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Geometr ia differenziale. — Harmonie reflections. N o t a di L I E V E N 

V A N H E C K E e M A R I A - E L E N A V A Z Q U E Z - A B A L , presentata (*) dal Socio E. M A R 

TINELLI. 

ABSTRACT. — We study local reflections <pa with respect to a curve a in a Riemannian 
manifold and prove that a is a geodesic if <pa is a harmonic map. Moreover, we prove that the 
Riemannian manifold has constant curvature if and only if ipa is harmonic for all geodesies a. 

KEY WORDS: Harmonic maps; Reflections with respect to a curve; Harmonic reflections. 

RIASSUNTO. — Riflessioni armoniche. Si studia la riflessione locale <pa rispetto ad una curva 
o in una varietà riemanniana e si dimostra che a è una geodetica se <pa è un'applicazione ar
monica. Inoltre si prova che la varietà è a curvatura costante se e solamente se <pa è armonica 
per tutte le geodetiche a. 

1. INTRODUCTION 

Local geodesie symmetries on a Riemannian manifold are local diffeomorphisms 

and the properties of these transformations may be used to characterize several nice 

classes of Riemannian manifolds. For example, in [3] C. Dodson and the two 

authors of this paper proved the following: A Riemannian manifold is locally sym

metric if and only if all local geodesic symmetries are harmonic. 

Local geodesic symmetries are local reflections with respect to a point. In [8], 

[9], [10] this class of transformations has been generalized and the notion of a local 

reflection with respect to a submanifold, in particular with respect to a curve, has 

been introduced and studied. These local reflections are local diffeomorphisms. In 

this paper we consider harmonic reflections with respect to a curve. Ou r aim is to pro

ve 

THEOREM 1 - Let a: [a, b] -> M be a topologically embedded curve in a Riemannian 

manifold M. If the local reflection with respect to s is harmonic, then s is a geodesic. 

THEOREM 2 - Let (M, g) be a connected Riemannian manifold. Then (M, g) is a space of 

constant curvature if and only if the local reflections with respect to all geodesies are har

monic. 

(*) Nella seduta del 20 novembre 1987. 
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2. HARMONIC MAPS 

Let (M, g) and (N, h) be two Riemannian manifolds with metrics g and h and let 
f: (M, g) -+ (N, h) be a smooth map. The pullback f*h is a semi-definite symmetric 
covariant tensor of order two, called the first fundamental form. Further, the 
covariant differential V (df) is a symmetric tensor of order two with values in 
f_1(TN), called the second fundamental form of f (see [4], [5]). A map with vanishing 
second fundamental form is said to be totally geodesic. 

The trace of V (df) is denoted by r(f) and is called the tension field of f. A map 
with vanishing tension field is called a harmonic map. 

If U C M is a domain with coordinates (x1, ..., xm) and V C N is a domain with 
coordinates (y1, ..., y11) such that f(U) C V, then f can be locally represented by 
ya - Pfc1,..., xm), a = 1,..., n. The metric tensor g is represented by g(x) = gy(x) dx* dxj, 
i,j = l,..., m, and similarly we have h(y) = ha^(y)dy0£dy'3, a9p = l,...,n. df(x) 

is represented by the matrix (—-J. In this case we have 

where Mrj- and NTy
a& are the Christoffel symbols for (M, g) and (N, h) respectively. 

It follows that f is harmonic if and only if 

(2) T(f)^ = gii(V(df))?j = 0. 

3. REFLECTIONS WITH RESPECT TO A CURVE 

Let a: [a, b] -» (M,g) be a smooth embedded curve in a Riemannian manifold 
(M, g) and denote by U a tubular neighbourhood of a, i.e. 

U = (p € M I there exists a unique geodesic 7 of M through p cutting o or
thogonally]. 
Then, for any p € U we may put 

p = e x p ^ r u ) , u € Ta(t)a, Hull = 1, t € [a, b], 

where r = d(p,a(t)). 

The map <p0 : U -* U defined by 

<pa:p = expa(t)(ru) •-> (pa(p) = e x p i r a ) 

is a local diffeomorphism and is called a local reflection with respect to o. 
To treat this map <pa analytically we use Fermi coordinates. We follow the treat-
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ment developed in [7], [9]. For the Riemannian manifold (M, g) let V denote the Le-

vi-Civita connection and R the Riemannian curvature tensor, defined by 

RXY = V [X,Y] — [ Vx , VY] 

for all vector fields X, Y on M. 

First, let a be a unit speed curve, i.e. Hall = 1, and let [ei, i = 1, ..., n) be an or

thonormal basis of Ta(a) M such that 

ei = ór(a). 

Further, let Ei be the unit tangent field à and E2, ..., En normal vector fields along a 

parallel with respect to the normal connection V1 of the normal bundle à1 such 

that 

Ei(a) = ei, i = 2, ..., n . 

Then, the Fermi coordinates (x1, ..., xn) with respect to o(a) and (Ei, ..., En) are defin

ed by 

x1 (expect) Xf tj Ej) = t - a, 

n 

x* (expff(t) 2mj tj Ej) = t*, where 2 < i < n . 

For a vector v € Ta(t> a with expa(t) v € U we have 
n 

v = 2 ^ x a E a ( t ) = ru 
n a=2 

where II u II = 1 and r2 = D (xa)2. 
a=2 V ' 

We put 

(3) * u = g(a,u) 

where a(t) is the (mean) curvature normal of a at a(t). Note that, when u is parallel 

with respect to V 1 , w e have 

VjU = - Xu<7. 

Finally we note that the local reflection <pa is now given by 

<pa : (x1, x2, ..., x11) ^ (x1, x2, ..., x11). 

To compute the tension field for <pa we need the Christoffel symbols with 

respect to the system of Fermi coordinates. Therefore we use 

(4) mrk = i g 4 ^ + ^ - ^ 
,J 2h U x j dxl dxe) 

So we have to compute gy, gij. Therefore we use the method developed in [7] or use 

Jacobi vector fields as in [6], [9]. The result is given in the following 

8. — RENDICONTI 1988, vol, LXXXII, fase. 2. 
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LEMMA 3. Let m = cr(t) and p = expff(t)(su), Il u II = 1. With respect to the Fermi coor
dinates (x1, ..., xn) introduced before^ we have 

4 

(5) gn(p) = g < ( m ) s < + 0 ( s 5 ) 

where 

a\x = - 2xu , 

<*11 = X\ - Riulu , 

OL\I = - — (VuRiuiu - 4x u Rlulu) , 

n 

a4
n = - — I V RâuRiuiu 4R^ulu - 4 iL Rfucu - 6xu V uRiuiu + 4^R iuiuJ ; 

4 

(6) gla(p) = g «L(m) s< + 0 (s5), a = 2, .... n , 

where 

OJja —• JK-luau j 

«la = 7—(3VuRiuau - 4xuRluau), 
12 

i / y* \ 
QA _ (23uuRluau "~ 4RiuluRluau 4 W RiucuRaucu ~ 5 Xu V uRluau I J 

30 \ c = 2 / 

(7) 

where 

<*ab = 

«ab = 

«ab = 

«ab = 

«ab = 

gab(p 

ôab ? 

o, 

IR 
JLVuaub 5 

"""" ~~~ V ulMiaub ) 

6 

7T7" 1 ̂  ^ uuRuaub 
180 \ 

(p) = E ai„(m) s< + 0 (s5), a,b = 2, .... n , 

nRlubu "~ 8 L^ KyaucKubuc I \ 
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4 

(8) g»(p) = g« 1 (m)s '+0(s 5 ) ) 

where 

0!i = 2x„, 

« 1 = Riuiu + 3 x î , 

1 
« 1 = — (VuRiulu + 8xuRlulu + 12 x j ) , 

/5Î! = ^ 3VLRiuiu + 24R?ulu + 4 L R L u + 30xuV u R l u l u + 180xSRiuiu+ 1 8 0 ^ ; 
36 \ c = 2 • I 

(9) 

where 

/3°u = 

tfa = 

= 0!b = o, 

- 2 R 

gta(p) = Lft a(m)s'+0(s5), a = 2,...,n, 

1 
01a = —(VuRluau + 4xuRluau), 

4 

= 3VSuRluau + 24RiuluRluau + 4 2^RiucuRaucu+ 15XuVuRiUau + 60^Riuau « a 
45 

(10) 

where 

& = 

ftb = 

& = 

/Si ,= 

&,= 

= ôab , 

= o, 

~ J-Miaub j 

3 

4 / -M 
60 \ 

u-K-uaub ? 

•? • uu-K-uaub 

gab(p) = h*» 

, + 24RiuauRlubu 

(m) 

+ 4 

s '+0(s 5 

n 

' W RUau< 
c=2 

) . » 

: -K-ubuc 



234 Atti Acc. Lincei Rend, fis. - S. VIII, vol LXXXII, 1988, fase. 2 

4. HARMONIC REFLECTIONS 

It follows from (2) and the local expression for the reflection <p„ (section 3) that 
<pa is harmonic if and only if 

(ii) T(<p„y(p) = [g11 v(d^)h + 2g
iav(d^)ja + r b v ( « b } ( p ) = o, 

(12) r(^)'(p) = [g11 V(d<payu + 2g>»V(d^);a + ^V(d^)lb](p) = 0, 

for a, b, c, = 2, ..., n, where 

v(d^)!1(p)= -ri1(p) + rj1(^(P))) 

v(d^)ja(p)= -rja(p)ria(^(p)), 

v(d^)ab(p)= -rab(p) + rab(^(p)), 

v ( d ^ ( p ) = rï,(p) + HiMp)). 

v ( « a ( p ) = na(p)r;a(^(p)), 

v(d^)ab(p) = rab(p) + rab(^(p)). 

It is worthwile to note here that V(d^ff)la) V(d^v)îi, ^(d^v)ab are even functions 
and V(d<p„yn, V(d#v)ib, V ( d ^ ) ^ are odd functions. 

In order to write down the explicit expressions we shall need, we put 
4 

| f(p)= g ĵk(m)s'+0(s') 

and 
4 

V(d^)S(p)= gAfjk(m)s'+0(s5) 

for i, j , k = 1, ..., n . 
A lengthy computation, which we omit, then leads to 

T(<P°Y(P) = ~ 7?.c(m) - ft.M^Ms + (A*1C + E A L - T L t f i j M s 2 + 

<13) I T \ 
+ («IT?.. + 2 j L ff.W« " TLC) + tfiALj(m)s> + 0(s4) 

where 

(14) 7Î„(m)= - 2g(a,Ec)(t). 
Now we are ready to give the 

PROOF OF THEOREM 1 - For a harmonic reflection (pa we have r(^a)
c = 0, c = 2, ..., n, 

for all p € U. This implies from (13) 

7?.c(m) = 7?i.(*(t)) = 0 
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for all t € [a, b]. Hence, since à is orthogonal to cr, we get from (14) that ò = 0 which 

proves the required result. 

For the rest of this section we suppose that s is a geodesic. Hence xu = 0 for all 

u and so 

(15) i>ïic = 0 , c = 2 , . . . ,n . 

Also, from (8), we have 

(16) ft, = 0 . 

To prove Theorem 2 we shall use the following 

LEMMA 4 - [1], [2]. Let (M, g) he a connected m-dimensional Riemannian manifold 

with m > 2 . Then (M, g) is space of constant curvature if and only if 

R ( X , Y , X , Z ) = 0 

for any orthogonal triple of vector fields X, Y, Z, on M. 

N o w we give the 

PROOF OF THEOREM 2 - First, let (M, g) be a space of constant curvature. Then, it is 

proved in [9] it that the local reflections <pa with respect to all geodesies a are 

isometries. So, since any isometry is a harmonic map, all <p„ are harmonic. 

To prove the converse, we start with T(<pa)
c = 0, c = 2, ..., n . Using (15) and 

(16), (13) implies 
n 

(17) Ç/3LWca-7U = 0. 

From (9) we have 

2 
Pia = ~T~-»Muau 

and from the detailed computations, we obtain 

2 
Tlca "~ Ylac = I~(Rlcua Rlauc + 2RiUca) • 

Hence (17) leads to 

n 

(18) Ld Rluau(Rlcua _ Rlauc + 2RiUca) = 0 . 
3 = 2 

Now, since u is an arbitrary unit vector normal to the geodesic a, we may put 

u = Ec. Then (18) implies 

n 

^ R f u a « = 0 . 

Since this must be valid for all geodesies, the required result follows at once from 

Lemma 4 when dim M > 2 . 
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So we are left with the two-dimensional case. Here, the detailed computations 

show easily that, with u = E2, we have 

gn(p) = 1 - s2Riuiu(m) - - s 3 V u R l u l u (m) = 0(s4), 

gi2(p) = 0(s5), 

g 2 2 ( p ) = l + 0(s5), 

and 

g n (p) = 1 + s2R luiu(m) + | - s 3 V u R l u l u ( m ) + 0(s4), 

g12(p) = 0(s ' ) , 

g * ( p ) = l + 0(s5). 

A similar calculation as before now gives 

r(<Po)2(p) = ~ s2( V uR l u l u) (m) + 0(s3) 

and hence, when <pa is harmonic, we must have 

VuRlulu = 0 

at any point of (M, g) and for all geodesies a. This implies that the two-dimensional 
connected manifold has consant curvature. 
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