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Analisi matematica. — On the finiteness of the energy integral in elastostatics with 
non absolutely continuous data. Nota(*) di ALBERTO CIALDEA, presentata dal Socio G. 
Fichera. 

ABSTRACT. — In this paper the main problem of classical elastostatics with non absolutely continu
ous data is considered. Necessary and sufficient conditions under which the energy integral is finite are 
given. 

KEY WORDS: Elasticity; Boundary value problems; Measure theory. 

RIASSUNTO. — Sulla finitezza dell'integrale dell'energia nell'elastostatica con dati non assolutamente con
tinui. In questo lavoro viene considerato il problema principale dell'elastostatica classica con dati non as
solutamente continui. Sono date condizioni necessarie e sufficienti perché l'integrale dell'energia risulti 
finito. 

In papers [1,2] the main problem of classical elastostatics is considered when 
non absolutely continuous forces act on the body. As far as existence, uniqueness (up 
to rigid displacements) and representation of the solution are concerned, a complete 
theory has been developed. Moreover sufficient conditions under which the energy 
integral is finite are given. In[l] it is shown by an example that there exist non abso
lutely continuous data satisfying these conditions, i.e. there exist concentrated loads 
such that the corresponding energy integral is finite. 

In the present paper the problem of the finiteness of the energy integral is investi
gated again and necessary and sufficient conditions are given. 

Results given in this paper are also interesting from the point of view of Mathemat
ical Physics. In fact finiteness of the energy integral means that the response of the ela
stic material under the action of the non absolutely continuous given forces remains in 
the ambit of classical elasticity of infinitesimal deformations and neither finite defor
mations nor elastoplastic strains are originated by the given forces. 

1. PRELIMINARY RESULTS 

Let Q c R3 be the bounded domain representing the natural configuration of an 
elastic body. We suppose that R3 — Û is connected and that the boundary E of Q is a 
Lyapunov surface, i.e. E has a uniformly Holder continuous normal field of some 
exponent A (0 < A < 1). 

Writing [x G M(û) (a G M(E)) we mean that [x = ([x1, (x2, [x3) (a = (a1, a2, a3 )) 
is a vector measure on Q (on E), i.e. [x {oc) is a vector valued countably additive 
set function defined on the family of all the Borei sets contained in Q (in 

E). This vector measure represents the body (surface) forces acting on Q (on 
E). In [1, p. 31] it is shown that it is not restrictive to suppose that /JI(B) = 0 

for every Borei set contained in E. We shall suppose that this condition is 

'(*) Pervenuta all'Accademia il 9 luglio 1992. 
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satisfied. This means that if some of the given body forces are concentrated 
on U, then we consider them as surface forces. 

For any p > 1 we denote by Lp (Q) (by Lp (U)) the space of the measurable vector-
valued functions u = (u1, u2, uò ) such that \uJ \p is integrable over Q (over H). Let us 
consider the following spaces introduced in [1,2]: 

Up(Q) = * = ( « U ^ 3 ) | 3 p = ( p S ç > ^ e L ^ 

(where sh (x,y) are the vectors whose components are the elements of the h-th row of 
Somigliana's matrix: {sj(x, y)} = {S{j \x -y\~x —£[2(1 + £ ) ] _ 1 3 2 \x — y\/dxidxj})y 

U(Q)= fl Up(Q), 
Kp<2 

V'(Q)=, v=(v\v2y)\3v=(v\v2,v3)e iM(Q),3ueU(Q):v\x)=y(x,y)d^y+u\x),xeQ\. 

Let us consider the following boundary value problem: 

(ueV'(Q), 

(1.1) Eu = [x 

Lu = oc 

IX E M ( û ) , 

OC E M(I) , 

where: Eu =A2u+k gradàiwu (k > 1/3), Lu = (k-1) divwn + 2du/dn + nArotu,n is the 
inward unit normal to S, du/dn is the vector whose components are du1 /dn. u e 
E V (Q) is a solution of the BVP (1.1) if 

(1.2) lim 1 uEwdx + I uLpwd<jp = lwd[x+ iwdoc, Vw eCœ (R3), 
p~*° (p. s. û £ 

where LL c£2 and I70 = 3Û. is some «parallel» surface to S tending to H when p —> 0+ 

(for the details see either [1] or [2]). 

I. G/f67z fx E M(û), a E M(27) such that 

(1.3) [(* 4- bAx)d(x + Ua+b Ax)doc = 0 Va,beR3 , 

//>ére «ate o/z£ solution of BVP (1.1) (i.e. m $ ^to (1.2) Âo/à) /« V'(û). The solution is 
determined up to an additive rigid displacement. 

For the proof of this Theorem, see [2]. 

H. If the function u} belonging to V'(Q): 

ul'(x) = JV(x, y)d^y + ^^(y)Ljy[si(xy y)]day 
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is solution of BVP (1.1), then the following Betti formula holds: 

(1.4) \uEwdx + \uLwd(i= iwdfjii- Iwdoc, V^eC°°( l? 3 ) , 
Q z Q s 

where the trace of u on U is: 

u1 (x) = J* sj (x, y) dvJy + 2TZ9> (x) + J ç/ (y) LJy [V (x, y)] ^ . 

Conversely, let $ e L1 (Û), f e L 1 ® £e? j»a& /*«/: 

l<PEwdx+ ÏYLwdŒ= lwd(x + ïwdoc, V^eC°°(jR3) , 
Q £ Q I 

then $ e V (û\ Y is the trace of <P on U and $ is solution of BVP (1.1). 

This Theorem was proved in[l] by using a different representation formula. The 
present result follows immediately from Theorem IV of [2]. 

Let us denote by e^ (u) the linearized strain components and by cr# (u) the stress 
components: % (u) = {du1 /dx^ + 9#*/3x/)/2, a^ («) = e# («) + (& — 1) S^ {en{u) + 
+ £22(«) + e3 3(«))/2. 

The integral 

f 1>3 

(1.5) 2 cré(u)eïh(u)dx 
J i,h 

Q 

is called the £/zergy integral. Because of Korn's second inequality (see [3, p. 381-384]) 
the integral (1.5) is finite if and only if « belongs to H 1 (Û), i.e. ul (i = 1, 2, 3) and their 
first derivatives are square-integrable functions on Q. Then the solution u of BVP 
(1.1) has a finite energy integral if and only if u is solution of the following 
problem: 

(ueH1(Q)C)V,(Q)y 

(1.6) IEU=[X [xeM(Q), 

ÌLu = a a e MCE). 

III. If u is solution of BVP (1.6) then the following Clapeyron s formula holds: 

(1.7) - ls(u,w)dx= \wd[L+ Iwdoc, V ^ G C ° ° ( 1 ? 3 ) , 

where 

1,3 1,3 

&(u, w) = 2 S aft («) % (a>) = 2 S o& (w) zih (u) 
i, h i, h 

Conversely, let u e H1 (Q) be such that (1.7) holds; then u e V (Q) and it is solution of 
BVP (1.6). 

This Theorem follows immediately from the previous one and from Theorem XII 
of [1]. Since we shall use this result in the next section, for the sake of completeness 



3 8 A. CIALDE A 

we give here a proof. First we observe that 

(1.8) - U(uyw)dx= iuEwdx+ luLwda, V w e H 1 ^ ) , V ^ E C 0 0 » 3 ) . 
Q Q £ 

If u is solution of BVP (1.6), then (1.7) follows from (1.4) and (1.8). Conversely, 
let u e H1 (Q) be such that (1.7) holds; from (1.8) and Theorem II it follows that u is 
solution of BVP (1.6). 

In[ l] some sufficient conditions (under which there exists a solution of BVP 
(1.6)) for (J. and a are given. 

2. NECESSARY AND SUFFICIENT CONDITIONS FOR FINITENESS 

OF THE ENERGY INTEGRAL 

In this Section we shall use the theory of ^-forms and ^-measures. A summary on 
this subject may be found in §4 of [1]. By L% (Q) we denote the space of differential 
forms of degree k such that their coefficients are scalar functions belonging to 
Lp(Q). 

The next Theorem gives a necessary and sufficient condition for the finiteness of 
the energy integral. If [x and a are the given forces, we shall set jî(B) = [x(B 0 Q) + 
+ a(B H S) for every Borei set of JR3. /Z represents the total force acting on the 
body. 

IV. Given [x e M(Q), a e M(U) such that (1.3) holds, there exists a solution of BVP 
(1.6) if and only if the components ]xh of the total force Jl(]Ih being viewed as 3 -measures) 
are the differentials of 2-forms belonging to L2

2 (Q\ i.e. // and only if there exist yh e 
eL2

2(û) (h = 1,2,3) such that: 

(2.1) jwhd]lh= - jdwhAT
h , V ^ e C x ( R 3 ) . 

Q Û 

If u is solution of BVP (1.6), then Clapeyron's formula (1.7) holds. This implies 
that 

jwhd[xh < C E \\dwh\\L2{Q) V Z ^ G C 0 0 ^ 3 ) . 
h = 1 

Then we may extend the functional whd(xh to the quotient space H1 (Q)/R3 equip
ped with the scalar product Q 

(v, w) = dvh A*dwh . 
Q 

By the Riesz Representation Theorem, there exists reH1(Q) such that 

[wbdf = jdwh A*drh Vw G C00 (R3). 
Q Û 

Assuming yh = —*dFh, we obtain (2.1). 
Conversely, let us suppose (1.3) and (2.1) hold. If we define F(w) = whd]Ih, we 
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have that F(w) can be extended to a linear and continuous functional on H1 (Û). Mo
reover, because of Korn's second inequality, we have 

3 

for any w e H1 (Q) such that: 

2 lk^lb(û) - H j s^> «>)<&] , 

ri \ J 

(2.2) |( ^ - -^-\dx = 0 ( / , / = ! , 2, 3). 

Then 

|FM| <C'[ U(w9w)dx\l/2 , 

for any WELHX{Q) such that (2.2) holds. On the other hand, given veHl(Q), 
define 

* / = , * l^^dx. 
2meas(ii) J oxk 

Q 

Thus w = v + b Ax satisfies (2.2). Keeping in mind (1.3) we have 

(2.3) \F(v)\ = \F(w)\ <C'( h(w,w)dx\1/2 = C' lj 8(v,v)dx\1/2 VvzHl{Q). 

Let us consider the quotient space H1 (Q)/{a + b Ax\a,b e R3} equipped with 
the scalar product 

((«, w)) = 8>(u, w)dx; 
Q 

from (1.3), (2.3) it follows that F(v) is a linear and continuous functional on this space. 
By the Riesz Representation Theorem, there exists ueH1(Q) such that 

F(w) = Iwhd]lh = - is(u,w)dx V^eC°°( l? 3 ) . 
Q Û 

From Theorem III it follows that u is solution of BVP (1.6). 
The next Theorem provides another characterization for the surface measures in 

order to have a finite energy integral, when there are no body forces. 
We denote by Hi'2 (2) the space of the differential forms ^ of degree one defined 

on H such that 0 is the restriction on U of a differential form Y E H} (Q) (i.e. the coeffi
cients and their first derivatives of Y are square-integr able functions o n û ) . We recall 
that if Y is a smooth differential form defined in Q, say Y = Y^dx1', the restriction Y\ v 
is the 1-form given in local coordinates by 

Yh[x(t)][dxh/dtJW . 

If Y e Hi (Q) we may define Y\ v by using usual density arguments. We equip H^2 (U) 
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with the following norm: 

\\4Hì^)= inf Ht'»)-
TeHKQ) 

V. Let a G M(2) be such that 

Ua +b Ax)da = 0 Va,beR3 . 

There exists a solution of the BVP 

(2.4) JE« = 0, 
yLu = a, 

if and only if the components of a are the differentials on 2 of l-forms belonging to 
Hl/2 {2\ i.e. // and only if there exist ^h e H\12 (2) (h = 1, 2, 3) such that 

(2.5) \whdah= - \dwhA^\ V^eC°°CR3) . 

If (2.5) is satisfied, we have 

\whd*h= - ldwhA<ph= ldwhAdYh , V ^ e C ° ° ( R 3 ) , 
s £ ri 

where Wh E H/ (Û) are such that Yh | v = <ph. Then (2.1) holds, where yh = - i F * . 
From Theorem IV it follows that there exists a solution of BVP (2.4). 

Conversely, let u be a solution of BVP (2.4). By Theorem IV there exist yh e L2
2 (0) 

such that 

\whdah= - \dwhAyh , V ^ e C 0 0 ^ 3 ) . 
s û 

In particular 

J ^ A r * = 0, Vu;eC°°(Û), 
û 

/>. </ / = 0 (h = 1, 2, 3). Then there exist rA G H} (Û) such that yh = dTh. The proof 
of this may be found in [5] (Theorem 3.4 (x); see also Remark 3.10). Consequen-
tly 

lwhd*h= - ^dwhAdrh = ̂ dwhATh , VweCœ(R>). 
£ Q £ 

Assuming $ = - Th | v we obtain the result. 

In[ l] we have given the following sufficient condition: if the Holder exponent of 
2 is X> 1/2 and if ah = d^h, where the coefficients of <p are in CA {2) (i.e. they are 

0) Actually these Authors do not use the differential forms, but the above-mentioned Theorem can 
be immediately restated using them. 
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Holder continuous functions of exponent A') with A' > 1/2, then there exists a solution 
ofBVP (2.4). 

Now this condition can be obtained from Theorem V. This will follow immediate
ly from the next Theorem 

VI. If the Holder exponent of U is A > 1/2 and the coefficients of the \-form ^ are in 
Cx'(2) (A' > 1/2), then ^ H / / 2 ^ ) . 

For the sake of simplicity we shall suppose that 1/2<A = A ' < 1 , which is ob
viously not restrictive. 

We may write <// in local coordinates: <p = <pj(t) dtJ. Let y(x) = (yi M, y 2 M, 73 M) 
be the solution of the system 

(2.6) 

YbM^(t) = <Pj(t) > = 1 , 2 , 

yh(x)nh(x) = 0, 

where x = x(t). This system has one and only one solution in any point x eU and the 
values y h (x) do not depend on the local coordinates we use. In fact if x = x(t) = x(t), 
<p = fy(t)dtJ and y(x) is solution of (2.6), then y(x) is solution of the system 

n W ^ W = P ) 7 = 1,2, 
dtj 

yh(x)nh(x) = 0. 

We have <p = yh (x) dxh (x e U) and yh M a r e Holder continuous functions of 
exponent A. Let now ut, (x) be the double layer (harmonic) potentials such that uj, (x) = 
= Yh (x)> x E.Z (Jo = 1, 2, 3). In other words, let 

«*W = <Ph(y)~z- l rddy 
J dny \x - y I 

where p/, (x) is the solution of the integral equation 

f 3 1 
2n<ph(x) + 9^(j) . _ . d<jy = yh(x), xeH. 

Because of known Theorems (see [6, p. 240]) the functions <pt,(x) are Holder 
continuous with exponent A. 

Now, in order to prove that u^ (x) e. H1 (Q) we may repeat the reasoning employed 
in [1, p. 47-48]. Namely let <pt(x) be a function belonging to CA(Q) such that <p%M = 

= <pt,(x), XEiZ (for the construction of such a function, see [4, p. 383]). We have 

duh fr ( \ *( M
 d d 1 j 

dXf, J ony oxk \x — y\ 
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and then 

3uh 
dxk 

It follows (see [7, p. 806]) 

<C [ \x-y\x-3day VxeQ. 

dx < C2 \dx [ \x -y\x~òddy [ \x -w\x~3daw = 

= c 2 r ^ j j ^ j ix - j i A - 3 ix - ^ i A - 3 ^ x ^ X J J œ , j 13; - ^ I 2 A - 3 ^ ^ . 
E E Q E E 

Since 2X — 3 > — 2, U/,(x) EH1(Q). Consequently the form ujj{x)dxh belongs to 
H/(Û) and it is such that uh(x)dxh |v = ip, i.e. $eH}/2Ç£). 
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