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Analisi numerica. — On the Convergence of the Approximate Free 

Boundary for the Parabolic Obstacle Problem. Nota di PAOLA PIETRA W 

e CLAUDIO V E R D I (*•), presentata (*•*) dal Corrisp. E. M A G E N E S . 

RIASSUNTO. — Si discretizza il problema dell'ostacolo parabolico con differenze 
airindietro nel tempo ed elementi finiti lineari nello spazio e si dimostrano stime dell'er­
rore per la frontiera libera discreta. 

0. INTRODUCTION 

An important question in dealing with the numerical solution of free boun­
dary problems is the approximation of the free boundary itself. The feature of 
the problem does not allow general conclusions, since the discrete free boun­
dary could be a set with no relation to the continuous free boundary. If non-
degeneracy properties of the solutions are known, results as to the accuracy in 
the approximation of the free boundary can be given (see Bre?zi and Caffarelli 
[1]; Nochetto [10]; Pietra and Verdi [11]). 

The aim of this paper is to analyse the behaviour of the discrete free boun­
dary for a parabolic obstacle problem, discretized with backward-differences 
in time and linear finite elements in space. The continuous solution does satisfy 
non-degeneracy properties and the discrete one reproduces the same behaviour, 
provided the decomposition is of acute-type. So the discrete free boundary 
is allowed to be defined in the natural way as the boundary of the contact set 
and a rate of convergence to the continuous free boundary can be proved. The 
measure of the symmetric-difference of the continuous and discrete coincidence 
sets or the distance between the free boundaries is bounded in terms of the 
L°°-error estimate for the solutions. 

An outline of the paper is as follows. 
In Section 1 the non-degeneracy properties of the solution of the continuous 

problem are proved. The discrete problem is stated in Section 2. Section 3 
deals with the non-degeneracy property of the discrete solution and with error 
estimates between the continuous and discrete free boundaries. 

(*) Istituto di Analisi Numerica del C.N.R., Pavia, Italy. 
(*#) Istituto di Matematica, Informatica e Sistemistica, Università di Udine, 

Udine, Italy. 
(***) Nella seduta del 22 novembre 1985. 
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Let us introduce some notation. 

[i : Lebesgue measure in R N + 1 ; 

d ((x ,t),(%, i)) == max (| x — x\ , \t—t | l / 2) ; 

Q£ (x , t) = {(x , t)e RN+i : d ((x , 0 , (x , *)) < s}; 

Q s (a , 0 = {(* , *) e Q£ (S , l) 9t < 0 ; 

S£ (E) = {(x , t)e RN + 1 : d ((* , t), E) < s} , V E c RN+i, V s > 0. 

1. T H E CONTINUOUS PROBLEM 

Let O be an open bounded set of RN (N > 1). We set Q = O X ]0 , T[ , 
T < co; dp Q = ( 6 0 x ] 0 , T [ )U (O X {0}). For any S > 0, we set 0(_S1 = 
= {xe O: d (* , 60) > S}, Q{_S} = 0{_S) X [S2, T[, and for any set E c R N 

(E c RN+i), we define E8 = E n Q M , (Es - E n Q{_5)). 
Given functions fe L2 (Q) and g e H 1 (Q), with £ > 0 on 6pQ, we define 

the convex set 

(1) W = { c e H 1 ( Q ) , ì i ^ O a . e . in Q , v =g on dvQ} 

and consider the following problem 

To find ue W such that 

(P) lut(v — u)dx+ \Vu-V(v — u)dx> lf(v — u)dx V ^ W , a.e. * e ] 0 , T [ . 

It is well known (see, e.g., Friedman [8]) that if 6 0 e C2+a and 

(2) / , £ , * * , D * £ , D Î £ belong to O (Q) , 0 < a < 1 

then the problem (P) has one and only one solution satisfying 

(3). « ( , D , t t , D > belong to L ~ ( Q ) . 

Moreover, 

(4) if fe H 1 (Q) then a ( 6 L ! ( 0 , T ; H 1 (Û)) . 

Let us define the positivity set and the free boundary 

(5) ? = {(x,t)eQ:u(x,t)>0} , T = 3P n Q • 
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From now on, C , Cly etc. will denote constants independent of the point 
(x , t) and s. Finally, set 

^ Q = {(*,*)e dPQ:g(x,t)>0}. 

Throughout the paper we shall assume assumptions (2) and fe H 1 (Q). 
Under the further hypothesis 

(6) —f(x,t) > X > 0 in Q 

we shall prove some properties of the free boundary and non-degeneracy pro­
perties of the solution of the problem (P). 

The following Lemma 1 shows that the solution u cannot be uniformly small 
in some neighbourhood of a point on the free boundary. 

LEMMA 1. Let (W , I) be any point in P. For any cylinder Q£ (x , t) with 

Qs (^, 0 n %Q — <!>> we nave 

(7) SUp U(x9t) — U(x J)> r r ^ — : S2 . 
( * , i ) 6 Q 8 5 , 7 ) n p ^ I N -t- A 

Proof. Suppose first that (x, l) e P. The function 

(8) w(x,t)=u(x,t)—u(W,t) — 2 ^ " T ^ (I x — * 12 + I' — l I) 

satisfies w {x , ?) = 0 and Aw — wt > 0 in P. Hence, by the parabolic maxi­
mum principle, sup w in P O Q s (# » 0 *s non-negative and it is attained on 
( r Pi Qs (% > 0) U (3pQe (x > 0 Pi P). Since w 0 , t) < 0 if (x9t)e T and 
Qs (^ > 0 O 9^ Q = <1>, actually there must exist a point (y , T) G 8^ Q s (# , £) O P, 
such that w (y , T) > 0, hence the thesis follows. 

If (x , t) & P, we apply the result to a sequence of points (xn, tn) e P, with 

(*n » Q -*• (S , 0-

In order to prove that the Lebesgue measure of Y is equal to zero (see 
Theorem 1) we need the following Lemma 2. 

LEMMA 2. For any 8 > 0, there exist two positive constants z0 and y such 
that, for any point (x , t) e T8, we have 

(9) / r t /r_ A x — > T. V 0 < e < s0 . 
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Proof, By Lemma 1, there exists a point (y, T)G Q S (%, t) so that 
u (y , T) — Cx s

2. Since it > 0 and u e L£c (0 , T , CJ£ (O)), by Remark 1 in 
Caffarelli [2] we have | Vu (y , T) | < C2 s and then C3 s

2 < u (x , T) < C4 s
2, 

V | * — y | < C5 e. Since ute L£c (Q), then C6 s
2 < > ( * , t) < C7 s 2 , 

V (x , £) e Qcs (3^, T), hence the lemma follows. 

• 

Remark 1. Setting 

(10) As = {(x , t) e Q : 0 < u (x , t) < s*} , 

properties (3) entails the following Lemma 3. 

LEMMA 3. For any 8 > 0, there exist positive constants z0y C and y such 
that, for any point (%, l) e T8, we have 

C11) , n ,- rvT— > y > v 0 < s < s„. 

THEOREM 1. 77^ /ree boundary F has Lebesgue measure zero. 

Proof. Lemma 2 implies that 

For any measurable set E e RN+1, we have (see, e.g., Fédérer [7] Sec. 2.9) 

(13) lim 77z—r-L-~^T-J- = 1 a.e. feJeE. 
v ; « o n (Qs (5> , 0) 

Since T is measurable, then (12) and (13) imply (ji(r) = 0. 

It can be proved that the free boundary F has a N-dimensional Hausdorff 
measure finite. To this end we prove the following theorem. 

THEOREM 2. For any S > 0, there exist two positive constants s0 and C 
such that 

(14) { i ( A j ) < C e , V 0 < £ < s o . 

In order to prove Theorem 2, we need two lemmata. 
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LEMMA 4. For any S > 0, there exist two positive constants s0 and C such that 

(15) i(Au)2dxdt < C s, V 0 < £ < s 0 . 

A; 

Proof. The proof is carried out with techniques used in Caffarelli [2] for 
an analogous estimate in the elliptic case. Let 

(16) Os = {(x , t) e P : | Vu (x , t) \ < e} , Of = {(x , t) e P : | D ^ (x , t) \ <s}, 

and set Aj (*?,*) = (D; « (* > 0 A s) V (— e). We note that (Au)2 < N j (Dw w)2, 
hence we get * 

(>7) J W d, d, < N J ? (D„ „)- d, * < N J J (D„ .,. A, * , 
(of)s 

since Os cz O*. Moreover 

(18) f (D^z/)2d*d*< J V D ^ -VD^dxd* = f VAf - V D ^ d ^ d * . 

(O*)8 (G*)S 9{-8} 

Noting that ^ ( r ) = 0 (see Theorem 1), Aj = 0 on T, A*eL£ c (0 ,T; 
C^(O)) and — ut+f=— Au in Ps, we obtain (recall (4)) 

J VAÌ • VD^ u dx dt •== f(D; (— ut + /)) A* d* d* + 

Q|-S! P 8 

(19) 
T 

( f (6vD^)Afdsd* 

s2 an{_S}nP(i) 

by using approximation arguments. By Remark 1 in Caffarelli [2] 

(20) A f c z O ^ , 

hence from (20), (17), (18), (19) the assertion (15) follows. 

LEMMA 5. For any S > 0, there exist two positive constants s0 and C wA 
that 

(21) 
I / a , dad* < C s 2 , V 0 < s < o 0 , 

12. — RENDICONTI 1985, vol. LXXIX, fase. 6 
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Proof. Let Be (x) = {t e] 0 , T [: (x , t) e A J and set us (x , t) = u (x , t ) A 
A s2. By using Fubini theorem and integrating by parts, we obtain 

\futdxdt — futdtdx—i fus(dtdx= 

A
8 "(-S) Bs(*)nl82,T[ Q h S ) 

(22) 

= - j fusdtdx + J / z / s | T
s 2 < C s 2 , 

because fe H1 (Q). 

Proo/ of THEOREM 2. In the set P we have Au — ut = — / > X > 0, so 
that 

(23) X2 < (Au — uty = (Aw)2 — u\ + 2 u , / < (Ai/)2 + 2utf. 

Then we obtain 

(24) ^ (AJ! ) = J - f X2 d* d* < - - f ((Aw)2 + 2utf) dx dt, 
X2 J X2 J 

A* A: 

hence Lemma 4 and Lemma 5 yield the thesis. 

The strip S s ( r s ) can be obtained by covering T8 by means of cylinders 
QciE (5?, t), (5ë, l) e T8. One may restrict the coverings to be such that each 
point of T8 is contained only in a finite number N * of cylinders, where N # is 
independent of the covering and of s. 

THEOREM 3. For any S > 0, there exist two positive constants s0 and C such 
that 

(25) y. (Se (T
8)) < Cs , V 0 < s < £0. 

Proof By Lemma 3, there exist positive constants s0, C2 and y such that 

(26) {, (S. (I*)) < S ^ (Qci°) < A Sj , (Q<V n A ^ e ) < ^ i, ( A ^ s ) , 

hence Theorem 2 yields the property (25). 
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2 . T H E D I S C R E T E P R O B L E M 

The problem P is discretized by piecewise linear finite elements in space 
and by backward differences in time. 

Let m > 1 be a integer, £ = T/m be the time-step and V = ik, i= 0 , . 
. . , m. Let {^hih be a family regular aind quasi-uniform of decompositions 
of O into closed N-simplices (see, e.g., Ciarlet [4]); h stands for the mesh-
size. For the sake of convenience, suppose that Q, = Qh = U T, that is, 

we are considering polygonal domains. Let now {XJ}"^ be the nodes of ^hy 

numbered as follows 

{#7-}7°=i are the internal nodes, 
(27) 

{Xj}nj=n 4! are the nodes on the boundary 8Q, 

and denote by W (W) the vector of R^o (Rn) of components Wj,/ = 1 , . . . , n0 

(j = 1 , . . . , n). Let us set 

(28) V , = {xe C ° ( 5 ) : Z|T is linear V T G ^ } 

and indicate by {<PJ}]=I the canonical basis of Vh. 

The integrals <p9-<pzd# will be calculated by the following quadrature 

formula 

(29) (9 j, 9 z)A = 0 if /=£ / , (<p,., <pj)h = i 9,. d* . 

Let us define the matrices 

M = {mx} = {(9,., 9/) Jy ,L > 

(30) A = {ajl} = { [ V9j • VÇl d * } ^ ; i ï = 1 , A = {aàH-i, 

Setting 

B = 

Fj = 

Gi 

={**}= 

Q. 

Q 

= M + £A. 

**) ?i 0*0 dx , 

n 

/=W o+x 

(31) 7 = 1 , . . . , w 0 , / = 1 , . . . , m , 
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the discrete problem is the following 

n 

( P M) uhk=rLg(x3>Q)<9i 

n 

for i=l , . . . ,m , find uhk = ^ Uj cpje Vh such that 
/ = i 

U j ' = £ (xj > **) > y = «o + 1 , . . . , « ., 

(32i) U* > 0 

(32ii) B U ^ > 4 ( P - GO + M U*-1 

(32iii) ( B U ^ - A (F* — GO — M U*-1) U* = 0 . 

This problem has one and only one solution (see, e.g., Glowinski, Lions 
and Trémolières [9]). The discrete solution of the problem (P) is the function 

The assumptions on the finite element space imply 

n 

(33) S ^ z ^ O , • y = i , . . . ,w 0 . 
1=1 

In order to obtain a parabolic discrete maximum principle (P.D.M.P.) 
we need further hypotheses on the decomposition. We consider decomposi­
tions of acute-type (see, e.g., Ciarlet [3], Ciarlet and Raviart [5]). In these cases 

(34) ajt<0 if j&l. 

Denote by T* = T X [P*1, P] , T e ^ , * = 1 , . . . , m , and set $~hh = 
=s {T^ : TG«fA; 1 < i' < m}. Consider a connected union of elements oitThJc. 
We shall denote by D either this set or the set of its nodes and define 

dp D = {(xj , f ) e D : (xô, f*-1) 6 D or 3xt e supp <p,. : (xl, **) 6 D} . 

We report the statement of the P.D.M.P. The proof is an easy extension 
of that one in the elliptic case. 

THEOREM 4 (P.D.M.P.). Let D be a connected union of elements of ^hlc. 
Let { # } / ! ! 0 e R^x^+i) such that 

(35) mjj (W/ — Wj-1) + k (ÂW%- < 0 , V (xd, P) e D — dp D . 
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Then 

(36) max W) > max W j . 

3. APPROXIMATION OF THE FREE BOUNDARY 

We define the discrete positivity set and free boundary 

(37) FhJc = {(x,t}eQ:uhJc(xJt)>0}, I \ , = 8 P M n Q , 

and observe that T?kk is an union of elements oî^hk. 

The following Theorem 5 is a result of non-degeneracy for the discrete 
solution. 

THEOREM 5. There exist three positive constants y0, h0 and k0 such that, for 
4 

any 0 < h < h0y for any 0 < k < k0y for any r > 2h and r2 > — k and for any 

node (## , t*)e Vhh with Qr(x% ,t*) Ddp Q =§ , we have 

(38) max Uj > y0 r2. 

Proof Set c r # ( # ) = | # — xm |2 and consider the vector @# of its nodal 
values. By Theorem 3.3 of Brezzi and Caffarelli [1] there exist two positive 
constants S0 and 8^ independent of h and xm such that 

(39) - S0 J <?j (x) dx < (A®% < - 8,j9j (x) âx , j = 1 , . . . , n0. 

For i = 0 , . . . , m , consider the vector W* of components 

(40) Wj = Uj - 2
 X

+ (a* (*,) + | f« - *« |) , y = l , . . . « , 

where X is the constant defined in (6). 
Let D the connected biggest union of elements oî^hlc such that D — dp D c 

c P M O Qr (<% > t*) and such that x# e int {# : (# , t*) e D}. By (32.iii), in the 
nodes (xj yt

l)eD — dp D, we have 

(41) m , i ( U J - - U ) - i ) + / e ( A U ^ = A F ; , 

hence from (33) 
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(42) mSi (W/ - WfO + k (AW«), -

Then from (6), (29) and (39) we obtain 

(43) m„ (W/ — Wj-1) + ft (AW*)i < — k—-mj}<Q. 

Then the P.D.M.P. implies that {W*}?L0 takes its maximum in D on a node 
(a?p, P) on 8̂  D. Clearly W* > 0, so that U* > 0 and hence (xp, /*) € Fhk. 
It follows that 

(44) d ( f o , # ) , 8, Q, (* , ,**))< A or < ^ , 

then 

(45) a*(^) > ( r —A)2> or (t* — **) > r2 — k > — . 
4 4 

On the other hand, W« > 0 implies U« > — (a* (xv) + (t* — **)) 
2 ("0 "I 1) 

hence the assertion (38) is verified with 

(46) Yo 
8 (So + 1) 

Now we shall bound the distance between the free boundaries by means 
of thè L°°-error between u and uhk. In order to do that, we will assume that 
the time-step k is chosen as k — c h" (a < 2); moreover we assume that an L°°-
error estimate of the type (47) is known (see, e.g., Cortey Dumont [6]; Pietra 
and Verdi [11]; Fetter [12]): 

(47) sup || u (**) — iihh ||Looto) < n* (h) 

with lim 7) (h) = 0 , -~J- > 2p y y0 for h small enough, 

were y0 is given by (46) and p = max 
( • • V f ) 

In order to obtain the final Theorem on the rate of convergence of the 
discrete free boundaries, we state two lemmata. 
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LEMMA 6. There exists a positive constant h0 such that, for any 0 < h < h0y 

for any node (xm , t*) e Q and for any r > 0 with Qr (x% , t*) O 6* Q = (j> and 
v)2 (h) < Yo r2, we have 

(48) u(x,t) = 0 i n Q r K , * # ) n Q = > t f A t ( ^ # , * * ) = 0 . 

Proof. Assume that u(x , t) = 0 in Q r (## , £#) P) Q a ^d suppose that 
vi2 CM 4 

MA* (*# , **) > 0 . By (47), rl > — — > 4 p2 /*a > —- * and r > 2 h«'2 > 
To 3 

>2h. Then we can apply Theorem 5 and obtain 

(49) max Uî > y0 r
2 > Y)2 (h) . 

{xitt)eQ(x ,t*)r\Q 

So the error estimate (47) is contradicted. 

n1 3 _j_ 2) 
LEMMA 7. Set ŝ  (A) = Y) (A) - = — . There exists a positive constant 

2 y yo 
h0 such that, for any 0 < h <h0y we have 

(50) ( Q _ p ) _ S h < w ( r ) c : Q - P A 4 . 

Proo/. Let s* (h) = - - L i and S = (Q — P) — Sg (h) (T). If (*# , **) is a 

node belonging to S, then u (x , t) == 0 in Q ^ (## , « * ) n Q and Q ^ ) (*# , **) p) 

P 8*Q = <[>. Hence, Lemmo 6 yields */AA. (## , t*) = 0. 

The strip Se (̂ ) (T) is not large enough. Indeed, there could exist an ele­

ment ol^hlc with a vertex in S and a vertex in Phk. It is sufficient to remove a 

further strip of width Ì 3 p Aa/2 from S. Globally we remove a strip of width 

£2 (A) from Q — P, and then (SO) holds. 

THEOREM 6. For any S > 0, there exist two positive constants h0 and C 
such that, for any 0 < h <.h0, we have 

(51) | i ( ( P - r P « ) » ) < C , ( A ) . 

Proof Lemma 7 implies that 

(52) ( P „ - P)« = ((Q - P) - (Q - Phk)f c Sei(A) ( H ) . 
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On the other hand, if (x , t) e (P — PM) 8 , w e have uh1c (x , t) = 0 and then 
0 < u (x y t) < C\ v]2 (h), by means of the error estimate (47). Hence, we obtain 

(53) ( P - P ^ c S # ( P ) U A ^ } . 

Theorem 3 yields ^ (Sg (A) (F*)) <Cet (h) and Theorem 2 yields jx (A6
C y(h)) < 

< C v] (A). Then the thesis follows. 

• 

Remark 2. If we assume the following property 

(54) V 8 > 0 , 3s0 , C > 0 : A * c z S c s ( r * ) , V 0 < e < s0 , 

then the distance between the free boundaries can be estimated. Indeed from 
(53) it follows that 

(55) (rM)sc:Sc,U)(n. 

Actually, property (54) could be obtained from the non-degeneracy pro­
perty (7) if the continuous free boundary is regular. 

CONCLUDING REMARK. Here, the error estimates (51) and (55) for the free 
boundaries have been obtained in the cylinder Q. In Pietra and Verdi [11], 
where the approximation of the free boundary for the multidimensional one-
phase Stefan problem has been treated, bounds of the same feature have been 
derived at each time level. There, the positivity of ut allowed us to reduce the 
problem to an elliptic case. In a general parabolic variational inequality, the 
lack of mono tonicity requires the different analysis here used. 

i 
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