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Trasformazioni integrali . — A stable method for the inversion of the Fourier trans

form in RN. N o t a d i L E O N E D E D E M I C H E L E e D E L F I N A R O U X , p r e s e n t a t a ! * ) dal Socio 

L. Amer io . 

ABSTRACT. — A general method is given for recovering a function / : RN —» C, N ^ 1, knowing only 
an approximation of its Fourier transform. 

KEY WORDS: Fourier transform; Inversion; Well posed. 

RIASSUNTO. — Un metodo stabile per l'inversione della trasformata di Fourier in RN. E dato un metodo 
generale per ricostruire una funzione / : RN —>C, N ^ 1 conoscendo solo un'approssimazione della sua 
trasformata di Fourier. 

1.-In some previous papers[1-3,5] stable inversion methods for multiple 
Fourier series were suggested and analized; moreover the effectiveness of the methods 
was discussed in [6,7,4]. In this paper we deal with the non compact case. The basic 
ideas are the same, but some technical difficulties arise from the lack of inclusion rela
tions between the various Lp spaces. Moreover minor formal problems are due to the 
not satisfactory representation of Fourier transform for Lp functions with p > 2. 

The motivations of the method are the same as in the compact case and can be 
found in some details in [8]. 

Notations and some preliminaries are contained in §2; the basic theorems are 
stated in §3, and as applications in §4 are given some a priori estimates for suitable 
classes of functions. 

2. - Let us first introduce some notations. 
If N ^ 1 let 

(LP(RN) i f l ^ p ^ 2 

Bp = <LP(RN)C\L2(RN) if 2<p< + œ 

[ C 0 ( £ N ) n L 2 ( R N ) i£p = +oo 

with the usual Lp norm. 
If / e B p ( l ^ p ^ + o o ) ? w e denote with / its usual Fourier transform, 

f(x) = f(t)e~27WC'1, (where X't is usual inner product). 

RN 

Through the paper G will be a real function in L1 (JRN ) H L2 (RN ) with G(0) = 1. 
For every a > 0 let us set Ga (x) = <J~N G{X/<J) and for every T > 0 

R a > T (A)~(A-G a ) v ^ 

(*) Nella seduta dell'11 novembre 1992. 
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where XsLq, 2 ^ q ^ + o o , ( ) v i s the inverse Fourier transform and #T is the charac
teristic function of the interval [ — T/2 , T / 2 ] N . 

Finally let 

i U A ) ~ ( A - G J v . 
Now we relate A and Ga in such a way that the formal definitions of Ra T and R^ 

give us correctly defined functions. 

PROPOSITION 1. If X <=L2(RN), then for every cr > 0 Ra(X) eL2(RN) D C0(R
N) and 

for every p, 2 ^p ^ + <*> we have 

(2.D K4^- N | 1 - 2 / ' l / 2 IW| 2 

where 

(2.2) *P = ||G|lì- |1-2/>H|G||J1-2/pl. 

PROOF. Indeed (A*G t r)
veC0 because A-G^eL1 . Moreover 

G e L W G a e C 0 = * ( A - G J v e L 2 

then (A-GJV BLP Vp, 2 =£/> $ + » . 
Since 

(2.3) KA| | 2 = ||A.GJ|2^||A||2-||GJU^||A||2-||G||1 

and |KA|U^| |A-Gj | 1^ | |A| | 2 - | |Gj | 2 = a-N/2||A||2||G||2 by interpolation (2.1) fol
lows. 

PROPOSITION 2. Let 1 s= p < 2 and G s Lp (RN ). If A e L" (R" ), (l/p + \/q = 1), 

then for every <r > 0, Ra A e C0 (R
N ) and for every T > 0 we have 

(2.4) K , T A | ^ ^ A ) N | 1 - 2 / P I / 2 I I 4 
where ap is given by {2.2). 

PROOF. Since A • Ga e Ll, then (A • Ga ) v e C0 and Ra rXeLp for every p ^ 1. 
From K T 4 ^ | | ( A . â ) v | | 2 - | U | 2 ^ ||A||„ • | |ÔJ2 • r

N>2 = (,/a)N/2||G||2||A|L and 
(2.3), by interpolation we have (2.4). 

3. - THEOREM 1. Let feBp,p^2, a = <J(S): R+ -*R+ such that as £->0 

(3.1) ^ ) - > 0 , and Sa(srN^-2/^/2-^0. 

Then for every e > 0 there exists $0 = S0(s, / ) such that if 8 < $0,for every A e L2{RN) 
with ||A - f\\2 <Swe have \\f- Ra{s)X\\p < e. 

PROOF. By Prop. 1, for every e > 0 and S < St (s) 

\\X- f\\2<S=*\Ks)(X- f)\\P<e/2. 

On the other hand, since / and Ga are in L 2 , then 

\\f-Kfi = \\f-f*Ga%. 
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Since {G^} is an approximate unit, if S < 82 (
£> / ) w e n a v e 

| | / - / * G j p < £ / 2 . 

Then if S0 = min {Sx, S2 ) the theorem follows. 

The situation in the case 1 ^ p < 2 is different. We have not to restrict ourselves to 
some subclass of Lp but as usual we have to introduce some cut functions {%T }T > 0 in 
order to have an approximation o f / i n Lp for every À in Lq. Obviously the choice 
of the family {%T } is quite free. Practical problems may suggest suitable families. In 
this paper for sake of simplicity we use characteristic functions of intervals 
[ - T / 2 , T / 2 ] N . 

THEOREM 2. Let G e L" (RN ), 1 =S p < 2 and a = <r(S): R+^R+,r = r(S): R+ -» 
-*R+ such that as S^O 

( T(S) \N|I-24.1/2 

<K*)->o, T ( < ? ) ^ + ° ° , S I — J ->o. 

Then, if feLp (RN ), for every s > 0 there exists S0 = S0 (e, / ) such that if S < S0 and 
l/p + l/q=lfor every AeL*(KN) and \\X - / | | , < S we have \\f-RQ(s):T(s)X% < e. 

PROOF. By Prop. 2 for every s > 0 and S < ^ (e) 

U- fl<t^\Ks),T{i)a- f)\\p<e/2. 
Moreover 

I I / - Rai*),**) /UP = 11/" (/*G«<*))XT(*)I|P ^ Wf-fxmWp + ll(/-/*G^))ZT(*)l]p. 

If * < £2 (e, / ) we have \\f-fxm \\P < e/4. 
Since { G a } a > 0 is an approximate unit, if $<$3(e,"f) \\(f-f-G<7{s))Xr(s)\\p^ 

^ e/4. 
If S0 = min(8iyS2fS3) we have the result. 

For pointwise convergence, we don't need to distinguish between p < 2 and 
p ^ 2. Nevertheless, as in the compact case we need a little bit more regularity of G. 
Let 

M(x) = sup ess | G(y) | , 
\y\>\x\ 

and for every p, 1 ^p ^ + oo let p0 = min(p, 2), l/qQ + l/p0 = 1. 

THEOREM 3. Itf MeLl(RN), GELPQ(RN) and cr = cr(£): R+ -*K + jwcA that as 

(3.2) <iW->0, MS)~N/po-*0. 

Then if' j e Bp, 1 ^ p ^ + oo ^^J # /ï a Lebesgue point of f for every e > 0 /Aere exists 
S0 = S0 (e, f x) such that if 8 < S0 

XeLHRN) and \\X - f\\q < S=> \ f(x) - Ra(s)X(x)\ < e. 
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PROOF. Of course, we can always supposes = 0. We have (see e.g. [9], Th. 1.25 
p. 13) for S^Sx{ey fix) 

(3.3) | /(0) - / * Gais) (0)| <e/2. 

Moreover 

(3.4) | / * G ( 0 ) - ^ ) A ( 0 ) | = | ( ( / - A ) - G , w ) v ( 0 ) | = 

j(f-X)(x)GŒ(x)dx II/-A|L.^)-^||G|: 
Ipo • 

ir 
From {5.2), (5.3) and (5.1) we obtain the theorem. 

4. -As in the compact case, we give some a priori estimates of \f — RaX\\p iip ^ 2 
and | | / - R a T A | | P if 1 ^p<2, for Lipschitz classes of functions K Lip(a, Bp), 0 < a ^ 1. 
We recall that fie K Lip (a, Bp ) if for every y e RN the function Ay fi(x) =fi(x + y) -
-fi(x) satisfies \\Ay f\\p^ K\y\*. 

THEOREM 4. If \x\a\G{x)\dx = ca< + oo then fior every a > 0, p ^ 2, */ 

fisKLip (a, JBP ) and A e L2 (#N ) ẑ e have 

\\f-KAl^Kc^ + ap,-^-^2\\X-/\\2. 
The proof is obtained as in the following Theorem 5 assuming %T = 1. 

For 1 ^ p < 2 it is easy to see that an analogous estimate for f-RarX it is not 
available; some control of the decay at infinity of / is needed. 

The simplest one is the following. 
Let <p: R+ -*R + a decreasing function such that Km <p(x) = 0. Then we set HTp 

the class of LP(RN) functions such that ||/(1 - Xr)\\P ̂  H<PW Vr > 0. 

THEOREM 5. If GeLp(RN) and (\x\a \G(x)\dx = ca< + oo, then for every 

RN 

<r>0, T > 0 iffieKLip(*,Bp) DHYp, 1 ^p < 2 and A e L«(RN) we have 

PROOF. We have 

\\fi-K,J\\p ^ \\fia-xr)\\P + | | ( / - / * G J Z 4 ^ = Jf<//(r) + JAyfi(x)Ga(-y)XrMdy ^Ht(r)+ JK\y\«\Ga(y)\dy^HtW+Kca . . . . . . . . . - *<* • 
RN 

Moreover, Prop. 2 gives ||RŒjT(A -f)\\p ^ ap(r/ci)N^-2^/2\\X -f\\q and the theorem 
holds. 

Finally we give an a priori estimate of the pointwise approximation. In order to do 
this we recall the notion of K Leb (a, x) classes of functions. We say that a function 
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/eLfoç belongs to the Lebesgue class K Leb(a, x)> 0 < a ^ 1, if for every r > 0 

\ \f(y)-f(x)\dy^KrN + «. 
\y-x\**r 

For a discussion about these classes see[l]. 

THEOREM 6. Let GeLp°(RN) and [ |x|a M(x) </x = y a < + o o . Then, if 

RN 

feKLeb(a,x) fi Bp and A eLq«(RN), /or #œry a > 0 we have 

(4.1) |/(*) - i U W l ^ Kc^ + a - N / N | G | | J | / - A||,o 

7 = E±«„-wr (f)r-2 

PROOF. We can always suppose x = 0. We have 

| /(0) - R,A(0)| ^ | /(0) - K 7(0)| + | R , ( / - A)(0)|. 

From (3.4) 

(4.2) K ( / - A)(0)| =S a-N^||G||pJ|A - / | | ? 0 . 

Moreover 

(4.3) |/(0)-Ra/(0)| = I J(/(-x)-/(0))G,to<fc| ^ I JM>) |/to-/(0) | dx. 
RN RN 

Let 

S(r)= J* |/to-/(0)|a 
| * | = r 

where ds is the surface area element of the sphere \x\ = r and 

F(r) = J % ) ^ . 
o 

From (4.3) we obtain 
+ 00 +00 

| / ( 0 ) - R a / ( 0 ) | ^ J Ma(r)S(r)dr^F(r)MMoœ ~ \ F(r)JM>)^KrN + aM a(r) |0
+ 0° -

o o 
+ 00 +00 

-K J* rN + adMAr)^K(N + a) J" rN+ a~1 Ma(r)dr = KiN+ a) cracjm (SN) 
o o 

where m(SN ) is the surface measure of the unit ball of RN. From the above inequality 
and (4.2) the result follows. 

Work supported by Italian M.U.R.S.T. 



114 L. DE MICHELE - D. ROUX 

REFERENCES 

[1] L. D E M I C H E L E - M. Di NATALE - D. Roux, Sharp properties of a régularisation method for inversion 

of Fourier series. Proceedings of the Meeting Trends in Functional Analysis and Approximation Theory. 

Atti Sem. Mat. Fis. Univ. Modena, 39, 1991, 253-267. 

[2] L. D E M I C H E L E - M. Di NATALE - D . Roux, Inverse Fourier transform. Rend. Mat. Ace. Lincei, s. 9, 

1, 1990, 305- 308. 

[3] L. D E M I C H E L E - M. Di NATALE - D . Roux, Inversion methods for Fourier transform. Rend. Accad. 

Naz. Sci. XL, Mem. Mat., 109°, 15, 1991, 125-136. 

[4] L. D E M I C H E L E - M. Di NATALE - D . Roux, On the effectiveness of some inversion methods for noisy 

Fourier series. In: S. P . S I N G H (éd.), Proc. of NATO-ASI Meeting Approximation theory, spline func

tions and applications. Kluwer Acad. Pubi., 1992, 255-267. 

[5] L. D E M I C H E L E - M. Di NATALE - D. Roux, Féjer kernels and noisy Fourier series. J. Comput. Appi. 

Math., to appear. 

[6] M. Di NATALE - L. G O T U S S O - R. PAVANI - D. Roux, Uniform approximation by Fourier polynomials 

with noisy coefficients. 1st. Lombardo Accad. Sci. Lett. Rend., A, 124, 1990, 147-155. 

[7] M. Dì NATALE - L. G O T U S S O - R. PAVANI - D . Roux, On the choice of the parameter in a method for 

inversion of Fourier series. Math. Comp., 58, 1992, 737-744. 

[8] D. Roux, On the inversion of noisy Fourier transforms. Proc. of 2nd International Conference in 

Functional Analysis and Appproximation Theory. Rend. Circ. Mat. Palermo, to appear. 

[9] E. M. STEIN - G. W E I S S , Introduction to Fourier Analysis on Euclidean Spaces. Princeton Univ. Press, 

1975. 

Università degli Studi di Milano 

Dipartimento di Matematica 

Via C. Saldini, 50 - 20133 MILANO 


