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Equaz ion i a derivate parziali. — Lp-Estimates for linear elliptic systems with discon

tinuous coefficients. N o t a ( * ) di F I L I P P O C H I A R E N Z A , M I C H E L A N G E L O F R A N C I O S I e 

M I C H E L E FRASCA, p resen ta ta dal Socio G . Fichera . 

ABSTRACT. — In this Note we give Lp estimates ( 1 < p < + a> ) for the highest order derivatives of an 
elliptic system in non-divergence form with coefficients in VMO. 

KEY WORDS: Elliptics systems; .[/-Estimates; VMO. 

RIASSUNTO. — Stime Lp per sistemi ellittici lineari con coefficienti discontinui. In questa Nota si provano 
maggiorazioni in 1/(1 </><+<*>) per le derivate di ordine massimo di un sistema ellittico in forma di non 
divergenza i cui coefficienti, eventualmente discontinui, appartengono a VMO. 

1. INTRODUCTION 

In the recent paper [6] F. Chiarenza, M. Frasca and P. Longo gave IZ-estimates, 
(1 <p < +00), for the second order derivatives of local solutions of the elliptic 
equation 

n 

2-4 ÛijUXiXj ~ J 
i,j = 1 

assuming a y in the Sarason VMO space (see n. 2). 
They were able to get such a result by the use of an explicit representation formula 

for the second order derivatives of the solution in terms of some singular integral 
operators. 

Similar results were previously obtained by L. Caffarelli[4] (in the case p ^ n) 
while studying some non linear problems. His deep technique relies heavily on the Puc
ci-Alexandroff maximum principle and then cannot be used for systems or higher order 
equations. 

In this paper we study an elliptic system in the sense of Petrowski with coefficients 
in VMO, giving lAestimates, ( 1 < p < + 00 )y for the highest order derivatives of local 
solutions. This was again achieved by means of an explicit representation formula, as 
in [6]. 

At our knowledge these estimates seem to be the first available for systems with dis
continuous coefficients in the full range p e ] l , + » [ . 

Our result in the case of continuous coefficients is contained in [1,2]. Some other 
similar results, valid only for p in a neighborhood of 2, have been given by [5]. 

(*) Pervenuta all'Accademia il 22 settembre 1993. 
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2. PRELIMINARY FACTS 

We recall the definition of BMO and VMO (see [10,11]). 
We say that a function / locally integrable in Rn is in the space BMO if 

=| | /L<+» 
B B { 

where B is a ball of Rn and fB is the average 

\f{x)dx=-r—r \f(x)dx. 
B ' ' B 

For fe BMO we say that / is in VMO if 

lim Y)(r) = 0 

where 

Y](r) = sup J | f(x) - fB | dx, Bp k 
and Bs is a ball of l?w with radius s. 

We note that uniformly continuous bounded functions in J?'2 belong to VMO as well 
as the functions in the space W*'m, 0 < S ^ 1. For details and properties of these 
spaces see [11,12,7]. 

In order to prove our result we will need the notion of Calderon-Zygmund kernel 
and the following theorem concerning the IZ-boundedness properties pf some singular 
integral operators which is proved in [6]. 

DEFINITION 2.1. Let k: Rn\{0} -*R. We call k a Calderon-Zygmund kernel if 

i) keC°°(R"\{0}); 

ii) k is homogeneous of degree — n\ 

jkdcrx = 09where2 = {xeRn: \x\ = 1}. 

THEOREM 2.1. Let Q be an open subset ofRnand K: Q X (R*r\{0}) —> R a function 
verifying. 

i) K(x, •) is a Calderon-Zygmund for a.a. xeQ; 

ii) max 
\j\^2n 

—K(x,z) 
dzJ 

= M> +00. 
L °° (Û x S) 
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For feLp(Q), 1 <p < + *>, ?<=L°° (Rn) and xeQ, set 

KJ(x) = J" K(x9x-y)f{y)dy, 
\x-y\> s 

yeQ 

C£[9,f](x) = 9(x)K£f(x)-K£(?f)(x) = J K(x,x-y) [9(x) - <p(y)l f(y)dy . 

Then, for any feLp{Q), 

\x- y\ > £ 
y eu 

Kf = VN.^K{x,x-y)f{y)dy, 
Q 

C[9, / ] =P.V. JK(x,x - y)[?(*) - <p(y)ì f(y)dy 
a 

exist in LP(Q) and 

lim ||1C. / - Kf\\Lt(Q) = lim ||C.[ç>, / ] - C[p, /]||y<0) = 0 . 
£ - » 0 £ - * 0 

Moreover, there exists a constant c = c(n,p,M) such that 

\\Kf\\LP{Q) ^ c\\f\\LP{Q) ; ||C[ç>, fì\\LP{Q) ^ c\\9\U \\f\\LP{Q). 

Let Q be an open subset of Rn, n ^ 3. In Q we consider the differential 
operators 

(2.1) >w,y(*,D)= 2 a&(x)Da i , y = l , . . . , N . 
| « | = 2 r 

Here a is a multi-index and we set, as usual, 

| a | = a i + ... + a „ , D a = 3 | a | /(ftcf1 ... dx%"). 

Given / G Lg,c(0), 1 < q < + a>, / = 1, . . . , N, consider the system 
N 

(2.2) 2 »**(*, D)«y(*)= /•(*) / = 1 , . . . , N . 
/ = i 

A local solution of (2.2) is a vector function u = («!, . . . , uN), Uj G W ^ q (Û), verifying 
(2.2) a.e. in Û. Let us make the following assumption. 

(2.3) 4 a ) € V M O f l L M ( r ) ij = 1, . . . , N , | a | = 2 r . 

We will set 

(2.4) M = max s u p | 4 a ) U ) | -
i,j=l,...,N Q 

| « | = 2 r 

For a.e. x G 0 set /## (x, f ) for the homogeneous polynomial of degree 2r in f obtained 
substituting in (2.1) Da with Ç a == Çf ... Ç%n. We suppose that system (2.2) is strongly el
liptic in the following sense 

(2.5) 3A > 0: L(x, £) s det(«,>•(*, £)) ^ A|£|2 'N , 

a.e. in Q, for any f e F . 
From now on we will assume without loss of generality n to be odd (see [8]). 
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3 . R E P R E S E N T A T I O N F O R M U L A 

We will now derive a representation formula for local solutions of system 
(2.2). 

Let B a ball, BcQ,B the subset of 23 where the a\f are defined and (2.5) holds. Let 
xQ G B. Consider the differential operator 

(3.1) L (x0) = det (ntij (x0, Z») . 

L(x0) is a linear elliptic differential operator of order 2rN. 
Let r(x0, t) the F. John fundamental solution of (3.1). It is well known (see [9]) that 

r has the following form 

(3.2) r(x0,t)= \t\2rN-n<p{x0it/\t\) 

where <p(x0, •) is an analytic function. 
From (3.2) it follows 

\D*r(x0,t)\ ^c\t\2rN-n~w 

where c depends only on r, «, | a | , A and M. 
Also it is possible to prove that Dar(x0, t) for \oc\ = 2rN is a homogeneous func

tion of degree — n with zero mean value on the sphere | / | = 1. 
For this fundamental solution and for any v G C0°° (B ) 

(3.3) v{x) = J r(x0,x -y)L(x0)v(y)dy . 
û 

Consider the matrix (m^{x0> £)), the cofactor /»'' (x0, £) of the element m^(x0f f) and 
set mij {XQ, D) for the corrispondent differential operator which has order 2r(N — 1), 
unless / ^ (x0, ^ ) — 0. 

Assume & = {u\ , . . . , «N) to be a C0°° (JB) vector function. Following an idea of Bu
reau [3] we can write 

( N \ N N J N \ 

E àijUA = E $iJL(x0)uj= E E tnh(xo,D)mkj(x0,D)\uj , 
j = i J j=\ / = l \* = l / 

where <̂y = 0 for / ?*j and Sti = 1, / , / = 1, .. . , N. Then, using (3.3) we obtain 
f N I N . \ 

u{(x) = J r U o , ^ - j ) S E ^^Uo,D)^y(xo,D)Uy(3; ) iy = 

= E r ( x o , x - j ) w ^ ( x 0 , D ) E mkj(x0,D)uj(y)dy . 

From this, integrating by parts, we can express u{ as a linear combination of integral of 
the form 

f N 

\DaF{x0,x-y) E mkJ(x0fD)uj(y)dyy 
J j = i 
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where \a\ = 2r(N — 1), which may be rewritten as 

31 

^D^r(x0yx~y) 
N N 

2 (mkj(x0yD) -mkj(y,D))uj(y) + 2 mkj(y, D)uj(y) 
1 y = l y = i 

(iy = 

= f D ' r U o , * - y ) 2 E [ ^ U o ) -4?(y)iD«Uj(y)dy + 
5J y = l | « | = 2 r 

f & 

a 
Hence, by standard arguments, one can see that the derivatives Dauiy for | a | = 2r, 
can be expressed as a linear combination of terms like 

P.V. \D° + «r(x0,x-y)2 2 U${x,)-al«)mVauJ(y)dy + 
B 

r N 

+ P.V. \D° + «r(x0,x-y) lmkj(y,D)uJ(y)dy + 
J j = i 

+ ca + a(x0) S E (4?)(*o)-4?)(*))DV*) + S mkJ(xyD)uj(x)\y 

• \<j\ =2r(N—l)f | a | = 2r, x G JB, X0 G By where cCT + a(x0) is bounded uniformly in x0 

by a constant depending on nyryNy XyM and M. 
To go furher we now set x = x0 and obtain that, for any C$ (B ) vector function u = 

= (uly . . . , uN)y the derivative Da«,-(x), | a | = 2r, can be written a.e. in B as a linear com
bination of terms like 

P.V. \D° + «r(x,x-y) 2 2 [4f(x)-4f(y)ÌDauJ(y)dyy 
J / = l |a| =2r 
D 

r N N 

P.V. \D° + «r(xyx-y)2mkj(y,D)uj(y)dyy 2 mkj(xyD)Uj{x). 
J j = i y = i 

4. MAIN RESULT 

In this section we state the main result of this paper which, given the representation 
formula we proved in the previous section and the recalled boundedness properties of 
the relevant singular operators (Theorem 2.1), can be proved much like in the 

paper [6]. 

THEOREM 4.1. Assume (2.3), (2.5). Let 1 < q ^p < + oo and u G Wj£q (Q) a sol
ution of (2.2) with f G Lp

locy i = 1, . . . , N. Then we have u G W&P (Û). 
Also, given Q' CC Q" CC Qy there is a constant c not depending on u{ and f,i= 1, . . . , N 
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such that 

N I N \ 

X | |£ a tyL>(Û' )^( 2 (||«/]|IP(û*)+- IL6HL>(Û"))]. 

\L\~=2r 

This work was partially supported by a national project of the Italian M.U.R.S.T. and GNAFA-

C.N.R. 

R E F E R E N C E S 

[1] S. A G M O N - A. D O U G L I S - L. NIRENBERG, Estimates near the boundary for solutions of elliptic partial dif

ferential equations satisfying general boundary conditions. I. Comm. Pure Appi. Math., vol. 12, 1959, 

623-727. 

[2] S. A G M O N - A. D O U G L I S - L. NIRENBERG, Estimates near the boundary for solutions of elliptic partial 

differential equations satisfying general boundary conditions. II. Comm. Pure Appi. Math., vol. 17, 1964, 

35-72. 

[3] F. BUREAU, Divergent integrals and partial differential equations. Comm. Pure Appi. Math., vol. 8, 1955, 

143-202. 

[4] L. CAFFARELLI, Interior a priori estimates for solutions of fully non-linear equations. Annals of Math., vol. 

130, 1989, 189-213. 

[5] S. CAMPANATO, Sistemi parabolici del secondo ordine, non variazionali, a coefficienti discontinui. Ann. 

Univ. Ferrara, voi. 23, 1977, 169-187. 

[6] F. CHIARENZA - M. FRASCA - P . L O N G O , Interior W2,p-estimates for non divergence elliptic equations with 

discontinuous coefficients. Ricerche di Matem., vol. 40, 1991, 149-168. 

[7] F. CHIARENZA - M. FRASCA - P . L O N G O , W2'p-solvability of the Dirichlet problem for non divergence el

liptic equations with VMO coefficients. Trans. Amer. Math. S o c , vol. 336, 1993, 841-853. 

[8] A. D O U G L I S - L. NIRENBERG, Interior estimates for elliptic systems of partial differential equations. Comm. 

Pure Appi. Math., vol. 8, 1955, 503-538. 

[9] F. J O H N , The fundamental solution of linear elliptic differential equations with analytic coefficients. Comm. 

Pure App i Math., vol. 3, 1950, 273-304. 

[10] F. J O H N - L. NIRENBERG, On functions of bounded mean oscillation. Comm. Pure Appi. Math., vol. 14, 

1961, 415-476. 

[11] D. SARASON, "Functions of vanishing mean oscillation. Trans. Amer. Math. S o c , vol. 207, 1975, 

391-405. 

[12] A. TORCHINSKY, Real-variable methods in harmonic analysis. Academic Press, New York 1986. 

F. Chiarenza, M. Frasca: 

Dipartimento di Matematica 

Viale A. Doria, 6 - 95125 CATANIA 

M. Franciosi: 

Istituto di Matematica 

Università degli Studi di Salerno 

Via Valle dell 'Imo - 84100 SALERNO 


