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Calcolo delle variazioni. — Existence of discontinuous absolute minima for certain 
multiple integrals without growth properties. Nota (*) del Socio Straniero LAMBERTO 

CESARI. 

ABSTRACT. — In the present paper the author discusses certain multiple integrals I(s) of the calculus 
of variations satisfying convexity conditions, and no growth property, and the corresponding Serrin inte
grals 3(u), to which the existence theorems in [3,4,5] do not apply. However, in the present paper, the 
integrals I(u) and 3(u) ate reduced to simpler form H(v) and X{v) to which the existence theorems above 
apply. Thus, we derive that I(u) ^ #(#), H(v) ^ X(v), we obtain the existence of the absolute minimum 
for the Serrin forms #(#) and X{v), and such minimum is given by BV functions, possibly discontinuous 
and not of Sobolev. 

KEY WORDS: BV function; Property (Q); Property (F); Serrin integral. 

RIASSUNTO. — Esistenza di minimi assoluti discontinui per certi integrali multipli senza proprietà di 

crescita. Nel presente lavoro si discutono certi integrali multipli I(u) del calcolo delle variazioni, soddis
facenti condizioni di convessità, non aventi proprietà di crescita, e i corrispondenti integrali di Serrin 
#(#), a cui i teoremi di esistenza in [3,4,5] non si applicano. Tuttavia, nel presente lavoro gli integrali 
I(u) e 3(u) sono ridotti a forme più semplici H(u) e X{v) a cui i teoremi di esistenza detti sopra sono appli
cabili. Così ne risulta che I(u) ^ #(#), H(v) ^ X(v), e otteniamo l'esistenza del minimo assoluto per le 
forme di Serrin tf(#) e X(v), dato da funzioni BV, possibilmente discontinue e non di Sobolev. 

INTRODUCTION 

In 1936 Cesari [1] defined the concept of functions /(/), teGc Rv, of class Lx (G) 
and of bounded variation (BV). We say that/(/) =f(t1,...,tv) is BV in an open interval G 
of RV v = lj if fe Li (G) and there exists a set of measure zero E c G such that the total 
variations with respect to each variable tj are functions of class Lx of the remaining 
variables-total variations all computed by completely disregarding the values taken by 
/ on the points of E. We shall state below the corresponding definition of BV func
tions in a bounded open subset G of Rv. Recently Cesari, Brandi and Sal-
vadori[3,4,5] proved existence theorems of the calculus of variations for functions 
u(t), te GcRv , v ^ 1, of class BV, thus possibly discontinuous and not of Sobolev. 
Namely for a general integral 

I(u) = I /o (ty u, Du)dt 

G 

of the calculus of variations, Cesari, Brandi and Salvadori considered the corrispond-
ing integral of Serrin #(#), and proved existence theorems for the absolute minimum 
of the integral #(#) in classes Q of functions u of equibounded total variations, and in 
such situation they proved that I(u)^3(u). 

In the present paper we discuss certain multiple integrals I(u) (2.1) satisfying con
vexity conditions, but no growth property, and their corresponding Serrin integrals 

(*) Presentata nella seduta del 14 maggio 1988. 
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%(u). In the present paper the integrals I(u) and 3{u) are reduced to simpler forms H(v) 
and DC(v), to which the general existence theorem applies which was proved by Cesari, 
Brandi and Salvadori in [5]. Thus, I(u)^3(u), H(v)=*DC(v), and we obtain the exis
tence of BV discontinuous absolute minima for the Serrin forms. 

In §1 we recall definitions and a general existence theorem from [5], and in §2 we 
discuss the integrals of the present paper. 

1. THE STATEMENT OF AN EXISTENCE THEOREM OF THE CALCULUS OF VARIATIONS 

Let us consider first an integral of the form 

(1.1) I(u)= \f0(t,u,Du)dt, dt = dt1...dtvy (t,u(t))eA, teG, 

G 

where G is a fixed bounded domain of the /-space Rv, / = (/i,-..., /v ), with boundary dG 
possessing the cone property at every point teSG, and where u denotes an w-vector 
function u(t) = (ui.:-.,um) of / in G. Let A denote a fixed subset of the /zz-space W+m 

whose projection on the /-space contains G. For every / = 1,..., m let [/], denote a finite 
system K / i <... <jni ^ v of indices which may depend on /, and [j]j can be empty for 
some /'. Then Du in (1.1) denotes the system of N = Nx +... +Nm first order partial 
derivatives Du = {UuiJ e [/]/,/ = 1,..., tri). For every (/, u) e A let Q(/, u) denote a sub
set of the f-space RN, f = (<?!,..., fN), and let M denote the set of all (/, u> £) with 
(/, u) e A, f-e Q(/, u). Let/0 (/, &, f) denote a fixed real valued function defined on M, 
and for every (/, u) e A let Q(t,u) denote the augmented set 

Ô ( / , ^ ) - [ ( T , ? ) | T ^ / o ( / ^ , a ^ Q ( / , ^ ) ] c R 1 + N . 

As usual, we say that the sets Q(/,u) possess property (Q) at some %,uQ)eA 
provided 

Qik,uQ)= f i clco[ U ê(/ ,«) | | / . - /bl + l « - « b l ^ * > ( A « ) € ^ 

We mention now the property F{ with respect to u, one of a number of variants of 
properties (F) which we have introduced in [5]. 

We say that the sets Q(/, u), (/, u) e A, have property (F[ ) with respect to u at the 
point {t0)uQ)eA provided, given any number a > 0 there are constants C — 
= C(/0, %,a) > 0, £(/0, UQ,<J)> 0 such that, for any set of measurable vector functions 
#M> y{t)> %(t), teL, on any measurable set L c G with (/,u(t))eA, \u(t) — %| ><r, 
(??(/), £(/)) e Q(/, &(/)) for / e L, |/ — /01 ̂  £, other measurable vector functions «(/), rj(t), 
£(/) , /e L, can be found such that 

(/,.«(/)) e A, |5(/) - «b' | ̂  cr, (^(/), Ç(/)) e Q(/, «(/)), 

| ? ( / ) - l ( / ) | ^ C [ | ^ / ) - ^ ( / ) | + | / - / o | ] , 

rj(t)^r)(t) + C[\u(t)-u~(t)\ + | / - / 0 | ] for teL, | / - / 0 | ^ & 

Conditions (Q) and (F) are sometimes called seminormality conditions (cfr. [2]). 

A weaker version of them, leading to some extensions of theorems A and B, is dis

cussed in [6]. 
Let G be a bounded open subset of the /-space Rv, / = (/ lv..,/v). For every j — 
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= l,...,v, let G- denote the projection of G on the //-space Rv_1, t-= 
= (/i,..., tf~l., # + 1 , . . . , /v ) = T, and for any T 6 G/ let rT denote the straight line tj = T. 
Then the intersection G n r T is the countable union of open intervals (a r,&), or 
GnrT = U (as,ps). We say that a function/e LL(G) is of bounded variation in the 
sense of Cesari in G(BV) ([1], 1936) if there exists a set £ c G with |£| = 0 such that, 
for every./= 1,..., v, and for almost all T e Gj the total variations 1^ = V(/(-, T), (â  ,& )), 
computed disregarding the values taken b y / o n E, are finite, Vy(r) = 2 ^ is finite, 
and VyOeMG/). / 

Cesari[1] also proved tha t / i s BV in G if and only if the surface S:Z—f(t);.te.G, 
has finite generalized Lebesgue area L(S); and thus the BV concept is independent of 
the direction of the axes in the /-space Rv. Krickeberg ([8], 1957) proved that / i s BV 
in G if and only i f / e Lx (G) and the first order partial derivatives o f / in the sense of 
distributions are finite measure (Xj, j= /,..., v, on G. Thus, a BV function in G has (gen
eralized) partial derivatives {Uf)(t)9 teG,j=l}...)v, (cfr. [3]) which are functions of 
class Lj (G), as well as derivatives jUy,/= /,..., v, in the sense of distributions, which are 
finite measures on G. As proved by Cafiero and Fleming (cfr. [3]), any sequence [ / J 
of BV functions on G with equibounded total variations and equibounded mean val
ues in G (say, V(fk)^V0, |m.v. (/,)| ^M G ) , possesses a subsequence 7^ which is 
strongly convergei^ in Li(G) toward a BV function / (with V(j)^V0,' 
|m.v.( / ) |^M 0 ) . 

We shall consider the class Q of all BV ^-vector functions u(t) = (#!,...,.«,»), teG, 
which are BV in G (/. e., each component is BV), satisfying (/, u(t)) e A a, e. in G; possi
bly satisfying Dirichlet boundary conditions, say u{t) = w(t) on some part D of SG. 
We shall also restrict Q to all those u whose total variations on G, say Vo (/) or V{f) 
(cfr. [3]), do not exceed a fixed constant W0> and whose mean values in G do not ex
ceed a fixed constant K> say |m. v. (f)\ ^ iC. For any u e Q let r(«) denote the class of all 
sequences [u^ ] of elements % e &, % e ^ 1 , 1 (G), «̂  —» & in Lx (G). Then we take S(u) = 
= +00 if p(^) is empty, and otherwise we take 

3(«) = inf lim *(**)•• 
r{u) 'TIL 

This the Serrin-type integral # we have associated to I(u) in [3,4,5]. If the total varia
tions V(u) for u eû are equibounded, then I(u) ^ 3(u) as proved in [4]. Moreover, # 
is an extension of I in the sense that 3(u) = I(u) for u'e W1*1 (G) (cf. [5]). 

THEOREM A (an existence theorem, cfr. [5]). Let G be a bounded domain of the 
/-space Rv whose boundary has the cone property, let A be a compact subset of the tu-
space W+m whose projection on the /-space covers G, and for every (/,-«) e A let Q(/, «)• 
denote a given closed convex subset of the £-space RN. Let M denote the set of all 
(/, u, f) with (/,#) 6^4, %eQ(t,u), and assume that M is closed, that the real valued 
function f0 (/, u> <J) is lower semicontinuous on M, and that there is a function A(/), 
/ G G, A e Lj (G), such that /0 (/, «, £) ̂  A(/) for all (/, «, <?) e M. 

Let us assume that the sets Q(/, &) possess property (Q) with respect to (/, u) and 
property (Fj ) with respect to u at every point (/0, z/0 )

 e A with exception perhaps of a 
set of points whose / coordinate lies on a set H of measure zero in G.LetO denote a 
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given closed class of BV vector functions u(t), teG, whose total variations and mean 
values in G are equibounded, and for which at least one class r(u) is not empty. Then 
the functional 3{u) has an absolute minimum in Q. 

2. A CLASS OF INTEGRALS OF THE CALCULUS OF VARIATIONS 

WITHOUT GROWTH PROPERTY 

Let G be a bounded domain of the /-space Rv, / = (/ lv..,/v), whose boundary dG 
has the cone property at every point. Let•«(/) = (ui,...,um), teG, denote an Li(G) 
function, possibly discontinuous, of class BV. Let A be a compact subset of the tu-
space Rv+m whose projection on the /-space covers G. Let u(t) = w(t), teDe 3G, de
note a system of Dirichlet data on some components of u on some part D of dG. We 
consider here multiple integrals of the calculus of variations with constraints 

(2.1) 

r m 

3 i=\ jeUh 

(t,u(t))eA, 

«(/) = w(t), 

dt, dt — dt\... dtvy 

teGy 

teD.cdG, 

where the F y are functions of class C1 on Ay and the F, are Lipschitzian functions on Ay 

hence '\F#(t,u) — F#(i,u)\, \F^(tyu) -F,-(?,«)| ^C[\u-u\ + \t-~t\~\ for •(/,«), (?,«) e A, 
some constant C and all / = ly...ymyj e [/],-. In (2.1) for every / = 1,...,/^, we denote by 
[/]/ a given system of integers 1 ̂ j\ <... <M ^ v, and we denote by N the total num
ber of such indices, or N = Nt + ... +Nm. Let F(t,u) = [Fij{t,u),je [/]/,/ = \,...,m\. We 
shall denote by Q the class of all vector functions u(t) = (uiy...yum)y teG, with 
(tyu(t))eAy ueBV(G)y V(u)^W0 for some constant W0. We need not require ex
plicitly that mean values of the functions u in G are equibounded. Instead, we re
quire that D and G are so related that the boundedness of w in D and the equibound-
edness of the total variations of the function u in G with u(t) = w(t) in D, implies that 
the mean values of the functions u in G are equibounded. In Section 3 we shall see a 
situation in which this occurs naturally. 

We consider now the transformation # which transforms any ^-vector function 
u(t) = («i,..., «w ), / e G, of the class Qy hence (/, u(t))eAy u e BV(G)y V{u) ̂ W0y into 
the {N + m) -vector function v defined by 

v{t) = $u = (v0,v# yje\j\iyi= ly...ym) = (v0>v* ), 

vo(t) = u(t)y vij{t)=Fij{tyu{t))y v* =F(tyu(t))y teG. 

Let A0 denote the projection of A onto the /-space Rv, hence G cA0 and A$ is com
pact. If A(t) denotes the section of Ay that is, A(t) = [u\(t, u) e A] cRw, and for every 
/ e AQwetake£(/) = [(%,*;* ), ̂ 0 €^4(/) c Rw, 0* = F(/, «), # e A(t)y t e G, *;*•• e RN] , thus 
B(t) cRm+N. Finally, 

4 = [(/,u)\teA0yueA(t)] c W+m, B = [(/ ,v)\teA0 yve£(/)] c R V + ^ + N , 

(/,«(/)) e ì4 , (t,v(t))eB, teG. 

file:///t-~t/~/
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Let Q'=$(Q). Now problem (2.1) is reduced to another problem with con
straints: 

(2.2) 

r m 

H(v)= 2 2 ( % ) * + F/(*, 
J i=i yew,-

*>oJ J/,' tf?/ = j / j . . . J/v 

(t,v(t))eB, / e G , t ; e û \ 

^ z;0(/) = «;(/), i;*(/) = F{t,w(t)), teDc 3G. 

It we denote by Dv the N-vector of derivatives Dv= {(v^-)t., i= l,..,m, fe[j]j}, 
then we can write the problem above as 

H( v) = J /o (A ̂  Dv)dt9 

v*> fo(t,vyDv) = l£ 2 (*>*)*+ F,(/, 

(*,*(*)) e B, 

dt = dti...dtv, veQ', 

teG, veQ', 

teDcG. 

By writing 

in lieu of 

F^ = [ ( z ^ . j ' e [j]i9i= l,...,w], 

the integrand j£> becomes 

/o (/, *, <?) = 2 2 ?Nl+...+N,_1+y + F/ (A *>o ) 
/=i yew,-

/ e G , f;(/)€B(/)cRw+N, ? e R N . 

THEOREM B (an existence statement for the integral (2.1)). 
Let G be a bounded domain of the /-space Rv whose boundary has the cone prop

erty, let A be a compact subset of the ta-space whose projection on the /-space covers 
G, let Fjj> je [/],-, i=l,...,m, be functions of class C1 on A and let Fif 

i= 1,..., m, be Lipschitzian functions on A. Let Û denote the class of all BV functions 
u{t) = («i,..., um), teG, with (/, u(t)) e A a.e. in G, BV in G (that is, whose components 
are all BV), satisfying some Dirichlet-type boundary condition u(t) = w(t), teDcSG, 
and whose total variations are equibounded (say V(u) ^ W0 for all z/ e O and some con
stant WQ). Then the Serrin form 3(u) of the integral (2.1) has an absolute minimum u 
in Q, and 0^1(«)^3(«) . 

Proof of Theorem B. First we study the integral (2.1). 
We assumed A compact in the ta-space Rv+^ and the functions Fkj, Fk continuous 

on the set A. Hence, the set B, as continuous transformation of A, is also compact in 
the espace W+N+m. 

For integral (2.1) we had no constraints on the values of the derivatives of the functions 
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uy or (Du)(t) e Q(t, u) = RN. Hence, no constraints on the derivatives Dv of the functions v, 
either, or Ç(t) e Q' {t, v) = RN. The sets Q' {ty v) are now of the form 

0?, f )k ^ 2 S ?Nl+...+N,_1+y + Fi(t, v0 ) cRJ N+l 

Hence, the sets Q'(/, z;) depend only on t and on the sole components vQ = u 
of f. These sets Q' (t,v) are obviously closed and convex and convex in the v^-space 
RJ N+l 

We have assumed all functions F, (t, u) continuous on the compact set A; hence the 
functions Fj(t, v0 ) are continuous on the compact set B. Given e > 0 there is S> 0 such 
that, for any two points (7, v) e B, '(/, v) e B with \t —1\ + \v — v\ <S we have \Fj (t, v0 ) — 
— F?(7,i50)| < e/m. Then, for (>?,£) e Q' (t,v), we have 

V^IJ Zi CN1+...+Nì-1+J + F- (t> 
MA 

v*> 

^ E 2 ?Nl+...+N,_1+y + f/ (', v0 ) 
JeUl 

\Ft(t,v0)-Ft(tyv0) 

For 

rj(t) = E S ?N1+...+Nï_,+y + F{ (/, ̂ o ) 
*'=1 yew,-

we have 

Y]^Y]-m(s/m) = Y]-s, {r],Ç)eQf (t,v). 

By the arbitrary of s we see that the sets Q' (t,v) have property (Q) at (/, #). Also, given 
measurable functions v(t), r)(t), teL, \t — i\<$, L measurable, with (t>v{t))eAy 

\v{t) -v\^0y (r)(t), £(/)) e Q' (/, v(t)), then we take 
m 

v(t) = v, ì{t) = Ç(t), y(t) = S E ÇNI+...+N, i+y + F* & v) 

and as before we have 
m m 

z ' - l 
2 N̂1+...+N,_1+y + ^(A^o) 

- |F/( / ,^( / )) - F,.(/,^))| ^ î ^ W - mC[\v{t) - v\ + | / - 7 | ] , 

where / € L, |f — ~t\ ^ £ and C is a Lipschitz constant for the functions Fz. Thus, the sets 
Q\(t,v) satisfy property (F[)[5, p. 108]. 

Note that M is here the set M = .[(*, f, £) | (/, #) e B, Ç e RN ] which is certainly a closed 
subset of Rm+2N, and that/0 is nonnegative, or/0 (*> v0, Ç) ^ A(/) = 0 on M. Recall that O 
is the class of all #z-vector functions u{t) = («i,..., um), te G, with (t,u{t)) e A a.e. in G, 
and W in G (/>., with components which are all J3V), equibounded total 
variations, 

V(«) = S V(^ ) ^ W0, «(/) = ^(/) on D c SG. 
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Let Q' denote the class of all vector functions v = 0u, ueQy or 

Q' = {v{t) = (v0, v* ), v0 (/) = «(/), v* (/) = F{t, u(t)), teG,ue Q}y 

hence 

(t,v{t)) eB a.e. in G, B e R N + m , ^ = F^(/,u(t)). 

Thus, V(fo ) = V(u) ^ WQ, and by the Lipschitzianity of F in (/, u) of costant C, we have 
V(v* ) ̂  CV(u) ^ C^o, and finally V(v) ^ (C + 1)W0 for v eQ'. Since «; is bounded on 
D, the mean values on G of the functions u are equibounded, or |#z.i>. (u)| ^ K for 
some constant K. Analogously, since w is bounded on D, and F is continuous, then 
F(t,w(t)) is bounded on D, and hence, the mean values on G of the functions v are 
equibounded, or |m. n. (v)\ ^K' for some constant K', because of the assumption at 
the beginning of Section 2. By Cafiero's and Fleming's compactness theorem the class 
Q' is compact in Lj. 

Thus, for any sequence [VJ,] in Qf, there is a subsequence, say still (k), such that 
Vk^v in Li with ^ = ##£, Uk eQ. By the same theorem, there is a subsequence, say 
still [k], such that % —» & in L^ Thus ^ = (%>, v£ ), %) = ^ , v$ (t) = F(/, %(/)), / e G, 
and for 

i;* (/) = F(t, «(/)), / e G , 

also 

I k ~ ** Ik = \\F(t, uk (/) - F(/, z/(/))||Li ^ C||«* - u\u, 

that is, v£ —> #*, %j —» % or t>£ —» t> in L^ Thus, the class O' is relatively compact. The 
class Q' is also closed in Lx. Indeed, if (vk) is any sequence in Q' with v^—^v in L b 

then, ^ = (vk0, f|
v ), z; = (i;0, v* ), %> -» % *# ~> *>* in Lx with %> = «*, v0=u,uk->u in 

LL 

Moreover, 

j|»* (t) - F(/, «(/«lit, *£ ||»* - vf Ut, + Ih* - F(/, «A M)||Ll + ||F(/, uk (/)) - F(t, u(t))\\Ll, 

where 

Ik-^ik-^o, ik-F(/,^w)iiLl=o, 
||F(/, «* (/)) - F(/, z/(/))||Ll ^ C||«* ~ 4 

Thus, 

||*;* (/) - F(/, ^(/))||Ll = 0 , or i;* (t) = F(t, u(t)) a. e. in G. 

We have considered the functions v = $u£or ue Q, that is, the class Q' of functions 
v, and we have seen that Q' is closed in Lj. 

By Theorem A we conclude that the Serrin-type integral H relative to H has an ab
solute minimum in Q' given by some v = (Vo,v* ), #* (*) = F(t,«(/)), PQM = #(*)> ^ £ G, 
u eQ. 

Hence, z/ gives the absolute minimum of the Serrin integral # relative to I in O, and 
0^I(u)**3(u). D 

REMARK. Whenever we can prove that I(u) = 0, that is, 0 = I(u) ^ 3(«), for the op
timal solution u{t) = («i,..., um), teGy ueQ, of the integral # associated to the integral 
I(u), then from (2.1) we derive that u(t) is a BV, possibly discontinuous, solution of the 
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partial differential system 

E (F*(*,«)), + Ff-(/,«) = 0, teG(a.e.\ i=l,„.,m> 

u(t) = w(t), teDc SG. 

REMARK. The reduction of the integral # to the integral X has allowed us to apply 
to X verbatim the existence theorem A we had proved in [5]. Elsewhere we shall fol
low the same line of argument in connection with other analogous lower semicontinu-
ous Serrin type integrals and with more sophisticated assumptions. 

3 . A RELEVANT SITUATION 

Borrowing from hyperbolic problems, let P denote a trapezoid of the /x-space 
R1+v, say for T, R, M given constants, MT<R, 

P = [ 0 ^ / ^ T , - R + M / ^ x y ^ R - M / , / = l , . . . , v ] . 

u(0,x) = w(x), x e D = [ ( 0 , x ) | - R ^ x y ^ R , / = l , . . . , v ] . 

In the definition of functions «(/, x) = («i,..., um ) of bounded variation (BV) on P let 
us always include D in the full measure set P-E on which we compute the total varia
tions of u. Then, if w is bounded on D, say \w{x)\ ^M' ' , x e D, and the function u with 
u(0, x) = w(x) have equibounded total variations on P, say V0 (u, P) ̂  M", then 

I u(t,x)dtdx^ J J |#(0,x)|^d!x+ I I |z/(/,x) — u(0,x)\dtdx^. 

; r f |^(0,x)|Jx+ J" V,(x)<fe^2R7M' + M". 
- R - R 

In other words, boundedeness of w and equiboundedness of the total variations of 
the functions u (with the above convention) implies the equiboundedness of the val
ues of trie functions u. 

Let A = [(/, x, u) | (/, x) e P, —K ̂  #,- ^K,i= 1,..., /»], let F/0 = % and F# (/, *, «), / = 
= 1,..., v, be given functions of class C1 on A, and let Fj(t,x,u) be given Lipschitzian 
functions on A. Now the integral I of §2 becomes 

K 
r m 

u)= 2 dtdx, dx = Jxx... Jxv, uit + S(F# (/, x, u))x + F, (*, x, u) 

Then the Serrin integral S associated to I has an absolute minimum /given by a BV 
possibly discontinuous function u(t,x) = («i,..., um ), (/,#) e P, and O^I(u) ^ #(#) = /. 
Whenever /(«) = 0, then u is a solution of the Cauchy problem for the differential 
system 

V 

%+'2(F^(/ ,x,«))x+F | . ( / ,x,«) = 0, /= l , . . . ,w, (/,x)eP(tf.e.), 
y=l 

ui(0,x) = tvi(x), —R^Xj^R, y=l, . . . ,v, /=1,... ,/#. 

Elsewhere we shall further study the integral !(«).. 
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EXAMPLE 1. As a simple example, we consider here the case where m = 1, v = 1, 
where tyx are the independent variables, and 

I(u) = J \ut + (iu2 )x\dtdxy 

p 

where P is the trapeze 

P=[(tyx)\0^t^T,-R + Mt^x^R-Mt]cR2, MT<R, 

with Cauchy data u(0,x) = w{x)y —R^x^R, \w(x)\^M. Here, there is only one func
tion Fiy say Fi = 0 , and only one function Fijy say Fn = \u2. 

Let A = •[(/,*, «)|(*,x) eP , - K ^ « ^ K] c R3. 
We shall consider I(&) in the class Q of all scalar BV functions u(t, x), (t, x) e P, with 

VQ M ^ ^ o f° r some constant W0 sufficiently large. 
By Theorem B, the Serrin integral 3(u) associated to I(u) has an absolute minimum 

uy with 0 ̂  I(u) ^ S(u). If I(u) = 0, then u would be a solution of the hyperbolic equa
tion with Cauchy data 

ut + uux=Q, (t,x)eP(a.e.), u(09x) = w(x), —R^x^R. 

Note that the function v = (v0, vx ) is now v0 = u, vx = è^2, and B is the set 

£ = [(t,x,v)\(t,x) eP,v = (voyVi),vx = fe2,,v0 = «, - M ^ « ^ M ] cR4 

EXAMPLE 2. We consider here the integral 
r m 

Ku) = 2 uit + ZJ dy (t, x, ui )uix -^ (t9 xy u) dtdx, dx = dx'i...dxv, (3.1) 
p 

where t is a scalar, x= (x lv..,xv), u = (ui,...,um), where P is the trapezoid 

P = [ ( / , x ) | 0 ^ / ^ T , - R + M / ^ x y ^ R - M / , y = l , . . . , v ] c R 1 + v , MT<Rf 

with Cauchy data &(0,x) = w>(x), or &/(0,x) = &>/(#), / = 1,..., w, for —R^xy ^R, j = 
= l,...,v, and \wi(x)\^M. We take 

A = [ ( / ,x ,«)1U,x)€P, -K^i f r -^KlcR 1 + v + w , /= l , . . . ,w] . 

The integral I(u) can be written in the form (2.1). 
Indeed, if certain primitive 

Ajj {t, X, Ui)— I dy (/, Xy a) da, 

are of class C1, then 

/ = 1,...,/», / = l,...,v, 

«,• 
Aij*.(t>x>Uj) '• 

0 

J aiJ>x.(tyXy(x)da, 

{Ay{tyXyUi(tyX)))Xj= dy{t ^ . (/, X, .«)ÌX = 



670 Atti Acc. Lincei Rend. fis. — S. VIII, vol. LXXXII, 1988, fase. 4 

and I(u) becomes 
ç m 

% + Z (A# (t, x, Ui (/, x))x H- F, (/, x, î 
/ = i 

dtdx, 

Ff (/,x,#) = — 2iW(*,x,-%) -fi(t,x, u). 

Note that the functions v=(v0,v*) are now 

v0 =u = (uu.„.xum)r Vy =Aij{tyxìUi)j=lì...ìv, i= ly...ym, 

with v{tyx)eBcRfn+\ 

E= [(tyx,v)\(t,x) eP, v0 = u= (uu...,um), % = ^-(/, 'x,« /), 

y=l)...)vJ=ly...,m>ueRm]cR1+v+m+m. 

Under the assumptions of Theorem B, the Serrin-type integral #(•#) associated to 

I(u) has an absolute minimum i given by a BV function ueQ, and 

0^I («)^3(«) , 
If J(z/) = 0, then & is a solution of the Lax-type differential system with Cauchy 

data 

K* + S ^ (t, x, Ui)Ui =fi (/, x, u), {t, x) e P(a. e. ), 
y=i 

(3.2) 0(O,x) = tt>(x), - R ^ X y ^ R , 

x = ( x l v . . , x v ) , U = (U1,.>i,Um). 

For /#= 1, (3.1) reduces to 

i= ly...ymy 

y=i,...,v, 

/(«) = /. «* + 2 *y (*, X, U)UX. -f(t, X, 2 
y=i 

dtdx, 

where t and & are scalars, x = (x lv..,xv), and F is as above. We take A = 
= [/,*,«) |'(/,*) 6 P , - M ^ « ^ M ] cR2+v, For the a,- all of class C\ 

then I(&) becomes 

Ku) / 

Aj (/, x,u)= I tfy (/, x, a)âfa, 

ut + z^ (Ay (/, x, u))x + F(/, x, u) dtdx 

where F = —ZjAj^—f, and (3.2) reduces to 
y=i 

ut + 2aj(t,xyu)ux =f(t,x,u), (/,x) € F 
y=i 
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