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Geometria differenziale. — Projective invariant metrics and open 

convex regular cones. IL Nota di FABIO PODESTà, presentata (•) dal 

Corrisp. E. VESENTINI. 

ABSTRACT. — The aim of this work, which continues Part I with the same title, 
is to study a class of projective transformations of open, convex, regular cones in Kn and 
to prove a structure theorem for affine transformations of a restricted class of cones; 
we conclude with a version of the Schwarz Lemma holding for affine transformations. 

KEY WORDS: Projective connections; Regular cones; Projective transformations. 

RIASSUNTO. — Metriche invarianti proiettive e coni aperti convessi regolari. In que
sta Nota, proseguimento della Nota I dallo stesso titolo, si studia, nell'ambito dei co
ni aperti, convessi, regolari di Rn, una classe di trasformazioni proiettive, nonché il 
gruppo delle trasformazioni affini, per il quale si fornisce un teorema di struttura ed 
un analogo del Lemma di Schwarz. 

INTRODUCTION 

This work, which continues Part I with the same title, is devoted to the 
study of projective transformations of open, convex, regular cones in Rn: more 
precisely it will be shown (Theorem 4.1) that a particular class of projective 
automorphisms of the cones, introduced by Gentili ([4]), is a subgroup of the 
full projective transformation group; in view of the reduction theorem for projec
tive transformations, proved in Part I, we furnish a structure theorem (Theo
rem 5.4) for affine transformations in the case of self-adjoint, affine-homoge-
neous and irreducible cones. We conclude with a version of the Schwarz 
Lemma holding for affine transformations (Theorem 5.4). 

§ 4 . A GROUP OF PROJECTIVE TRANSFORMATIONS 

Gentili ([4]) has introduced a group of transformations acting on open 
convex regular cones Q by considering the image i(Q) under the embedding 

i : Rn -> Pn 

(4.1) 
l \X1 , . . . , Xn) — ( 1 , Xi , . . . , Xn) 

(*) Nella seduta del 13 dicembre 1986. 
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(with (x0, xx, . . . , xn) homogeneous coordinates on Fn) and setting 

(4.2) GL (fi , P") = tye PGL (n , R) | ty (f (fi)) = z (û)} . 

We want to prove that GL ( f i , Pw) is a subgroup of Proj ( f i ) , when we 
read its action on fi through the map i. The following lemma holds: 

LEMMA 4.1. Let M be a C°°-manifold with symmetric connection : then a 
dijfeomorphism is a projective transformation if and only if it maps geodesies into 
geodesies up to parametrization. 

THEOREM 4.1. Let fi be an open convex regular cone in Rn. Then GL ( f i , Pn) 
is a closed subgroup of Proj (fi) . 

Proof. Let n : Rn+1 -> Pn be the canonical projection and define 

(4.3) W± ={(tf0, * ! , . . . , O e R ^ 1 \(±x1,...9±xn)e fi and x0e R*±} 

Since Q is regular we have that TT-1 (fi) = W+ U W- . Let <\> e GL (fi , Pn) 
and § e GL (n + 1 , R) inducing ^ : then $ (W+ U W-) == W+ U W- : since 
we study only the action of ^ on Û , we can suppose that <j) (W+) = W + , 
changing <j> into -$ if necessary. Consider now the map j : fi -> W+ given by 
j {xx, . . . , x,n) =(l ,xlf . . . ,xn) and the map T : W+ -* {1} x fi ^ fi given by 
t(x0, xl9 . . . ,xn) = (1 , xxjxQ, . . . , #w/#o) > s o t n a t t n e following diagram is 
commutative 

(4.4) 

From (4.4) it follows that the action of ty on fi is given by t o-fy ojm Now 
W+ is an open convex regular cone and its characteristic metric G is given by 
the direct sum of the metric on fi and the Poincaré metric on R*. Both the 
maps y and § preserve geodesies with their affine parameter, hence by Lemma 4.1 
we need only prove that T preserves geodesies (in fact with their affine para
meter too). Let y • R -* W+ be a geodesic with affine parameter t and write 
Y(f) =(o(t) ,u(t)) with <j(*)eR* and u(t)e QVteR. Then it easy to 
see that 

d 2 vy ^ - • du? di/k + Srj»(«W)-^-(0-=-(«)=o 
j,k Q-t at 

(4.5) 
d*2 

d 2 c 

dz2 (t) a(t)\dt K)) 
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where (^}k) are as usual the Christoffel symbols for the metric g . We are 
left to check that the curve v (t) ^=u(i)ja(t) \/te R is a geodesic in O . In 
fact V* = 1 , . . . , n and V i e R 

d2Vi , x 1 d2 ul , x ^ 1 da , x d^' , x , 

(4.6) 

+ 2 — ^ — (t) u* (t) — 1
 x — (*) H* (0 . 

(a (0)3 d* W V ' (a (0)2 d*2 W W 

By (4.5) we obtain that 

(4 ?) "dir « = - - ^ S rj» (« (0) - ^ <*) -â- (0 + 

1 da , x dw» / x , 1 / da , x \ 2 . / x 

We recall that V x e Q and W e R* r j* (to) = — T^ (x) Vi ,j, k =1. . . ,n 

and so from (4.7) we obtain that 

+° (<>srj- ("Hd^<<)^ (' ,+ 

(4.8) 
+ W(J^('>)'"<('>'"(')] + 

• d 2 ^ / v ,- 1 x - i T V / / w d ^ ' , x du1 , x , 

=^<'>+wi : r j '<" ( , , )-sr< ' )^f< ' , + 

1 /dcr , A 2 . , x , 0 1 da , x di/* , x 

+ w U w ) u,(')+2M^"drw;^'(')-
From (4.8) and (4.6) it follows that v is a geodesic with affine parameter t. 

Q.E.D. 

§5. THE GROUP OF AFFINE TRANSFORMATIONS OF AN IRREDUCIBLE CONE 

In view of Theorem 2.2 if the open convex regular cone Q, in Rn is self-
adjoint, affinely-homogeneous and irreducible, then Proj (Q) = A f f ( D ) . We 
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establish now a structure theorem about the group Aff(Q), under the same 
hypotheses on O . 

THEOREM 5.1. (a) If {F?}AeR* denotes the foliation (3.6), then iftye Aff (Q) 
V X e R * 3 ^ e R* such that ty (Fx) = F^ 

(b) Let <\>e Aff(fl) . Then ò e Iso (Q) if and only if there exists at 
least one point qe £1 at which 

(5.1) or 

(under the usual identification TO^ = Rn) . 

k 
Proof (a) For every x e Q let TQ^ = © T (£ be the De Rham de-

composition, where T(
x

0) is the " euclidean " subspace. 

LEMMA. T(
V

0) = Lx . 

Proof First of all we note that dim T^0) < 1 , because otherwise there 
would be two distinct directions on which the Ricci tensor would vanish, con
tradicting Theorem 3.1. Since (Q.,g) is a symmetric space, at every point 
xe Q, the algebra of holonomy is generated by {R (X , Y) | X , Y e T Q J , 
where R is the curvature tensor, we have only to prove that Vxe D 

(5.2) ] £ R J * z ( * ) * * = 0 V i , * , / = 1 , . . . , « 
y 

to obtain that T^0) 2 L r Formula (5.2) can be derived directly from (3.9). 
Q.E.D. 

By a classical result of differential geometry (see e.g. Kobayashi-Nomizu 
([7])) every affinity preserves, in the De Rham decomposition, the subspaces, 

k 
T^0) and © T ^ : let now ^ be any affinity and qe Q any point of the cone, 

with W , Wx the leaves through q and ty (q) respectively. If q' e W , let T be 
an arc of geodesic joining q and q': then T lies in W , because W is totally geo
desic. The image of T under <\> is a geodesic with initial vector perpendicular 
to T§\q) = L^((?) (by the Lemma), so that it lies entirely in W± and ty (q') e W±. 

(b) Let ^ be any affinity; ^ establishes an isometry between any leaf 
W and its image <J> (W): indeed let A e Aut (Q) be such that A (W) = ty (W) 
and consider ifr-1 o A that maps W onto itself; since every leaf is Einstein with 
the induced metric, it follows that ty-1 ©A is an isometry of W . Hence con
dition (5.1) is equivalent to say that ^ is an isometry at the point q . Our as-
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sertion follows then from a well known result about affinities (see e.g. Ko-
bayashi-Nomizu ([7])). Q.E.D. 

Since every affinity preserves the euclidean supspace T ^ = L,x (by the 
Lemma), we have that V^e Aff(fìl), V#e Q , Jdxe R* such that 

(5.3) <%(*) =dx-ty(x). 

It is a straightforward matter to verify that the map d^ : Q -> R* defined by 

(5.4) d* ( * ) = ( ! , 

is of class C°°. But much more is true: 

THEOREM 5.2. The function d^ is constant (tye Aff(Q)). 

Proof. From (5.3) we obtain 

(5.5) II .<%(*) 1 1 ^ = dxn 

since 

(5.6) y^lgij(x)xixj =n VxeQ,. 

i,j 

In order to prove the theorem, we compute 

<5-7) -2.& (+W) ^ w ^ w ^ w * , + 2 S " ' t t W ) • 

Because <J/ is an affinity we can write that 

Vxe Q, and VA , / , / = 1 , . . . , n 

Replacing (5.8) into (5.7) and using (5,6) we obtain that 

- £ ^ = 0 V . - - 1 ' . . . . . » Q.E.D. 
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So we get a homomorphism d : Aff(fi) -*R* 

(5.9) d ( 4 0 = |d* | 

where we have used the same notation to indicate the function d'̂  and its con
stant value. By Theorem 5.1 the kernel of this homomorphism is exactly 
Iso (Q) . 

THEOREM 5.3. The homomorphism d is surjective. 

Proof. Fix c e R * and choose any isometry I of the leaf Ft. We now put 

(5.10) x 6 Q ty (x) = exp {c log [(<|> (x))-1^]} I (<|> {x)xln x) . 

It is easy to see that ^ is a diffeomorphism of O and that 

(5.11) VxG O W e R* ^ (tx) = exp (c log t) <\> (x). 

The fact that <\> is an affinity will complete the proof, since (5.11) implies 
that d (4>) = c . To establish this last fact, we read the action of ty on Fx X R* 
through the isometry ^t (see (3.7)) considering 

$ = <k o 4, o 4, r i : F t x R ; -* Fi x R* . 

Then V r e R * , Vwe Fx 

(5.12) $ ( w , r ) = ( I ( w ) , re). 

Since the map r -> r° of R* onto itself is an affinity, when we endow R* 
withthe metric ds2 (see Theorem 3.2), our assertion follows from (5.12). Q.E.D. 

THEOREM 5.4. Let the cone Q be self-adjoint, homogeneous and irreducible. 
Then 

(a) Iso (Q) is a closed, normal subgroup of AfF (Q) and the quotient group 
is isomorphic to (R* •) . 

(b) For any affinity ty , if tyne Iso (D) for some ne Z , then tye Iso (Q) . 

(c) Let yt be any 1-parameter subgroup of affinities. If y( e Iso (Q) 

for some t0e R* , then yte Iso (Q) \/te R . 

(d) If <\> is an affinity and if for some distinct Xx, X2e R+* i|> (Fx ) = FXa 

then ty e Iso ( Q ) . 

(e) Let ty be an affinity and put Fix <\> = {x e i ì | ty (x) = x} . If 
card {§ (x) \xe Fix ̂ } > 2 , then tye Iso ( Q ) . 
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Proof, (a) follows immediately from Theorem 5.3 

(b) If ^ e l s o ( Q ) then d (<]/*)= (d 0I0)n = 1 , hence d (^) = 1 and 
fye Iso (Q) . 

(c) If Ŷ  is defined as y* = d o yt : R -> R* , then there is a e R such 
that yf = exp (at) ¥te R . Since exp (atf0) = 1 and t0 z£. 0 , we have a = 0 , 
tence yte Iso (Q) y te R . 

(</) By integrating the relation (5.3), we get 

(5.13) .Vxe.Cl, Vt e R* ^ (tx) = exp (d* log t) ty (x) . 

Pick any # e Fx and choose £e-R such that ^ e F À , Being Ax 7^ X2, 
then * ^ 1 . So £~w cj> (A?) = <j> (2 x) = cj> (ty (ta)) = (J) (exp (d* logt) ^ (a?)) = exp 
(d logt)"w § (ty (a?)) = exp (d* logt)~n <j> (a?) 

Hence 

* = exp (d* logt) 196 1 

so that d^ = 1 and is an isometry. 

(*?) follows from (rf). Q.E.D 

We can now establish an analogue of the Schwarz Lemma holding for 
affine transformations. 

THEOREM 5.5. Let £1 be as in Theorem 5.4 and ^ any affine transformation 
If da denotes the Riemannian distance on Q., one of the following relations is true. 

1) V * j e Û da(^(x)9 ^{y))<da(x,y)\ 

2) Vf,yeQ dntt(o)^(y))>dQ(x,y). 

Moreover if dQ (ty (x), ^ (y)) = dQ (x , y) for some distinct points x , y e Q , 
then either § (x) =§ (y) or '^ e Iso (Q) . 

Proof Pick any two points x , y e Q and let y be the minimizing geodesic 
joining x and y with arc parameter s , so that y (0) = # and y ($0) = j>. Then 

SO 

(5-14) dQ («H»), + 00) < j II <%<„ y (*) lUr ^ • 
0 

For every fixed s e [0 , s0] we decompose y (s) as follows 

(5.15) y (s) = Y l (*) + Y2 (*) with 

Y I * W 6 L Y ( S ) a n d Yi (') J-Yi (*) • 
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Since ^ establishes an isometry between leaves, we ahve 

Il <%(s) (Y (*))l!,2OY(s) = Il d<K(s) (ïi (s)) ||v
2
oY(s) + || d^y(j) (y, (s))\\Lylt) = 

(5.16) 
= llYiWI&o + I I# Y ( I ) (Y ,W) | | , 2

O Y ( 0 

Let now t0e R be such that y2 (s) =t0y (s) (s is fixed); such a real number 
t0 exists because y2(s)±LY(s) . Hence (5.3) and (5.6) imply that 

II <%« (Y. (*)) lllvw = t% II <%(.) (Y (*)) IIU.) = 
(5.17) 

= «S d*'Il+ » Y (*) l l ^ o ='oa»(d (+))»• 

Noting that 

(5-18) <S « = *5 11 Y (*) llYC*> = I I Y W I U ) 

we obtain from (5.16), (5.17), (5.18) that 

(5.19) II # r ( s ) (Y (*)) |||oV(s) = || Yx (*) llT
2
(s) + (d {W II Y2 (*) llY(s) • 

If d(<\i) = 1 both (1) and (2) are true because <\i is an isometry. Suppose 
d(4») < 1: Then (5.19) and (5.14) imply that 

(5.20) dn (+ (*), «J, (y)) <J\\y (s) ||Y(i) ds =dQ(x,y). 

0 

If d (^) > 1 , we can apply the above argument to ty-1 to obtain (2). Let 
now 

&n (T1 (X) > 4 (y)) = dçi (x *y) f°r sorne x^ye Q . 

Then (5.14) and (5.19) imply that one of the following two possibilities 
occurs : 

a) d (^) = 1 or 

b) llY2(*)llY(s) = 0 Vse[0,so]. 

If (a) occurs, then ipe Iso(Q); if (b) occurs, then y (s) is tangent to the 
leaf through y (s) and so x and y lie on the same leaf. Q.E.D. 
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