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RENDICONTI 
DELLE SEDUTE 

DELLA ACCADEMIA NAZIONALE DEI LINCEI 

Classe di Scienze fisiche, matematiche e naturali 

Ferie e Sedute del '29 novembre e del 13 dicembre 1986 

SEZIONE I 

(Matematica, meccanica, astronomia, geodesia e geofisica) 

Matematica. — The equation du = / on the intersection of pseu-
doconvex domains. Nota di ALESSANDRO PEROTTI, presentata <*) dal 
Corrisp. E. VESENTINI. 

RIASSUNTO. — Viene studiata l'equazione 9w=*/ per le forme regolari sulla chiu
sura dell'intersezione di k domini pseudoconvessi. Si costruisce un operatore soluzione 
in forma integrale e sotto ipotesi opportune si ottengono stime della soluzione nelle 
norme C*v 

Let D be a bounded domain of Cn, n>2, obtained by intersecting k 
pseudoconvex domains D±, . . . , Dk with smooth boundary. Assume that 
T>j(j=i 1 , . . . , k) is of (at least) one of the following types: 

i) a strictly pseudoconvex domain; 

ii) a (Euclidean) convex domain; 

hi) a Levi-flat domain whose boundary is defined as the zero-set of 
a pluriharmonic function on O . 

Moreover, suppose that the domains D^ satisfy the condition of real trans-
versality: 

(*) Nella seduta del 29 novembre 1986. 

32. — RENDICONTI 1986, vol LXXX, fase. 7-12. 
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if. 1 < h < • • . < ir < k and ç>h (z) =*...=* p< j (z) =* 0 , then (d9i A 

A • • • A dpi ) ( # ) ^ 0 (?j is a defining function for D^). 

Let Cm (D) denote the space of functions g e O (D) such that g and all 

its derivatives extend continuously to D , and C™q (D) the corresponding space 

of (p, <?)-forms. 
We construct an explicit integral solution operator for the equation l$u ==i 

= / , where fe C™q (D) ( 0 < j > < n , \<q<n and 1 < m < + oo) and 
8 / = * 0 on D. 

Similar integral operators were constructed by Range and Siu [13] and 
by Poljakov [9] on the intersection of k strictly pseudoconvex domains. They 
also gave estimates in the uniform norms. 

Our construction is based on the existence of a sequence of forms linked, 
in a sense we shall see, to the Martinelli-Bochner-Koppelman Kernel \Jvq (see 
[1] for definitions and properties about this Kernel). 

Let pj : Cn -^R be a defining function for D^ (J =s 1 , . . . , k). We can 
find an open neighbourhood W^ of 8D^ X D^ and a vector valued function 
y = (h{, . . . , Aj) of class C°° on 

U i : - { ( , , 9 6 W i : p i ( , ) > P i ( C ) } 

with the following properties: 

a) hj (z, Z) is holomorphic in £ for fixed z\ 

*) S AK* > 0 (*< - W = ! for (^OeU, 

In the case when D^ is strictly pseudoconvex, the existence of functions 

h? as above was proved by Henkin [3] and 0vrelid [8]. If D^ is elementary 

convex] then we can take 

Finally, if p̂ - is a pluriharmonic function on O , then there exists 9 e O ( O ) 
such that p ^ = ; R e 9 . H gl9 . . . ,gn are holomorphic functions on Cn X O 
such that 

<p(*) -9(0 = 2 ^ ( * , Q ( * « - ^ ) on C»XC», 
1=1 

then we set h\\z , Ç) = & (# , Ç) (9 (*) — 9 (Ç))"1. 

The existence of functions h? with properties a) and b) permits to obtain 
the following lemma. 



ALESSANDRO PEROTTI, The equation du = f on the intersection, ecc. 497 

LEMMA. For every 1 < s < k , L = : (/x, . . . , ls) with 1 < lm < k and 
0 <p <n , 0 < # < # — s , tó#r£ e;mfa # double form T ^ (# , Ç) 0/ £y/>£ 
( p , #) m Ç dwi (TZ —p ,n — q — s — 1) in z , of class C°°on Ut P . . . Pi Uj , 
M<:A £/*#£ ojAe/z # > 1 

8 ^ * + ( — i ^ ' e ^ - i ' 
u, i>,g 

for s=l 

for 2<s<k. M 

Remark. For the case s = l , this result is essentially Lemma 1.4 in [1]. 

Now we proceed to define the integral operators: let 0 <p < n and 0 < 
< m < -\- co be fixed. Let Dj be an open, smoothly bounded neighbourhood 
of Dx such that ( D ^ D ^ x D,'<= W,- for every j = l , . . . , k . For 1 < 
<q<n, we define T„ : C!" (C») -*• C™ . ( C ) by setting 

T„(^)(0 = j g(z) A V i ( ^ Q 

From Corollary 1.5 of [5] we have T0(g)e C ^ (C«). 

For 1 < s < A , L = (4 , . . . , ls) with 1 < / , < . . . < ls < k and 1 < 
< q < n — s, let T L : C£g + 1 (C») -> C£,_, (D) be defined by 

where S(1) = D ^ D j and S L - ( n 91>im H H D i ) \ D « s
 f o r L ^ (!)• 

Here 8D^ pj 6D^ has the orientation induced by being the boundary of 

8 D i U Dj. The integrals are meaningful when Ce D, and they define C°° forms 

on D, since T £ j is of class C°° on an open neighbourhood of S L X D . 

Let g e Cm (D) . We observe that g can be considered as a function of 
class Cm on an open neighbourhood of D. In fact it is possible to construct 
a continuous linear operator E : Cm (D) -> O ( O ) such that EgiB =^g . This 
extension operator can be defined locally as the Seeley operator [11], making 
use of the fact that D is locally diffeomorphic to a intersection of halfspaces. 
Moreover E can be constructed in such a way that we have supp (E g) c c Dj 
for every g e O ( D ) . 



498 Atti Acc. Lincei Rend, fis. - S. VIII, vol LXXX, 1986, fase. 7-12 

Now we can state our main result. 

THEOREM 1. For 0 <p < n , 1 < q < n and 1 < m < + oo , let T : 

C ^ ( ^ ) ~ > C ^ - i ( D ) be the linear operator defined by Tf=^ — T 0 ( E / ) + 
m'm(k,n—q) 

+ (— 1)P+« J ] 2 ' (— l)(«-<r)» T L (6 E / ) ' . 77*^, if ef=0 onD9we 
__ s=i |L|=s 

A^t^ dTf=if on D . • 
Under the assumption that the domains D, are all strictly pseudoconvex, 

we obtain a boundary regularity result for the given solution. 

THEOREM 2. Let D c i c : Cn be the intersection of k strictly pseudoconvex 

domains with smooth boundary that verify the condition of real transversality. For 

0 <p < n , 1 <q<n and 1 < m < + oo , let T : C™q (D) -* C ™ ^ (D) fo 

/fo operator defined in Theorem 1. If f e C™q(D) and 6 / = 0 on D , ^ / z : 

if q=*n,Tfe C£,_i (D) «M<* || T / 1 | < C | | / 1 | ( m ; 

z/ q <n and m > 2 min (A , n — #) — 1, Tfe C™^ ( D ) , where 

m' = [(m + l)/2] -> min (k ,n -*«q), and 

I | T / | | C , ; _ I ( D ) < C | | / | | C ^ ( D ) > 

sumere m" —2 [(m — l)/2] + 1 , a»J C > 0 dtas not depend an f. 

(wi particular, iffe C£q (D) W 6 / = 0 , ffe» T / e C ^ (D)) . • 

In the particular situation in which D is the intersection of k balls of O , 
we can improve this result. 

TÌHEOREM 3. Let D = T>± p) . . . p> Dk , where every D^ w a ball of Cn 

and the domains satisfy the condition of real transversality. Then if fé C™q (D) 

(0 < p < n , ^ <q <n y 1 < m ^ + oo) ##</ 9/=^ 0 o# D . 

T / e C - ^ C D ) and l | T / | | ^ <C l l / l l c » ^ 

a;/i£r£ C ts a positive constant not depending on f. I 

As far as we know, Cm estimates were obtained only in the case k ~ 1 , 
that is when D is a smoothly bounded strictly pseudoconvex domain (Aizen-
berg and Dautov [1] and Lieb and Range [6]). 

We obtain a boundary regularity result also in the case when one of the 
domains D^ is not strictly pseudoconvex, or 9D has two Levi-flat portions. 

Assume that T>1, . . . , D ^ are strictly pseudoconvex, and the domain 
Dfc verifies (at least) one of the following properties: 
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a) Dk a cz O is convex, smoothly bounded, defined by pk : O -> R 
and there exist z , M > 0 such that 

<S>*{z ,X) I > M p/;(*) for every (z , Q e (C"\DA . ) X D* with j » — Ç | < s , 

where <|>*(^, Q = ^ % ^ ( * i ~ W ; 
S i o#< 

è) T>k = {# G O : pk (z) < 0} , where pk is a pluriharmonic function 
of class G°° on 0\ 

Under these assumptions and the hypothesis of real trans versali ty of the 
domains, we get the following result. 

THEOREM 4. Let D = T>x p>. . . n D * • Then if fe C™q (D) (0<p<n, 

1 < q f̂  w , 1 < m < + oo) and 8 / ~ 0 o« D , 

T / e C - ; = 1 ( D ) and | | T / | | . < C | | / | | 

i! =mt if q=m; 

v\! -— [(m — l ) / 2 ] — n -\- q if Dk verifies a); 

vi! = ; [(^ _>, l)/2] — min (k ,n — q) if T>k verifies b); 

%' =; m — n + qifDl9...f D ^ are balls and Dk verifies a) ; 

%' = m -> 2 z/ D j , . . . , D ^ are &#/& <md T>k verifies b). B 

A result in this direction was recently obtained by Michel [7] in the case 
when D is the half ball of O . He showed that one can find a solution with 
the same regularity as the datum. 

Finally, suppose that D x , . . . , DA._2 are strictly pseudoconvex and D / ^ 
and DA. are defined by two pluriharmonic functions pk^ , pk . Assume that there 
exists a complex number w with Re w=fc 0 , Im w > 0 such that 9 = w p^_x + 
+ i pk is holomorphic on Cn. 

For example, we can take D± = ; B (0 , 1) , p2 == Re zn and p3 =s Im #n — 
— û R e ^ n , where a > 0 , and get a ball sector with an angle not greater than 
Tc/2 (take w — 1 + î a). 

Under the transversality assumption, we obtain this boundary regularity 
result. 

THEOREM 5. Let D• = Dx n . . . n D*- 77œft z / / e C£fl (D) (0 <p < n , 
1 < 9 < w , 1 < m < + 00) and "9/==: 0 on D , 

T/6 C - _, (D) ««<* || T/1 | < C | | /1 | 

20/iere m' = : [(m — l)/2] — min (k ,n — q) . If q=m , £/̂ /z a# am fa&£ rri — m\ 
if the domains Dx, . . . , Dfc_2 #r£ èa/&, then rri —m — 3 . • 

(i) 

(ii) 
(iii) 

(iv) 

(v) 

rri 

rri 

rri 

rri 

rri 
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