in the 
approximation of the density u by certain quasi-interpolants 

(1.4) uh(x):=®-"/2 S u(hm)rj(X~^m 

m*zn \ \(Dh 

with fixed (D > 0 and the generating function rj is chosen such that the corresponding 
potential with density r\ can be effectively determined. Then the cubature formula for 
the integral operator is obtained by replacing the density u by its quasi-interpolant u^. 
The cubature error can be estimated by using mapping properties of the corresponding 
integral operator and error estimations of the quasi-interpolation (1.4). 

The outline of the paper is as follows. In sect. 2 we estimate the approximation er
ror u — uj, of the density in Lp and in weaker norms for general YJ satisfying certain de
cay and moment conditions. In particular we derive the remarkable fact that approxi-
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mate approximations, which in general do not converge in Lp, become converging in 
weaker norms. In sect. 3 we describe in detail, for the example of the harmonic poten
tials, how to obtain the cubature formula (1.2) arid to prove the estimate (1.3). The last 
section concerns high order explicit cubature formulas for elastic and diffraction 
potentials. 

2. QUASI-INTERPOLATION ERROR IN Lp AND WEAK NORMS 

We consider the quasi-interjpolant (1.4) with some generating function r\ satisfying 
the decay condition 

(2.1) | j 7 ( / ) | ^ i l ( l + \t\)-K-n-\ teRn, 

for some natural number K and positive constants A and 8, and the moment 
conditions 

(2.2) lr/(t)dt=l, ltarj(t)dt = 0, for all a , l ^ | a | < N < K . 
Rn Rn 

Here and henceforth we use the notations: Let x = (xÌ9 ...,xn) e Rn and a = 
= (ai, ..., a„) e Z^0beamultiindex.Wedenote | a | = ax + ... + an,x

a = xf1 ...*"", 
a\ = a1l...anl, 

dxi1... dx%n 

The usual scalar product in Rn is denoted by (x,y) and \x\ = (x, x)1^2. With the 
abbreviation 

ex(x):=e2™<x>V 

the Fourier transform of an Lrfunction is defined by 

$cp{X) = \cp(x)ex{—x)dx. 

In the following we will use an expansion of the error u — uj,y which follows immedi
ately form the Taylor expansion of the function &, the Poisson summation formula 
(see [10]) and the moment conditions (2.2). Let u be a sufficiently smooth function and 
denote 

l 

(2.3) Ua(x,y): = \a\ ^s^~l dau{sx + (l-s)y)ds. 
o 

LEMMA 2.1. Let rj satisfy (2.1) and (2.2). Suppose that for given (D > 0 the Fourier 
transform of rj is such that 

(2.4) { 3 a ^ / ( V ^ - ) } e / i ( Z w ) , 0 ^ | a | < N . 
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Then for any u G C0°° (Rn) and L ^ K there holds a.e. 

uh(x)-u(x)=Nï\^-} ^ ^ - 2 dt3y(y/®v)er(b-1x) + 
\a\ = 0\ 2m J a\ veZ*\{0} 

+ RL > i (*) , 

where 

(25) 
x — hm 

RL,h= I ^ 2 {hm-xYrji 
\a\=L a\ weZ« \ yoh 

Ua(x,hm). 

This expansion is obtained for continuous generating functions in [8], a more spe
cial result is also given in [3]. Next we estimate the norm of RL>},(x) in the function 
space Lp = Lp(R

n). 

LEMMA 2.2. Suppose that the function u is such that da u eLp for all multiindeces a 
with \a\ = L, where 1 ^ p ^ °o and n/p < L ^ K. Then the function RL h defined in 
(2.5) admits the estimate 

\\d"4h 

\a\ = L MI 

with some constant cn not depending on u, h and Q. 

PROOF. Let us define the functions 

0 y M : = max*"* 2 (1 + \s~lm - x\)-j-n~ô , / ^ 0 , 
x e R m g 2.n 

which continuously depend on s e ( 0, <» ) and for J —» °° we have 

2jr"/2 r ( « ) r ( / + <5) 

IXn/2) r(n+j + ô) 

Hence for any te (0, oo ) there exist constants 0yU) such that 

(2.6) 0y(j) ^ 0yU), if * ^ J < 00 . 

Further, the functions sn(j)j{s) are increasing, thus 

(2.7) 0y (j) ^ (//*)" <Z>y 00, for 0 < s ^ t. 

Note that the decay condition (2.1) implies in particular 

(2.8) (y/âs)-* 2 
m €.Zn 

— m\a I • — m 

fâs y/Qsj \y/®s 
,As-»<PK_L(y/(D), 

for any s e (0, 1] and | a | = L. 
To estimate H-RL^HI^ we introduce the functions 

tn*z»\ y®h J \ ycDh ) 
, hm), 
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such that 

If 1 <p < oo we apply Holder's inequality to 

J mei 

\Ua(x,hm)\\dx^ 

x — hm \a ( x — hm 

"s[®h ) \ \[®h 
\Ua(x,hm)\pdxy 

where \jp + \jp ' = 1 and we used (2.8) with s = 1. We choose a number 6 satisfying 
0 < 0 < L — njp and apply once more the Holder inequality to get 

\p < \Ua(xyhm)\p=Lp\ \sL-1dau(sx+ (l-s)hm)ds\ 
o 
l 

^U Is^-1-1!*'~e)p \dau(sx + {\ -s)hm)Yds 
i \p/p' 

U Z— [s
{L-e)i>-l\dau(sx + (l-s)hm)\''ds. 

'V/p' J ( 0 p 7 / p ' o 

Hence it remains the estimate 

far"/2 2 /w y — hm \a I x — h 

m*zn U y/Qh J \ -\[0>h / 0 

XL-0)p-l\na \dau(sx + (1 - s)hm)\p dsdx = 

oJ
 R i m*z»\\ y®hs ) \ yohs ) 

^gic-iCVS)^-'»^ \\da 

dtds^ 

\\Lp 

where we changed several times the order of integrations and summation, which is jus
tified since the integrands are nonnegative, substituted / = sx + (1 — s)hm and ap
plied (2.8). Thus we arrive at 

for arbitrary 6 e (0, L - njp). But 

min J.J.J.JLH _ 

o<e<L-n/p (Qp')1/p'((L-0)p-n)1/p LP 
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therefore we obtain 

K k l ^ ^ K - L ^ j ^ | |9"«| |v 

Using (2.8) with s = 1 and the inequality \Ua(x,y)\ ^ ||5a^||Loo we obtain forp = oo 
that 

\\SaJLoo^A<PK_L(V®)\\dau\\Loa. 

If p = 1 then clearly 

j . 

KAL^LIS1-1 \\d°u{t)\{yfas)-« 2 It- hm Y It- hm 

Rn \ Vâhs ) \ y/®hs 
dtds ^ 

ii4L*x_L(VS) ïsL-1~nds [\dau{t)\dt 
AL<PK_L{\[®) 

MLl. 
0 Rn 

Thus the assertion is proved for 1 ^ p ^ oo and we see that the constant cv is bounded 
by 

c^A&K-L(i/®)-^-. • 
Lp - n 

For the following we introduce the semi-norm 

equip the Sobolev space Wl
p = Wp{Rn), I eN, with the norm \\u\\wi = E \u \ wk and 

denote k = o 

(2.9) 

ok(rj, (D) := max 
\a\=k 

a-»'2 2 
zn\ ^J® 

m \a * — m 

— n 

e* 07,©):= max 2 \da&i(^v)\ . 
I«l=^ veZ*\{0} 

Due to (2.6) there holds ok (rj, (D) ^ A<PK _^ ( \ /S) . Now Lemmas 2.1 and 2.2 lead to 
the following Lp-estimate of approximate approximations. 

THEOREM 2.1. Suppose that rj satisfies (2.1) and (2.2) and that for given 0) > 0 the re
lations (2.4) hold. Then for any h > 0 and any function u G Wp

L, 1 ^ /? ^ o o ? L ^ N <m/ 
/z/p < L ^ K we have 

„ „ ^%1(V^h \k ek(V,®) , 

+ J N - — s ^'^+ — z i — i * k -
Now we are going to estimate the error of u — uj, in negative norms. 
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LEMMA 2.3. Let u e Wp\ \^p < <*>, reN, and {av} e lx {Zn). Then there exists a 
constant c depending only on n, r and p such that 

u S Ah-1-
veZ*\{0} Wv 

^ Ch^ ZJ — —— \\u\\W2r . 

ve A w (4jr 2 |v | 2r' mp 

PROOF. Obviously it suffices to estimate the norm of the multiplier 

ev{h - l . w»-+wp-
Because of | v| ^ 0 we get 

|UK(^ _ 1 ' ) # | | I ^ -2 ' = sup \ev(h~1x)u(x) v(x) dx 

h2r I L ir- r 

- — , , , . \ \(-A)rev(h~lx)u(x) v(x) dx 
„.„„,. . (4?r2 |v|2) r

RJ 
< , h* , , , sup \\Ar(u(x)Hx~))\dx 

(43i2\v\2YMw$-U. 

Since 

Ar(uv) 

R" 

(2a)! 

\a\ = r a! \a\=r al fi^la p!(2« - /*)! 
dfiud2a-pv 

it is clear that there exists a constant depending only on n, r and p such that 

\Ar{u{x) v{x))\dx ^ dMI^2'IMkp
2r • 

Rn 

We note that in the special case r = 1 this constant is bounded by 

e ^ max(2,^ 1 / ^) , p = min(/>,/>'). • 

By simple interpolation arguments Lemma 2.3 can be generalized for arbitrary 
negative norms in Besov and Bessel potential spaces. This leads to the following error 
estimation for the quasi-interpolation formula (1.4), which we formulate for the 
example of the Bessel potential space Hp= Hp{Rn) equipped with the norm 

H«HHJ= ikrMi + m21 • \y'2M\L = i m - ^ / 2 « n v 

THEOREM 2.2. Suppose that rj satisfies (2.1), (2.2) and for given CO > 0 the relations 
(2.4) hold. Then for any u e Hp, 1 <p < <*>, L ^ N with njp < L ^ K and positive 
s ^ L there exist constants cv and cS)P not depending on u and h such that 

h - uh\\Hp-s^ cv(y/ahF\\u\\HL + 

m i n ( N - l , [ L - , ] ) / ^ Â \ | « | l l ^ l l 

+cs,phs ZJ I -^— I ;— % 
|a | = 0 \ lit a\ veZ«\{0} (2jt\v\y 
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PROOF. Since | | ' | | H ' ^ II'IIH' for s < t the estimate 

I I « - * A I I H , - ' ^ P M I I I , + | , i j l«lw* + 

\a\ = o\ 2JZ / al p 

follows from Lemma 2.1 and Theorem 2.1, where we denote 

ea(x)= 2 da3y(V®v)ev(x). 
veZ"\{0} 

Obviously the first two summands can be bounded by c(yQh)N\\u\\HLwith some con
stant not depending on u, h and (D. To estimate the last sum we use for \a\ + s ^ L the 
interpolated result of Lemnia 2.3 to get 

I^.(*-..)IIH,-,S^MH, S |y,f/?/". 
VBZ"\{O) (2JI\ V\Y 

If I a\ + s > L we use Lemma 2.3 for u e H^ ~ '"' and obtain 

|3a^(V3v)| \d"uett{h-'-)\\Hp-^cL_\alph
L-W\\u\\HL 2 

vSz»\{o} (2jt\v\)L-ìaì ' 

showing that 

Y [ ^ T ^\\d"uea(h^-)\\Hf^c(^hnu\\H,. m 
\a\>L-s\ 2.71 / a l p p 

\\v\\w2> 
Since ||«||H-2^2îf tJ#|L-2 with the constant B»' = sup TT-T -f-ji— we obtain 

p p
 VBw2, I M - ^ M I L . 

for the special case s = 2 p p 

PROPOSITION 2.1. Suppose that rj satisfies (2.1), (2.2) and for given Q > 0 the relations 
(2.4) hold. Then for any u ç Wp , L ^ N ^ 2 w;tó njp < L ^ K there exists a constant c 
not depending on u, h and Q such that 

\\u-Uh\\Hp-2^c(VQh)N\\u\\WL + 

+£»# Z —:— -" ;— lé ——r;— ^ 
p |«i = o \ 2JI I al vez«\{o} 4 J T 2 | V | 2 

z^ere cp = Bp' max (2, A 1 ^ ) #W £4.(77, (D) are defined in (2.9). 

3. HARMONIC POTENTIALS 

Here we justify the cubature formula (1.2) for the harmonic potential £n. It is well-
known that £n = ( -A)'1 and that for n ^ 3, Kp < n/2 and # = np/(n - 2p) the 
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operator £„ is a bounded mapping from Lp into Lq (ef. [9]). The norm of £„:Lp^> Lq 

we denote by Apq. 
Let us define 

r(n/2-l) r uh(y) i \n L — L r uh\y 
(3.1) £nihu{x):=£nuh{x) = /2 , \n-2ày> 

where u^ is given by (1.4). Hence for any xsRn we obtain the discrete formula 

(3.2) £n,hu(x)= —¥— 1 u{hm)£nri(^=-È^-\. 
Of'2-1 meZ» \ y®h ) 

The cubature error can be estimated by the following 

THEOREM 3.1. Let 1 <p < n/2, q = np/(n — 2p) and suppose that rj satisfies (2.1), 
(2.2) and for given (D > 0 the relations (2.4) hold. Then for any function u s Wp

L, where 
L ^ N + 2 with n/p < L ^ K, there exists a constant cv not depending on u, h and Q such 
that 

\\£nu - £n>hu\\Lq^ cv(^J®h)N\\u\\WL + 

- 2 V (VW ek(v,a» 2 
k = o (2jt)k+2—ki— ^Ap^cp\u\^+l + cMw^n-

PROOF. The assertion follows immediately from Proposition 2.1 and the mapping 
properties of £„. Since £„u - £„ hu = £„(u — u/,) we obtain 

llA^-^^llL^lk-^)-1^-^)^-^)-1^-^)!!!^ 

^IK-zD-^I-zD^U-^^+lla-zl)-1^-^)^^ 

^ Ap,q\\u ~ "hIIHP-2 + h - "hUH,-2 • 

Using the continuous embedding Wp c Wq ~ 2 we have only to apply the estimate of 
Proposition 2.1. • 

Let us mention an interesting feature of the cubature formulas based on the ap
proximate approximation of the density. As an example we consider the approximation 
of the gradient V(£nu)(x) by the discrete formula 

V(£„fhu)(x)= t
 h

 iWo 2 u(hm)V(£„rJ) 
(&n-Vl2 m*Z» \ ^ h 

THEOREM 3.2. Let 1 <p < n, q = np/(n — p) and suppose that rj satisfies (2.1), (2.2) 
and for given (D > 0 the relations (2.4) hold. Then for any function us Wp , where 
L ^ N + 1 with n/p < L ^ K, there exist constants cv and cp not depending on u, h and 
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(D such that 

||V(A«) - V(A,A«)lk^ cn (V®h)N\\U\\HL + 

, V / V /̂> Va| ^"h1 v \3a&l(V® v) 
+ cph 2J I — : 2, — j — : . 

|a| = o\ 2n I a\ vez«\{o} 2JZ\V\ 

PROOF. It is well-known that ||V«||L ~ ||( —A)ll2u\L . Acting as in the proof of the 
previous theorem we get 

\\(-A)^2(£„u - £n>hu)\\Lq^BPiq\\u-uh\\Hp-i + \\u -uh\\Hq-i, 

where BPtq denotes the norm of the bounded mapping ( —A)~1^2: Lp->Lq (cf. [9]). 
Hence by Theorem 2.2 the assertion follows immediately. • 

The previous theorems show, that if the generating function t] and the parameter OD 
are chosen such that the values ek {rj, (D) are sufficiently small, then both the cubature 
£HìhU and its gradient V{£n^u) approximate with the order hN up to the prescribed ac
curacy. Moreover, due to the smoothing properties of the integral operators the corre
sponding approximations converge with the rate h2 and h, respectively, as h tends to 
zero. This property holds, in general, also for other pseudodifferential operators of 
negative order, whereas for singular integral operators the corresponding cubatures ap
proximate in some range of h with the order N, but do not converge. 

After having estimated the cubature error we choose now a generating function rj 
such that the assumptions of Theorem 3.1 are satisfied, the values 6^(7, (D) can be 
made arbitrarily small by a proper choice of CD and the integral £nrj(x) can be deter
mined effectively. 

An example of multivariate functions providing the desired properties is given by 

(3.3) rj2M(x):=JZ-"/2LtiL2\(\x\2)e-^2, M =1,2,...., 

having the Fourier transform 

2 m 2 M - i ( j r 2 | A | 2 ) y 

J = o j \ 

(see [5,7]). Obviously the function TJ2M satisfies (2.1) and (2.4) for any K > 0 and the 
moment conditions (2.2) with N = 2M. It will be shown that the cubature formula 
(1.2) is based on this function. Consequently, to prove the validity of the estimate (1.3) 
it remains to bound the error 

2M-3 ( V W ek(r}2U,®) 2 

èo (27c)k+2 — k \ — ; f 0 ^ . « ' p i * k + / + f f * i " k + ' > -

In view of (3.4) we have 

da&i2MU)=p2M„2 + wU)e-*2w2 

with some polynominal of total degree 2M — 2 + | a\. Due to the rapid decay of the 
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Gaussian function there exist constants y^ such that say for all CD ^ 1 we have 

£k(V2M,®)= max X | da&7]2M{^ v) \ ^ yke~*2(D , 
l « l = * V6Z*\{0} 

implying 

2M-3 ( y ^ e ^( 9 2 M , a» 2 

£ = o ( 2 J T ) • K \ 1 = 0 * p 

for any fixed (P ^ 1 and all h ^ D'1'2. Now Theorem 3.1 yields the estimate of the cu
bature error 

(3.5) Ika-J^ll^^ 
with constants not depending on u, h and Q ^ 1, where 

(3.6) A,A«(*)=—7T7 E u(hm)^ri2M(^=fà^\.. 
Of'2'1 rn.Z" \ y/^h ) 

REMARK. The estimate (3.5) indicates that asymptotically the optimal cubature er
ror can be obtained if the parameter Q is coupled to the gridsize h such that 
('\f($h)2M = h2 exp ( -JI2(D). A similar coupling of CD and h, depending of course on 
the generating function YJ, converts the quasi-interpolation (1.4) into a converging pro
cess. For example, if for given r\ we choose (D = (D(h ) such that 

ffiJ|i)^ = ( # r 
0^k<N\ 111 I k\ V 

then Theorem 2.1 implies the convergence of the corresponding quasi-interpolant in 

the norm of Lp with the rate (h y(D(h))N. Some special results in this direction are ob
tained in [3]. But we prefer to consider the case of fixed CD which is advantageous in nu
merical applications of the approximations (1.4) we are interested in. First of all one 
can fix CD such that any prescribed accuracy can be reached with the approximation rate 
hN. Further, the cubature of convolution operators & requires similar to (3.2) the 
evaluation of CLrj((x — hm)/\Gàh). On the grid points hk, k e Zn, one has to deter
mine the values drj{{k — m)/\®), which can be used for any gridsize h. Therefore it 
is very efficient to precompute and store these values if the cubature is a part of some 
iterative or multiscale algorithm. • 

In order to derive an analytic expression for £nrj2M(x) w e u s e t n e representa
tion 

M-l (-\\J 
(3.7) LtiL2\{\x\2)e-^2= 2 -AJe-^\ xeR\ 

j = o j\4J 

(see [7]), which together with the summation formula 

(3.8) L}a-1)(y)=L}a)(y)-L}aJ1(y) 
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[1, 22.7.30] leads to the equality 

(3.9) ]J"/t-l)(\x\2)e-M2= - ^ ^ z F e - l * " 2 , XER\ 

jW 
Now we are in the position to determine the integral 

,,,o, A ( I ^( | . | ' ) . - i -e ) , , , - iW^»j^lW)'^ < i > . 
47tn/2 I \x-y\n~2 

Rn I S \ 

Since £nA - - I the representations (3.7) and (3.9) lead to 
M - l / i W 

(3.11) £n{W-2KV\2)e-\'\2)W = £ > - I ' I 2 ) W ~ 2 i _ ^ z | > - i , - W 2
 = 

M-i 1 c _ i v ' - i 
= J U * - M ) (*)+ 2 j : . . ^ - ^ - ' ' ' ^ 

y = i 4/ ( / - l ) ! 4 ' _ 1 

= A ( e - l - l 2 ) U ) + e - W 2 2 ' ' . 
y = o 4(./ + 1) 

Thus it remains to determine <£„(e~''' )(x). We use that 

. ,2 r{n/2- 1) r e-\y\2 ., f ,-*2|.M2 

JE;(e-'-l ) (* )= 7 , — - —e- -dy = Ji"l2 M ek(x)dX = 
An"'2 x - y " - 2 y 4 J T 2 U I 2 A 

2^rB/2 + 1 f e-512'2 
• |2 

-7_»/z-t-i f _ -ai-r- 1 r , 
| x | » / 2 l^j 4 ^ ^ 4 | x | » 2 ĵ 

(see [10, Th.IV.3.3], [2, 8.6.11]). 
In particular, 

A ( e H - l 2
) U ) = W ^ l ^ = ^ ( l _ e - | * l 2 ) 

4JT2
RJ | X - J / | 2 4 | * | 2 

and 

-l I2 '*' \f~ 
(3.12) ^ ( * - H a ) ( x ) = - L f ^ _ i j / = 1 f t f - r * j T = V£T erffl^i) 

4JT J | AT - j / | ^ 2 |jc| J 4 | x | 

with the error function erf. 

Noting the relation to Hermite polynomials 

L/ 1 / 2 ) (y)= [~^J
rHv+1(y/y), H y ( y ) : = ( - l ) V 2 ( - f \ V ' \ 

from (3.11) we obtain in the special case « = 3 
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Fig. 1. - Cubature error for the Newton potential using different generating functions T/2M
 a n d t n e fixed 

parameter Q = 3. 

The described and related cubature formulas were tested in a large number of ex
amples and partly included in numerical algorithm! for solving partial integro-differen-
tial equations (see [6]). Let us provide the results of two tests with the three-dimen
sional cubature formula (3.6), (3.13). In fig. 1 we have plotted the relative cubature er
ror for different generating functions TJ2M and sufficiently smooth densities. The corre
sponding values of the approximation rate 

(log\£3u(0) - £3,2hu(0)\ - hg\£3u(0) ~ £>tbu(0)\)/log2 

are contained in tab. I. It shows that pointwise the approximation rate can even be 
higher than theoretically predicted. For example, in all numerical tests we obtained an 
approximation rate near 6 for the density (l — | # | 2 ) + having discontinuous fourth 
derivatives. 

TABLE I. - Approximation rate of the cubature at the point x = 0 for the densities A((l — |* |2)+ ) and 
(1 — | JXT|2 ) + , resp., using different functions TJ2M and Q = 3. 

h~l 

8 
16 
32 
64 

128 

M 1 

0.975 
1.619 
1.893 
1.973 
1.993 

A ( J ( ( 1 - | -

2 

2.117 
3.354 
3.826 
3.956 
3.989 

3 

3.383 
5.176 
5.787 
5.947 
5.986 

|2)8J) . 

4 

4.780 
7.087 
7.775 
7.946 
7.851 

5 

6.338 
9.098 
9.810 
9.033 
2.124 

1 

1.525 
1.857 
1.963 
1.991 
1.998 

A(( l 

2 

3.088 
3.750 
3.937 
3.984 
3.996 

- H 2 

3 

4.817 
5.722 
5.933 
5.983 
6.009 

) 4
+ ) 

4 

6.830 
7.764 
7.819 
7.639 
3.727 

5 

9.227 
8.282 
6.344 
7.024 
0.715 
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In the case n = 2 we have 

(3.14) £2u(x)=^- [log , l u(y)dy, 
2it J \x — y\ 

R2 

and one easily obtains 

(3.15) £ 2 ( e - H 2 ) W = - 1 ^ ( 1 ^ ) - I l o g M = l y - J ^f1 dr\, 

where Ex is the exponential integral and y is the Euler constant y = 0511215 Thus 
from formula (3.11) we derive the analytic expression 

(3.16) £2rj2M(x)=-^ 2 l o g T V - £ i ( k | 2 ) + ^ W 2 M 2 2 T ^ ^ 
An \ \x\ y = o (j + 1) / 

with the Laguerre polynomials L; = Lj°\ leading to the cubature formula 

co / x L2 v (u J* (x-hm\ \ogVâh\ 
£2>hu(x)=hz 2J u(hm)\£2fj2M{——— . 

mez2 ^ \ ya>h ) 27t 

4. ELASTIC AND DIFFRACTION POTENTIALS 

In this section we derive analytic formulas of elastic and diffraction potentials ap
plied to the generating functions rj2M defined in (3.3). It is clear that analogously to the 
preceding section these formulas can be used to construct high order cubature formu
las for the corresponding potentials. Based on the mapping properties of the integral 
operators estimates of the cubature error can be obtained similar to those of Theorems 
3.1 and 3.2. 

4.1. 2d-elastic potential. 

A solution of the two-dimensional Lamé system pi Au + {X +//)Vdiv// = / is 
given by 

uk(x) = jrkl(xyy)fl(y)dy, 

R2 

where for k, I = 1, 2 

, A + / / L X + 3ju. l (xk - yk)(x-i -yi) 
A/ (x, y)=- -—M , n \ okl -T—— log r + • 

4JIJU(A + 2ju) \ A+fi \x - y\ \x ~y\ 
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is the Boussinesq fundamental matrix. In the following we determine 

jru(x,y)Llili{\y\2)e-M2dy. 
R2 

Note that 

fki(x'y)=-1%log i ^ r + S J V Î Ï M a f e [{x~yì2(log i ^ r + 2 ))• 
From (3.14) and (3.16) it is clear that it remains to determine the integrals 

32 

dxk dxL 
R 

; J ' * - ' i a ( k * i ^ T + i ) t f " w , * + 

+ t —lAr fk->'|2(log7-J—T + \\A'e-W2dy. 
i-i j\4> dxkdxi . \ | x - j » l 2 / 

First we remark that 

(4..) ^ | | , - , | > ( b , 1 - l - r + i ) . - W ' * . 

'R 2 

such that for the case M = 1 we derive 

Y = 2ôkl£2 (e - H2 )(*) + (2*, / - + ^ - ) j£2 (<• " ' " I2 )(*), 
2JT y ax^ ax^ ax/ J 

leading together with (3.15) to the formula 

(4.2) \ru(x,y)V2(y)dy= g ^ J ^ } ^(£,( |*|2) + 2log |*|) + 
K2 

A+/* / / x^x/ <5*/\ 1-e"!*!2 x^x/ 
4jr^(A + 2^) ^ \x\2 2 ) \x\2 

For the case M ^ 2 we use the relation 

A\x-y\2(\oël-^ + i \ = 4 l o g - j — ^ — r - 2 
\ \x-y\ 2) \x-y\ 
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and Green's second formula to get 

d2 "^i-iV + 7^4- t — f(4logTJ-T-2)^-1e-W2^ = 
dxkdxi j-i j\y J\ \x-y\ J 

\R2 ' R2 

+ ^ 4 - M X 1 - ^ ll08-r±-AJ-ie-W
2dy 

dxkdxi y = 2 y ! 4 / _ 1 -1 F - J ' l 

-Te-W2dy\ + 
y\ 

Now relation (4.1) helps to simplify 

e-M2dy) = - ^ - 1 \\x - y \2 (log-^-^ + \ ) e'M2 dy - flog-:—^—j-^" 
dxkdxA V •" \ \x-y\ 2) J J 6 \x-y\ 

\R R 

R2 V ' R2 

Since for j ^ 2 there holds 

("log £ 1 , ^ - ^ - 1 ^ ^ = -2nA'-2e-^2, 
{ \x-y\ 

R2 

we derive by using (3.9) 

- 7 f - W dy. 
y\ 

)hT± Iu = 2[àki + xiir\ I log -j— i—re b{2dy - JT 
d2 M-3 L ; O ) ( | * I 2 ) ^ " W : 

dxk J \x-y\ dxkdxi j = o 2 ( / + l ) ( / + 2) 
' R2 

where of course the sum disappears if M = 2. Thus 

\rkl(x,y)LtìlA\y\2)e-W2dy=-^£2(Ltìl1(\-\
2)e^nM + 

R2 

+ 2̂ (A + 2ii) \[kl ! dxk) **{G KX) A dxk act 8(/ +1)0 + 2) J 

Now we use that 

(4.3) ( ^ ) W ( L y
( a ) ( 3 ' ) ^ 0 = ( - i r L /

( a + - ) ( j ) ^ ^ , 

which follows from the formula 

(l-z)-«-ie-
y/il-z)= £ L}a)(y)e~yzJ' [1,22.9.15], 

y = o 
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to derive 

-^r-lJ0)(\x\2)e-^2 = -2d«I )i
1)(|*|2)e-l«l2 + 4xkXlL^{\x\2)e-^ 

oxk ax i 
which leads to the equality 

lru(x,y)L^lÀ\y\2)e-M2dy = òJ-^(L^lA\-\2)e-^)(x) + 
R2 \ 

+ ^n%)(^'")(*) +
 y g . 4(J + m + 2))) + 

+ 2 M l T 2 ^ ) ^ £ 2 ( e ) ( * > - * * ' , ? „ 2(y+!)(>+ 2 ) ] -
Next we simplify the expressions enclosed in the brackets. Using (3.8) one easily 

transforms 
y L,W(\x\2) _Mf2 L}°H\x\2) L^l2(\x\2) 

(4>4) A 4(y + i)(y + 2) A 4(/+i) 4 ( M - D ' 
such that from (3.11) we get 

M-3 L^H\x\2)e~^2 

/ to 4 0 + 1 ) 0 + 2) 

> = o 40 + 1) 4 ( M - 1) 
e H * l 2

 = 

= j ^ a A - , ( i - i 2 ) g - ' - | a ) u ) - L£"J ( I*'! ) -̂'"' 
4(M - 1) implying for the first term 

- i j ? 2 (LJ i /L 1 ( | . | 2 )*- H 2 ) (*) + 
0 

3 + 1 / / M - 3 L ( 1 ) ( l * l 2 ) e " | x | 2 \ 

2/*(A + 2/«)\ y = o 40 + 1)0 + 2 ) / 

- A + 3^ P (rfl) n- | 2 ì . - - ' - ' 2 ì f r ì A + / / ^M-2(kl2) 
~ T 7 T 7 7 T ^2 V-LM - I V / e / W ~ ,« , ~ x ~~7777 77~~ 2/*(A + 2/i) 2/*(A + 2/*) 4 (M-1) 

Now we consider the second expression. From the relation 

(4.5) Lja + 1)(y) = j ( 0 + a + l)Ly
(a)0) - (J+l)L}°\(y)) 

(see[l, 22.7.31]) we get 

^ 2 H k | 2 ) = ^ ( 0 + 2)L/^Hk|2)-0+l)L;a
)i(k|2)), 

FI 
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and therefore 

M-3 LJ2H\x\2) XkXl M - 3 (J + 2)L}lH\x\2)-(j+l)LJi\(\x\
2) 

y=0 2 ( y + i ) ( y + 2 ) ~ I ^ I 2 y=o 2 ( y + i ) ( y + 2) xkxt 

\x\2 > - o \ 2 ( y + l ) 2(y + 2) / 2 | * | 2 \ M - l 

Furthermore, (3.15) shows that 

d o i -\-\2\i \ xi d \ f 1 ~e~x j xkxt _, ,2 

X / _ ^ i i ) ( x ) s B _ _ | y _ j _ _ j T j = _ _ ( , w _ 1 ) f 
hence we derive 

a M - 3 L- ( 2 )(l*l2)e" | A r | 2 v v / f ' 1 ' (\v\2\ 

* / ^ ( e )(*) ***> Z o 2(y+l)(y + 2) 2 | * | 2 \ M - l e ^ 

Consequent ly , t he integrat ion of the generat ing function rj 2M results in 

(4.6) | A / ( ^ ^ ) ^ 2 M ( J / ) ^ = ~ 2 (A+ 2 ) ^ / A ^ M O * ) + 

+ • 

2/i(A + 2//) 

A+/* / /***/ <H/\ *72M-2(*) *£*/ 
4fttt + 2fi) \\ \x\

2 2 ) M - l j r |x | 2 I ' 

We note that by simple differentiation of the expressions (4.2) and (4.6) it is possi
ble to obtain effective approximations of the stress tensor 

. / du i du2 \ ^ duk ( du i du2 \ 

\ OX I OX2 I OXk I ox2 oxt I 

4.2. id-elastic potential. 

A solution of the Lamé system fiAu + {X + pi) Vdiv// = / can be obtained 
from 

uk(x) = jrki(x,y)fi(y)dy> 

where the elements of the Kelvin-Somigliana fundamental matrix {r^}l /= ! are given 
by 

r i ) - X+fl (X + ^ ôkl (xk - yk)(x, - yi) \ 
lkl(x>y> 8jt/u(X + 2fi) [ X + fx \x-y\ \x -y? ) ' 

The integrals 

\ry(x,y)«2M(y)dy = x-^2 \rkl(x,y)LljL2i(\y\2)e-W2 dy 
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can be determined quite similar to the preceding subsection. First we note that 

r ( ) = - - 3 — Ôkl + A + ^ d2 . _ . 
lkl[x>y) 4*1/1 \x-y\ 8^(A + 2pt) dxk3xl

]X yl' 

Hence it remains to determine the integrals 

R3 

= -¥- \\x-y\e-\y\2dy + M±l !^-¥— t\x - y\A^'e'^2 dy . 
dxkdxl J1 •" A P4J 3xkdxi J1 -" y 

R3 R3 

Since for j ^ 2 there holds 

\\x-y\Aje-^2 dy = 2Aj-l\ ,e \ dy = -SjtAJ-2e~^\ 
J J \x - y\ 

R3 R3 

the desired integral equals 

\ Ï?3 I?3 / 

IT • 

dxk dxi j = i j \ 4 

Similar to (4.1) we have 

R3 R3 

implying for M = 1 the expression 

<AO\ (r i \ t \J A + 3/J er f ( |* | ) 

R3 

dxkdxi] 4\x\ 

x\2)af(\x\) £„-\x\2 \ 
+ 

- t e ^ Y <^^-V-H-

4JT//(A + 2//) 1 3x̂  Sx̂  dxi 1 4\x\ 

(A+/*)***, / ( 3 - 2 | * | 2 ) e r f ( | * | ) £e-\x\2 

16JT/*(A + 2/*) \ |JC|5 V^kT 

3* L , , / 2.-l^l2 erf(|*|)\ o / i , , , erf(l^l) 

If M ^ 2 then (4.7) yields 

b=lô"+*'^)iï^dy-to-â^z0 16U + w+2) > 
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such that 

rkl(x,y)LM'-((\yr)e"«' dy = - * 

R3 

\rkl(X,y)L^2H\y\2)e-^2dy=-^£i(Ll!L2U\-\2)e-^2)(x) + 

^ / + ̂ /T" A(^ ' ' )(*) ~ 2, 2^(A + 2 / i ) \ \ " l dxk)
 iX jfo dxkdxl 8 ( / + l ) ( / + 2) 

From (4.3) we see that 

-^LJ^2H\x\2)e-^2 = -2ô^2H\x\2)e-^2 + 4XkXlL^2H\x\2)e-
OXk OX i 

which leads to 

i . „ / M-3 L ( 3 / 2 ) ( I A : I 2 ) ( ? " | X | 2 \ \ 

+ ^ ± L ( ^ „ - , , ) W _ „ Y 4"»<M'>.-" 
2 t̂(A + 2/£) \ ' 6bf4 ' > = 0 2(j+l)(j + 2) 

Again we consider the separate terms. Similar to (4.4) we derive 

V LP'2>(|*|2) _M-2L»/2)( |X |2) Ll|/_2»(|^|2) 
( 4 ' 9 ) A 4 ( / + l ) ( / + 2) , = o 4 ( / + l ) 4 ( M - 1 ) ' 

such that from (3.11) we have 

£,(e-^2){x)+ 2 J 

yfo 4(/ + l ) ( / + 2) 

M-2 I< 1 / 2 ) ( l* l 2 ) /"(3/2)(l*rl2) 

y = o 4(y + 1) 4(M - 1) 

r (3/2) / I 12) 

= £3a^(i-i2),-H2)u)-^i^,-N^ 
which implies 

-±£3(L8'JH\-\2)e-"2)(x) + 

+ 2M(X + 2v)\£>(e KX) + A 4U+1ÌU + 2) ) 

2/i(X.+ 2/t) ' M _ 1 ' ' 2/t(X + 2/i) 4(M-1) 
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To handle the second term we use (4.5) to write 

L}V2H\x\n = ̂ 2lL- + ̂ L}>'2H\x\n - (j + l)L}W(\x\2)\, 

hence we get 

M^3 L,<5/2)(|x|2) 

***',•?„ 2 ( > + ! ) ( / + 2) 

***/ |V|Li3 / 2 )( |*l2) Ljl'?(\x\2)\ {%> ^3 / 2 )(H2) 
| * | 2 \ > - o \ 2 (y+l ) 2 0 + 2) / A 4 0 + D O + 2) 

_ xkXl li LUm\x\2) + Y Lj^{\x\2) 
\x\2\2 2 (M-1 ) A 4 0 + 1 ) 0 + 2 ) / ' 

From (3.12) we have 

3x* 3** 2 | * | oJ 2|AT|3 0J 2\X\2 

therefore the second term transforms to 

g _ 2 M-3 L!5/2)(|*|2)e" | 5c |2 

x ^ A C e - H )(*)-***/y?0 2 ( y + 1 ) ( y + 2 ) = 

2|*|3
0J 2 | * | 2 

XkXl(i L8L2i(\x\>) y L}^(\X\2) \ _lx]2_ 
\x\2 \2 2 (M-1 ) A 4 0 + DO + 2 ) / * 

_ _ ^ L (_L_ L - ^ r K - ^ 2 ^ 1 / 2 ) ( l - i 2 ) 3i|?/_W) 
2 | 2 | x | J e * A 4 0 + D 4 (M-1) 

' m r l « l J _ ^ ( L j ) / 2 ) ( | . p ) e - H J ) W l 

0 

xkXl(3LtìL2l(\x\2) 

\x\2\ 4 ( M - 1 

where we have used (3.11), (3.12) and (4.9). So we come finally to the exprès 
sion 

A + / i / ***/ \ rj2M_2(x) («e) |r,„.„,11,()„*- i j;i±£-T(}at-«11) 
M - 1 

ôkl + ^ / i , ^ x T ~ ^ A*72M(*) , 
2//(A + 2/i) " 2/i(A + 2/0 |*|2 

which is valid for M ^ 2 and even simpler than the corresponding formula (4.8) for the 
cubature of second order. 
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4.3. Diffraction potential. 

EJR3 , 

Consider the potential 

1 f eik\x~y][ 

(4.11) Su(x) = —- -j ru(y)dyy I m & ^ O , #< 
4JT J I JC — jy | 

R3 

providing the solution of the Helmholtz equation -(Av + k2v) = u, which satisfies 
Sommerfeld's radiation condition 

-pr- , Vv(x)\ - ikv(x) =ol YJ J, | # | - > o o . 

From the equality 
y - i 

{A + k2rlAJ = {-iy'k2j{A + k2yl + 2 (-iyk2rAj~l-r 

r = 0 

we derive 

s(Li3/2H|-|2)tf-( , , | ))(*)= -{A+k2)-l\ 2 LJ±Aje-\*\2\ = 

\J = O j\4J ) 

M - I * Ij2\j M - I f _ i y y - i 

y = o j \ \ 4 / y = i y!4> , = o 
M - 1 / 2; M - 2 1 / I l 2\î-r 

= S(e-"2)M2 ±-+e-^22 - I - 2 ri i L<</2>(|*|2) = 
y = o y!22-' y = o 4(y + 1)! r = o \ 4 / 

= s(e-i-' )(*) 2 ^ + 

+ g-w»Mf(- iyH y + l ( M ) Ms"y Fr 

A 1 ' 21*| ,£„ (> + r+l)!2^ + ' + 1 > " 
Let Im£ > 0. Using the Fourier transform 

1 f <?*'*' , w 1 — ——r e ( — x) dx = — 
4Jt \x\ An2\X\2-k2 

R3 i i 

the convolution equals to 

, * l — > l ,..,2 . , , , r e - 2 l ^ l 2 , W 1 

ei w dA 4.12 y - f - f j - g - ' * ' 4y = tt3/2 2
e

M | . 
4rc J * - > ^ J An2\l\2-kÂ 

R3 R3 

2*r3/2 f" ge""2 g 2 . , 0 | n , 
1*1 QJ 4n2Q2-k2 

= ^ *_41/4 f'*w «fc(-H-f )-'"*'*'«fc(l*l-f ))-
[2,2.4.26], where the complementary error function is defined as erfc(z) = 1 - erf (z). 
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Thus we obtain 

4jr5/2j \x-y\ J An\x\ \ \ \' 2 )}] 

For k > 0 the Fourier transform of the fundamental solution is the distribu
tion 

+ 4-(5 
( ' " - £ ) • 4 ; r 2 | A | 2 - £ 2 2£ 

Hence the convolution (4.12) is the sum of the principal value integral 

J 4 ? r 2 | A | 2 - £ 2
 4 J T | * | 

where one has to apply the Sochotzkij-Plemelj formula, and of 

Hence we derive also for k > 0 

^ 3 / 2 s ( e H ' | 2 ) ( * ) = ^ T * " * 2 / 4 ( * ' s i n (*|*|) + R e ( e * W e r f ( | * | + f ) ) ) • 

Summing up we get the analytic formula 

* » w - ^ f ('* »I-I»+4*1erf ( I * I + f ))) % ^+ 

,-w2 v (-iy-Hy+1(|*|) *--*-> (*2/4y 
^3/2 y r 0 2*' + 3 | * | r = o (y + r + 1 ) ! 
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