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Anal is i matemat ica . — On homogeneizatìon problems for the Laplace operator in par

tially perforated domains with Neumann's condition on the boundary of cavities. N o t a ( * ) 

di O L G A A. O L E I N I K e T A T I A N A S H A P O S H N I K O V A , p resen ta t a dal Socio O . A. 

Oleinik. 

ABSTRACT. — In this paper the problem of homogeneization for the Laplace operator in partially per
forated domains with small cavities and the Neumann boundary conditions on the boundary of cavities is 
studied. The corresponding spectral problem is also considered. 

KEY WORDS: Homogeneization; Perforated domains; Small cavities; Neumann's condition; Spectral 
problem. 

RIASSUNTO. — Sul problema della omogeneizzazione per l'operatore di Laplace in domini parzialmente per
forati con condizioni di Neumann sul contorno delle cavità. In questa Nota viene studiato il problema della 
omogeneizzazione per l'operatore di Laplace in domini parzialmente perforati con piccole cavità e con con
dizioni di Neumann nel contorno delle cavità. Viene anche considerato il corrispondente problema 
spettrale. 

INTRODUCTION 

The problem of homogeneization for the Laplace operator in perforated domains 
with a small density of cavities and the Dirichlet boundary conditions on the boundary 
of cavities was considered in many papers (see, for example, [1-5]). In this paper we 
study the problem of homogeneization for the Laplace operator in partially perforated 
domains with small cavities and the Neumann boundary conditions on the boundary of 
cavities. The corresponding spectral problems are also considered. 

1. Let Q be a bounded domain in Rn
x with a smooth boundary dQ, 

Q = {x: 0 < Xj < 1, j = 1 , . . . ,n) , G0 is a domain in Q, G0 c Q and G0 is diffeomor-
phic to a closed ball. 

We set Ge = U (a£GQ + ez), where £ is a small positive parameter, ae is a constant 
z e Z 

which depends on e and ae e ~1 —» 0 as e —> 0, Z is the set of vectors z with integer com
ponents, aB = {x'- a~lx e J5}, Y£ = eQ\aeG0. We assume that Q 0 {x'.x1 = 0} = 

We denote 

Q+ = QD {*:*! > 0}, Q~ = flf1 {x'.xx < 0}, Qt = Q + \Ge , 

50 = 3G 0 , Qe = Qt U y U Q " , Se = dQ£ n Q, re = dQ£\S£, 

(u)œ = \œ\ _ 1 \udxy where \œ\ is the volume of the domain OJ. 
(O 

As usual we denote by Hi(Q, T) the space of functions which is obtained by com
pletion of the set of infinitely differentiable in Q functions u(x), equal to zero in a 

(*) Pervenuta all'Accademia il 4 luglio 1995. 
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neighborhood of f, by the norm 

\\H1(Q) = I\(U2+ \Vu\2)dxY2. 

In partially perforated domain QE we study the Neumann boundary value 
problem: 

duE (1) Aue -f in Q e , -r— = 0 on Se , u£ = 0 on Te , 
av 

where v is the exterior unit normal vector to Se, f e Ca(Q), a > 0. 
We consider a weak solution ue G Hx (QE, /%) of the problem (1) and study the be

haviour of #e as £ —» 0 . 
Let us introduce the function Nf (y ) ( j = 1, . . . , n ) as a 1-periodic solution in £ " l Ye 

of the problem: 

(2) 
AyNf = 0 in e " 1 ^ , 

(N/) f-iye = 0 . 

3N, 

<9i> 
— = -Vj on aEE lS0 y 

In order to estimate Nf, we need some auxiliary results. 

LEMMA 1. If u G Hi ( Ye) and («)ye = 0, then 

(3) l l«L(y.)^^i«l |V,«lb(y.) , 

where Vx« = {uXl>... ,uXn), the constant Xj does not depend on e. 

LEMMA 2. Let « e H ^ y j . Then 

(4) ||«IU.5b) ^^2{^'m^n'2h\\L2(Ye) + ^ePxu\\L2(Yt)}, 

if « ^ 3, and 

(3) | | « IU.5b)^ K 3 a. e ||«||L2(ye) + T e l n 27"V^"L2(n) 

if « = 2, where all constants Kj here and in what follows do not depend on e. 
We shall give proofs of these lemmas in the appendix. 

Using the integral identity for the problem (2), we obtain the inequality 

(6) | | V , N / | | i 2 U - . y . , ^ K , £ - ( - 1 ) « i - 1 V 2 | | N / | U . 5 i , ) -

By virtue of inequalities (3)-(5) we have 

(7) ||N/ ||L2U£50) =S K,(«<• ~ me-"n + * + y/a~e) ||VxN/||^(y., ^ 

^KMn-m + ^ee"/2-1)\\VyN;\\LAs->Yc), 

if n ^ 3, and 

(8) ||N/ ||L2(.,50) < ^7 { v £ + ^ i n ^ l IIV̂ AT/ I U - > n ) , 

iin =2. 
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From (6)-(8) we obtain the following estimates: 

(9) I I ^ N / I U - . ^ K s f ^ ) " 2 , if» £ 3 , 

if » = 2. (10) e 
2a„ 

\\VyNf\\L2ie-iY^K9^^ 

From Lemma 1 and estimates (9), (10) we obtain 

[WNfl^ + WVyNfW^y^Kuaf, 

\ \\N; \\L2(Qi, +1| V , N ; ||L2(QS+ , ^ K U ( Y )"° > 

for « ^ 3 and 

:i2) 
2aP 

l l N / l ^ y . ì + Ì M / l ^ y . j ^ l C ^ . ^ 

l|N/IL(^) + l | V y N / | U f + ) ^ K 1 3 ^ ^ 
2<*£ ' 

for « = 2. 
Thus, we have 

LEMMA 3. Let Nf(j= 1,.. . ,#) be a solution of the problem (2). Then the esti
mates (9)-(12) are valid. 

COROLLARY 1. For the functions Nf we have the following estimates: 

(13) J 
max \Nf\ ^KlA(aee-l)nl2, max \VyNf\ ^K15(aee-y2, if * £ 3 , 
J! = 0 yi = 0 

m a x | N / | ^ 1 6 ^ ^ , m a x | V , N / | ^ 1 7 ^ ^ , if „ = 2. 

PROOF. Taking into account that —z— is a harmonic 1-periodic in y function, we 
dy{ 

can use the mean value theorem for harmonic functions: if P e y, then 
dN.f 

5y< 

dNf 

P \ tyi vf0 ' 

where Vf0 is a ball of radius r0 and P is the center of V?. 

By virtue of the estimates (9), (10) we obtain 

max 
y 

dNf 
dji 

^ i V ^ I - ^ H ^ N / l ^ ^ ^ ^ e - 1 ) ^ , 

for n ^ 3, and 

max 
Y 

dNf 
dyt 

Xi9^^Fî' 
if n = 2. 

Other estimates (13) are obtained in a similar way. 
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Let v0eC2 + a(Q) be a solution of the problem 

( 14) Av0 = / in Q , vo = 0 on 3£?. 

Consider the function 

u\ = t;0 + e % Nf ( § ) ^ , x e f i - U £ e
+ , 

where N/ = Nf, if j ^ > 0 and N/ = 0, if Ji < 0, as an approximate solution for 

In what follows we use thé usual convention of repeated indices. 
Taking into account the definition of the functions v0,Nf (j = 1,...,«), we obtain 

that {u\ — ue) is a weak solution of the problem: 

A(ul—ue) = 0, iixeQ~ , 

A (u£ - ue) = e -x- IN/ ——— I + 
dxj \ J dxj dxj j dys dxs dxj 

lui ~ « e ] I y = eN/ - 3 ^ 
dxt *i = +o 

if X E fle
+, 

5 / 1 A 3N/ &0 

9yi <%• 
+ eN, s2 

^0 

+o y dxi dxj 

3 / 1 \ >,, 3 f0 

xi = +0 

dun ul ~ ue = £Nf -^p- on Te , 

where [<p]|pey — <p\p + o~~ <P\P-O f° r anY point P e y and function çp. 
We set ĝ — ue = vl + z>|, where vl is a weak solution of the following prob

lem: 

(15) 

Avi — 0> if x e Q , 

h>n\r = o, 

dvl r 

dxi 

Avi =F£
+ +£-x~fi,e, iixeQt, 

= e/i, e \xi= + 0 

dx, 

~*~ le\x1= +0 > 

dv 
= eft,evi> on Se> ve=0 on Te , 

where 

dys dxj dxs ' t,E J dxj dx{ 
( /= ! , . . . , « ) , 
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3Nf 3v0 

137 

/ , = 

(16) 

dji dxj 
, and Ve is a weak solution of the problem 

dv0 
Av2

E=0, if xeQ- U O e
+ , [^£

2]|y = eN/ - ^ 
dx. 

dxi 

Svi 
= 0 , — -

Y ' 3v 
= 0 o n S £ , < = sN; 

7 

3VQ 

9X; 

*1= +0 ' 

on rP. 

Now we obtain estimates for v], vl. Using the integral identity for the problem 
(15) and taking the test-function cp =ve

1, we deduce 

(17) \\^xvl\2dx-\lev
l
edx= JF£

+v^dx-e \fï>e^-dx. 

a* y at Qt l 

For the function u eHi(QEy T£) one can prove the Friedrichs type inequality 

(18) ll«IL2(ûe)^QllV**lli*(ffJ> 

where the constant C0 does not depend on e. This inequality can be proved in the same 
way as the Friedrichs type inequality is proved in [4, p.53, Theor. 4.5] for perforated 
domains. 

From the inequality (18), the imbedding theorem and (17) it follows that 

(19) J IV^I^^^HV^ILw.) 
Q£ 

max \le | + \\Fe
+ ||L2U2£+) + e 2 U,£ \\L2(Q + 

Using the Friedrichs inequality (18), estimates (11)-(13) and (19), we get 

' vl\\Hl{Qi)^K2l{aee-lf12 for « 5 3 , 

2ar (20) 

We set 

(21) 

Thus we have 

I k M k o . ) ^ . - ^ ^ ^ for« = 2. 

<t>»(£) = \ 

{«et-1)"'2, 

2a 

if n ^ 3 , 

^ b ^ , i f , =2. 

LEMMA 4. Let v* eH1(Qe, Te) be a weak solution of the problem (15). Then the 
following estimate is valid 

(22) lk1|lH1(fi.)^
K23 0»(e)-

Now we derive the estimate for the solution vl. We define the function 99(xx) 
as a smooth function for xx ^ 0 and 99 = 1 for ^ e [0, ôe], <p = 0 for Xi ^ 2Ô£, 
I <p ' I ^ X24 £ ~1 and the constant ô is chosen in such a way that ç> = 0 for x e 5e . We set 
ç = 0 for *! < 0. We say that z^ is a weak solution of the problem (16) if the function 
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vi = vi - ewNf -r^- E Hl (QE) and for any function \p eHx (Qe, Te) the following 
OXj 

integral identity is valid 

\(Vxv!,Vx^)dx= -a j(vJ<pNf | ^ l VXV dx. 

We represent the function vl in the form 

vi = w\ + wl , 

where w\ is a weak solution of the problem 

(23) 

Z l ^ = - a d j p N ; 
3vp 
dx,-

a^ 1 

dx1 -"arA"''-*;9 

Awl = 0 in Q ~ , 

*i = +0 

3v 
= 0 on .So we = 0 on r e , 

and ^e is a weak solution of the problem 

(24) 
zl^e

2 =• 0 in Qe, 
dwi 
dv 

= 0 on Se , 

w* = e(l-<p)Nf 
3vo 
3X: 

on 7 \ 

Taking in the integral identity for the problem (23) the solution w\ as a test-func
tion and using the Friedrichs inequality (18) for functions from H1(QEy Te) and esti
mates (11), (12) we deduce the following estimate 

(25) W I IH , (O . )^ X 25 < M e ) . 

In order to estimate t£>£ we define the function 6 e C °° (Q) such that 0 = 1 when 
Q(X, dQ)^e, 0 = 0 when £>(*, dQ) 2= 2s, 0 =S 9 *Z 1. 

Let Ẑ P3 = z#£
2 - e ( l - cp) ONf -r- in Qe. It is easy to see that z#£

3 e Hx (Qe, re). 

Let us take wl as a test-function in the integral identity for the problem (24). 
Then we have 

(26) J \Vxw£
2\2dx = e\ Y, ( l - V ) O N / ^ , lxw

2Adx. 

By virtue of the definition of the function cp and 0 and estimates (11), (12) 
we deduce from (26) that 

(27) |VX^2 |L(U,)^^260»(«)-
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Using the Friedrichs inequality (18) for w£, we obtain 

(28) lk 2 | |L 2 (^)^^27 0«(^) . 

Therefore, from estimates (25), (27), (28) we have 

LEMMA 5. Let v£ be a weak solution of the problem (16). Then the following esti
mate is valid 

(29) \\v2
£ | | H I ( û - ) + \vl \Hl{Qt) ^ K28(pn(e). 

The next theorem follows from (22) and (29). 

THEOREM 1. Let u£ be a solution of the problem (1), v0 be a solution of the problem 
(14). Then 

Ik-^olkc&j ^K29(p„(e), 
where 0„(£) is defined by (21). 

The case when a£e~1 ^ C, C = const, is considered in [6-8]. 

2. The spectral problem, corresponding to the boundary-value problem (1), can be 
considered in the same way as in [6,7], using the theorem from [4] about the spectrum 
of a sequence of singularly perturbed operators. 

On the base of Theorem 1 we have 

THEOREM 2. Let {A^} be a nondecreasing sequence of eigenvalues of the eigenval
ue problem 

J « f + A?«f = 0 in Q€y 

dum 

^ - = 0 on Se, uf = 0 on r£, ov 

and let {Xm} be a nondecreasing sequence of eigenvalues of the eigenvalue 
problem 

Aum + Xmum = 0 in Q, 

um = 0 on dQ , 

and every eigenvalue is counted as many times as its multiplicity. Then 

^Crf.ie), 
1 1_ 

where Cx is a constant independent of £. 
The homogeneization problem for the Laplace operator in partially perforated do

main with the mixed type of boundary conditions is considered in [9]. 

APPENDIX 

PROOF OF LEMMA 1. First of all we extend a function u on eG0 ; this means that we 
construct a new function u EHI(SQ) such that u = u when x G eQ\ a£ G0 and the fol-
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lowing inequality is valid: 

(30) I|VX«||L2(CQ) ^ ^30 ||Vx«||L2(ye) . 

In order to get such an extension we introduce a new variable y ' = ae~
lx and con

sider the domain a£~
1Ys = {a^1 eQ)\G0. Since aee~l —»0 as £—>0 we can take a 

cube Qi with the length of the edge which does not depend on e. In addition we sup
pose that the faces of Qx and the faces of Q are parallel and G0 C Qi. 

Then for any function u EH1(Q1\G0) we can construct such extension v 
that 

(3D I I ^ I I M Q ! ) ^ £ 3 I I | V ^ | | L 2 ( 0 1 \ G 0 ) • 

The proof of this inequality can be find in [4]. 
From the inequality (31) we deduce that 

II^X^IIL^Qì) ^ ^32||Vx^||L2(^(Ql\G0)) • 

Now we can define the function u setting 

v, when x ea£G0 , 

u , when x e.Y£ \a£ G0 . 

For simplicity we assume that u and u are smooth functions. Then, for any points 
P,P'eY£ we have 

p' p' 

Xl X2 

u(P') =u(P) + \uXi(x1,x%',...,x?')dx1 + \ûXi(xl,x2ixl\...,xl')dx2 + 
p p 

4' 

+ ... + \uXn [Xi , x2 , • •. , x„ _ 1, xn ) dxn , 
xp 

where P = (xf, . . . ,x j ) , Pf = (xf , . . . , x j ) . 
From this representation we obtain 

( e 1 
(z/(P')-fc(P))2^K33£ J «*<&! + ... + \u2

xdx\. 
1° ° J 

Now we integrate the last inequality at first with respect to P ' G Ye and then with re
spect to P GY£) and using (30) we deduce 

2 | y e | [u2dx-l[ ludxY ^K34e
2\Y£\ J |VX^| : 

Thus, we have 

\u2dx^ \YE\~li judxY + K34e
2^ \Vxu\2dx. 

Ye \Ye J Y£ 

Taking into account that {u)Y = 0 we obtain the statement of Lemma 1. 
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PROOF OF LEMMA 2. For simplicity we assume that G0 is a ball with the radius 
g < 1/2 and its center coincides with the center of Q. Let Pea£S0, Pf e.g~1rS0, 
aEg ^ r < — Q and P, P' lie at the same vector-radius. We have 

£Q/2. 

(32) u2(P)^2u2(P') + 2Ì J 
\aEQ 

1 du 
dr 

dr\ . 

From (32) we deduce 

u2{P)^2u2{P') + 2\ | ^ r ( « - l ) / 2 r ( l - « ) / 2 ^ | ^ 

( ££/2 \ / e^/2 

dr 

2rn~1dr\ 

We have 

£ç/2 

u2(P)^2u2(P') + -^-(aeQ)2-" \ 
n — 2 J 

SQ/2 

aEQ 

1 du 
dr 

1 dr, if « ^ 3 , 

a 2 ( P ) ^ 2 z / 2 ( P ' ) + 2 l n - ^ - f W-\ rdr, if « = 2 
2^f J dH 

Multiplying the last inequalities by (aeg)n~1 ip(ç1,... 7q)n^1)y where / = 
= rn~lip((pi,... ,q)n-i) is the Jacobian for the spherical coordinates and integrating 
with respect to cp i,..., cpn _ x, we obtain 

(33) \u2ds^K,5Url\u2{Pt)^dcpl...dcpn_l^aEpx 

if « ^ 3, and 

«IlLjOVaVT.,) 

(34) J 
afiS0 

i2ds^K 36 aelu
2(P')ipd(p1...d<pH-1+ae]n -£- | |V^ | |£ 2 ( T £ / A V >, 

2^o 

if « = 2, where i*! is a sphere of radius 1, Ta is a ball of radius og whose center coin
cides with the center of G0. 

Then multiplying the inequalities (33), (34) by rn ~ 1 and integrating with respect to 

Pr over re. \a£g, —— ), we deduce estimates: 

K 3 7 | ^ - ^ ) M I W „ ) ^ 

K 38 «" 1ll«IIL(r-2\T.,) + '»6 £-«.")llv,«l 11.2(^2X7, ) 
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if n ^ 3, and 

K J — -aî)\\u\\lu^^ 39 " T ~as \\U\\L2(aESo) 
4 

^K. 40 ra^ae[^-a!)ln^\VMl œeh\\2L2(T,2\TaE) + *el -T ~a;\ in — 1 | V^||£2(Te/2XT• } 

if n = 2. From these inequalities we can conclude that Lemma 2 is valid. 
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