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ALDO MACERI, A discretization method for the problem, ecc. I l l 

Meccanica dei solidi. .— A discretization method for the problem 
of a membrane constrained by elastic obstacles (*). Nota (**) di ALDO 

MACERI (***), presentata dal Corrisp. E. GIANGRECO. 

RIASSUNTO. — In questo lavoro sono dati alcuni modelli matematici per il pro
blema di contatto tra una membrana ed un suolo od ostacolo elastico. Viene costruita 
una approssimazione lineare a tratti della soluzione e, tramite una disequazione varia
zionale discreta, se ne dà il corrispondente teorema di convergenza. 

1. Many contact mathematical problems between elastic and non-elastic 
bodies were recently analyzed. Such models of some physical systems fre
quently encountered by engineers were deeply examined in connection with the 
growing development of the convex analysis and of the variational inequalities 
theory. 

In particular, some membrane contact problems, involving second order 
differential operators, have been widely discussed. The case of a membrane 
constrained or forced by a rigid obstacle is a classical one [1]. The contact bet
ween two membranes transversely loaded was also examined, both from the 
point of view of existence, uniqueness and regularity of the solution [2], and 
of its numerical analysis [3]. 

The problem posed by an " elastic " (in some elementary sense) obstacle 
bounding the displacements of a membrane was analyzed in [4], [5] as far as 
existence, uniqueness and regularity of solutions were concerned, and in [6], 
to give a computational procedure for simple cases. 

This paper is devoted to the analysis of the contact problem of a membrane 
stretched by an elastic obstacle (in particular, constrained by a subgrade, elastic 
in the Winkler's sense), which appears to be still not completely studied. We 
give first some mathematical models of the continuous problem, and we discuss 
their equivalence. A finite element discretization procedure of a variational 
non-linear model is then described, and we prove its convergence. 

(#) Financial support from the Ministry of Education of Italy (M.P.I.) for 
this work is gratefully acknowledged. 

(# #) Pervenuta all'Accademia il 19 settembre 1984. 
(***) Istituto di Scienza e Tecnica delle Costruzioni della Facoltà di Architettura 

di Roma. 
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2. Let us consider a plane membrane, and let us denote by D, the region 
of R2 occupied by the membrane. We assume that O is open, bounded and 
of class & (1)>1 [7]* The membrane is fixed at the boundary points of Q, is tran
sversely loaded by distributed forces fe L2 (O) , orthogonal to its plane and 
positive in the #3-axis direction, and is uniformly stretched in its plane by a stress 
te ] 0 , + oo[. 

Let us denote as u (xt, #2) the membrane's deflection, positive in the x3-
axis direction, and let us assume u to be " small " in the usual sense. Further
more, the membrane is stretched (or constrained) by an elastic body. We 
describe the body shape by a function 9 e L2(Q) , and we assume its reactions 
on the membrane to be parallel to the %-axis (frictionless contact) and to have 
the form (1) — h (u — <p)+ , where h e L°° (O) , h > 0 a.e. on D . In particular, 
<P = 0 corresponds to the case of a Winkler's subgrade. 

The problem is to find the membrane's equilibrium configuration, i.e., let 

A = — t[ —,- + —-
\dxl 6#2 

Problem 1 

ue HJ(Q) n H 2 (Q) : Au + h (u— 9)+ = = / a.e. on O . 

This contact problem can also be formulated in a different way. In fact, 
it is easy to show that the complementarity problem 

Problem 2 

Au—/<0 a.e. on Q 

ue HJ(Q) n H 2 ( 0 ) :{Au + h(u— 9 ) — / < 0 a.e. on Q 

(Au—f)(Au + h(u — 9 ) — / ) = 0 a.e. on Q 

is satisfied by each solution of Problem 1) and vice versa. 

In [4], the proof that Problem 2) has a unique solution u is given. Mo
reover, a regularity Theorem [5] ensures that ue VL2p (Q) i f / , 9 e \J (Û) , 
p > 2.-, and that ue H3'^ (Q) under stronger hypotheses on / , 9 , h , O . 

But, both previous statements of the mechanical problem are nearly useless 
for the purpose of numerical computations. To this aim, the use of variational 
formulations appears to be more adequate. Then, let us set 

. , x f / du dv du dv\ - , x /TT1 / ^ x x o 

a(u,v) = t\(—-- + — --)àx V ( « , » ) € ( H J ( Û ) ) » 
J Vox, OX- ox9 oxj 
a x 1 2 2 

(1) We let v+ = max {v , 0} . 
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(F9v) = jfvdx Vve L2(Q) 
Q 

E2(v) = - J h[(v — q>)+]2dx V ^ e L 2 ( Q ) . 

Q 

Obviously, 3 ct e ]0 , + oo[ such that 

(1) a(v9v)^c1\\v\\liHci) V ^ e H J ( Q ) . 

Moreover [8], the functional E2 is convex and Gateaux differentiable in 

HJ(Q). 
Let us consider now the total energy minimum problem 

Problem 3 

u e HJ (Q) : — a(u >u) — (F , u) + E2 (u) < — a (v , v) — (F , v) + 

+ E2(v) V »eHJ(Q) 

and the (virtual work) variational equation 

Problem 4 

ue HI (CI) : a (u , v) + I h (u — <?)+ v d x — (F , v) =0 V ve HJ (Q) 

and the mixed type variational inequality 

Problem 5 

ueW0(O):a{u,v — u) + E2 (v) — E2 (u) — (F , a — M) > 0 V ^ e H J ( Q ) . 

To prove that these problems are variational formulations of Problem 1, 
we need a regularity result. Therefore, for every S > 0 we let Ss = {y e R2 : 

| y | < S} , 2> = {(y1,yje S8 : y 2 > 0} , H (8) = {ve La (S8) : 3 S,e ]0 , S[ 
such that ( | y \ > SJ => (z; (jy) = 0) a. e. on Ss} and we notice with s8 the cur
vilinear measure on 8 S 8 [7]. Furthermore, we consider the bilinear integrodif-

ferential form b(u,v)= J ) Ks &su Drv dy V (u,v)e (H1 (28))2 where 
|r | < 1 J 
U | < 1 S3 

ftr4 G L°° (S§) . By proceeding as in [8], we prove 
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LEMMA 1. Let us suppose 

brseC^CZ8), z / e H 1 ^ ) , */ = 0 s8 — a.e. on {{yx, j/2) e S s : j 2 = 0} , 

3c2 6 ]0 , + oo[ : b (v, v) > c2 j ( ( ^ ) 2 + ( ^ J ) ày \fv e U] (S,) H H (S) , 

3^3e ]09 + co[:\b(u,v)\<cB\\v ||L2 (ss) W e H* (Z*) H H (S). 

( S ' e ] 0 , S [ ) = * ( M € H M S 8 ' ) ) -

Now we can prove 

THEOREM 1. The following statements are equivalent 

u is solution of Problem 1 ; 

u is solution of Problem 3 ; 

u is solution of Problem 4 ; 

u is solution of Problem 5. 

Proof. It is sufficient [9] to prove that every solution of Problem 4) be
longs to H 2 ( Q ) . 

Let ze BO . Then [7] an open neighbourhood Z of $ , a Se ]0 , -f- oo[ 
and an invertible application Y = (Y2 , Y2) of S§ onto Z exist such that Y e 

e O 1 (S*) , Y - 1 e O 1 (Z) , Y (Sa) = Z+ were Z+ = Û pi Z , 
a(T"T'>O0l 

= 1 V j e S a . 

For every (5 , w) e (HJ (H§))2, if we let v = v o Y - 1 and w = w o Y - 1 , we 
have [9] 

' / ( S £ x + S2 aï) d* =7.2/*• (y) * 5 (y) D-« (y) cty = * (5 , s» 
z+ |3|<iss 

where ba$ e C0>1 (S8) is independent from (v yw). 

Now we observe that, if v e HJ (S8) O H (S) and we let 0 = v ° Y _ 1 on Z+ 

and ^ = 0 on O — Z+ , because s; e HJ ( fi) and 

2 f | EKS |ady <r4 2 T | D r v | a c b > 
!r| = x J • |r| = :v 

£S Z+ 
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where cé e ]0 , -f- oo[ does not depend on v , we have 

b (v , v) = V ti D s v (x) Dr v (x) dx = a(v ,v)>ct V | Br v |2 d# > 
\rf=i J kf=lJ 
kl=i z+ z+ 

Moreover vS € HJ (S8) n H (S), by putting u=u°x¥ ,v = vo Y~l on 

Z+ , v = 0 on O — Z + , because a (7/, v) = ( F , © ) — / (u — <p)+ © d# , we 

Q 

have 

\b(u,v)\< (| |/ | |L2(o) + || h ||L°°(o) || (* — ?) + ||L2(0)) ||« ||L2(Z+) < ^l|2||L2(Ss) 

where c5 G ]0 , + co[ does not depend on v. 
As a consequence, by using Lemma 1, Y 8 'G ]0 , S[ u e H2 (28/) . Regula

rity on the boundary then follows. Interior regularity being known [10], we 
have ue H2 (Q) . 

The last three equivalent formulations appear to be very useful to generate 
discrete models of the membrane contact problem, mainly because of their need 
of a very simple functional space, HJ (Q) . This will be made in the next sec
tion, with a particular reference to the approximation of Problem 5. 

3. Let ne N. Let^~n be a finite family of closed triangles of R2 such 
that, VT e Fn, T c Q and meas (T) > 0 , and such that VTX, T 2 G Fn Ta n T 2 

is empty or is {a} where a is a vertex of rV1 and of T 2 or is an edge of T{ 

and of T2 . Moreover, we let Çln=\J T , ln= sup diam ( T ) , sn~— sup 

diam (T)/sup {diam (C) : C closed circle c T} , ln = {xeQ : x is a vertex 

of a T e J , J ' , i ; = {*e I n : ^ € 8 ^ J , 

J*"; = {T G ^ : a vertex of T G 8QJ , Q; = U T 

and suppose 
(2) lim 4 = 0 ; 

3c6 e ] 0 , + o o [ : V « e N î w < c 6 ; V W compact ç Q 3v G N : W ç Qm Vm > v. 

Last two hypotheses imply 

(3) lim meas (Q, — Q,n) — 0 , lim meas (Q^) = 0. 

Let us now introduce the space Px given by not greater than 1st de
gree polynomials of R2 and let us denote, with ax, . . . , am the elements of 
Vn. Moreover, we denote Vie {1 , . . . ymn} with gni the element of C° (Q) 
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such that gni fa) = 1 , gni {a) = 0 Va e In — {a J , gni | T G P1 VT e ^n and we 
introduce the subspace H^ of HJ ( O) 

mn 

X - ^ £»* : X; G R 
t = i 

After that, Vv e C° (Q), let us denote with rn v the element of Hn such 
that rn v (x) = v (x) Vx G Vn . Moreover, we let 

(4) s#l = max {/f , meas1/4 (Û — Qw), meas1^ ( Q ; ) } , 

?n = r;i hn * ? 

and recall [7] that Js # 9 G C°° (R2) and 

(5) l im || ]Zf* 9 — 9 || L2(Q) = 0 . 
n ~» + 00 

Finally, we let 

mn 

*"*= 1 

1 r r mw n2 mn 

E2n («g = _ I h I 2 (Vm — $m)+ £m (*)] J dx Wn = 2 Vni gni G H, 

and consider the mixed type variational inequality 

Problem 5' 

uneHn :a(un,vn — un) + E8n (vn) — Em (un) — ( F , vn — un ) > 0 V ^ G Hn . 

We have 

THEOREM 2. Problem 5' allows a unique solution. 

Proof. Uniqueness is obvious. About the existence, because 

lim \a(v,v)+L ( h f" 2 (ym — °m) + £ m T d* — 
^6HM I * J Li= 1 J 

Ikll-^+oo ^ 
H l ( Q ) 

— '̂ f* [.?/"" °™)+ fe]2 ̂  J " V l,H'(Q) = + ° ° » 
it is sufficient [11J to prove that 

(6) E 2 „ - ~ j h ^ f, (-®ni)
+gniJ dx 

is weakly lower-semicontinuous. Because H n has finite dimension, for every 
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convergent sequence < ^ V ^ gni > , whose limit we notice with ^ Vni gni , 
I* = 1 J i= 1 

we have 

II r~ mn mn —i II 

lim \\h^\ ^(V.n.-^n.)+gni- 2 ( V ^ - O ^ + ^ i = 0 . 
/-> + oo II L ï = 1 «= 1 J |':I>(0) 

As a consequence, 

V^ e R I v 6 Un : E2n (v) 
ir rS n2 

is closed in H 1 (O) and this result implies (6). 

mn 
Let us notice with un = J J Uw^m- the solution of Problem 5'. Before 

z = 1 

proving that {un} is convergent towards the true solution u of Problem 1, we 

establish some Lemmas. 

LEMMA 2, It results 

i) lim (Je #(p)2 d# = 0 
n—> + oo J 

ii) V w e N and Vie {1 , 2} max 

Proof. Let we N. We have 

Q - Q „ 

dx,. 
(*) | < /^ 2 | | 9 l lL2(o) 5. 

6^-
L2 (R2) 

V^GQ | Js # 9 (x) I = 

R 2 

< 

*? II9 IIL2(O) ( J J2 ( - ^ T " ) dJ> Y = £;1 "9 "L2(Q) "J "L2 (R2) 

R2 

from which, taking account of (4) , 

j (L„* 9)2 dx < s;21| 9 ||2L2 ( 0 ) || J ||2L2 (R2) meas (Q — Qn) < 

O — Q , 

< II 9 ll2L2(n) Il J I IW*> meas ^ ( D - Qn) 

this result, because of (3), implies i). 
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About ii), let ne N and te {1 , 2} . We have, \fxe Q , 

Un Y (X) 
dXi 

R2 

? ( y ) - 5 - ^ ( * - y ) d > ' | < e ; 3 | | 9 | | L , ( 0 ) 1 J _ 2 2 
L (R 

As a consequence, because of (4), the thesis follows . 

Now, V w e N and VT e Jn let us notice with a , b, c the vertices of T 
and, V ^ e T , with ta (x), tb (x) , tc (x) the barycentric coordinates of x , so 
that [12] 

(7) *« IT . h IT , *„ IT e Pj 

(8) fa (a) = tb (b) = tc(c) = l, ta (b) = t„ (c) = tb (a) = tb (c) = te (a) = 

= te(b) = 0 

(9) ta (x) + tb (x) + te (x) = 1 V K T 

(10) Vj>eP, /> (*) =p (a) ta (x) + p (b) tb (x) + p (c) tc (x) V x e T . 

We have 

LEMMA 3. It results 

lim || cp„ — Je * <p IL* (n) = 0 • 

Pra>/. At first we notice that V» e N , VT e $~n and V* e T it results (2> 

I JsK* 9 (a) — J % * «p (*) | + | ],n* cp (i) — J % # <p (*) | + | ]Sn* <p (c) — 

- J « * ? ( * ) I < 3 4 { m a x 
#sQ 

8Js # <p , . 

8x2 

+ max ^ T (x) 
) • 

As a consequence, taking account of (7), (8) , (9) , (10) and Lemma 2, 

j I ?n — J e / 9 I 2 d* = J Vn J e / ? (*) — J e / ? (*) |2 dtf + J (J^tt ? ) 2 dtf < 

^ 2 S f I J-»* 9 (") fa (*) + J.,,* ? (*) h (*) + J . / ? (') *e (*) — TsjTrc 

<2> Clearly VneN , V T e j ^ and Vge C°° (Q), VxeT | g(«) — g(a) | + | £ (è) 

— g(x) \ + | g(c) — g(x) \ < 3ln [ max (x) + max 
dxl xeQ dx9 

•(*) 
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— Jsw * 9 (x).(ta (x) + tb (x) + tc{x)) |2 d* + I (JSn # 9 ) 2 dx + 

a—an 

+ 18 meas (£}'r) max2 | J, # 9 (x) | < 
x e O 

< 3 6 4 | | 9 | | 2
L 2 ( Q ) 

3J ! +1 
L2 (R2) 1 

8#2 

2 

L2(R2) 
meas (£i) + (Je * 9)2 d# -f-

o —o. 

+ 18meas^(0 ; ) | |9 ÌE2 t o ) | | J | |L2 ( R2) 

and thus the thesis follows because of (2), (3) and Lemma 2 . 

LEMMA 4. For every we C~ (Q.) we have 

lim E2n (rn w) = E? (w) . 
rc->+oo 

Proof. Let us notice that (5) implies [7] 

(11) lim ||A%(w — J t f i « 9 ) + — A % ( « — 9 ) + I I L 2 ( O ) = 0 . 
K-»+0o 

On the other hand, V « e N , V T e ^ " t t and Vxe T we have 0> <3> 

I [«> («) - hn* 9 («)]+ *« (*) + [to (b) — L„* <? (g)]+ h (*) + [w (c) — 

— J.„» ? («)]+ '« (*) — [«" (*) — Js„* ? (*)]+ I < I [w («) — L„* ? («)]+ — 

- [w (*) - J . > ? (*)]+ 1 + I [w (*) — L„* 9 (*)]+ - [» (*) - J E B # 9 (*)]+ I + 

m< 
X F 

max 
£3 8^ (*) + 

+ max 
6w 

8x> 
(*) + max Jsrc r (a?) + max 

x £ Q 

9 J - * * (X) 

8#o ) • 

From this result, because of Lemma 2, it follows 

V» 6 N J I A* [ g (WBi - **)+&*] - A* (w - J.,* ?)+ I2 dx < 

fÇ- « l | [ w {a) ~~~ hn* 9 ( a ) T '"W + [w (è) ~~ J,"# 9 (é )T'* W+ 

T 

+ I » (<0—Lw* ? to] *, (*) — [ro (*) —hn* 9 (*)J d* + 

<2! l /2 lL°°(n) 

<3> W e have Va.beR I a+ — b + | < | a — b I. 
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+ Il h ||Loo ( a ) I \w — ]&n* 9 |2 d* + 18 || h ||L00<Q) meas (Q'J max2 | J£%# 9 (x) | < 

Q-Œ~ 

< 72 Z* Il h ||Loo(Q) meas (O) (max2 

+ max2 

x e ^ 

9w 

8#9 
(*) + Il ? IIL2(a) ^ i5! 

L2 (R2) 

8œ 

+ 

(x) + 

dx2 L2 (R2) + 
+ 2 II A II max w* (x) meas (O — Qn) + 2 || A \\h°° (Q) f (J£n# <p)* d* + 

Loo(Q) xeQ J 

n-nn 
+ 18 meas * (Q'n) || A ||L<x-(D) || ç ||£2(n) || J | | L*2 ( R2). 

As a consequence, because of Lemma 2, (2) and (3) 

(12) lim H m f" 2 (W„, - O w i )
+ ^ l - ** (« ~ K* <P)+ HL2 to) = ° • 

w->-foo Lì==l J 

(11) and (12) imply the thesis. 

Finally, let us prove 

THEOREM 3. It results 

lim || Mn — «/HHI(Q) = 0 . 
w->-foo 

Proof. We divide the proof into three parts. 

As first step, we show that a subsequence of {un} exists weakly convergent 
in H 1 (O) towards an element z/0 of HJ (£3) . In fact, because of (1) and taking 
into account that, \fn e N , un is a solution of Problem 5', 0 e Hn and E2n (an) 
> 0 , we have 

(13) V ^ N c, || an llf^n) < E2n (0) + < F , % > < 

< l l l A IL (Q) l j £ f — °n<J £»* (*)J àx + ||/||L2(n) || un ||HI(O) 

Now let neN. We observe that VT e^n and V x e T , taking account of 
(7) , (8) and (9) , it results <2> <3) 
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+ I — J.„*«P(*)j h (*) + I — Js„* ? (c) h (*) — I — L„* <P (*)J lta (*) + 

+ *& (*) + ' , ( * ) ) < L * <P (a) — J, • ? (*) + J, * 9 (*)— Jt *?(*) + 
/ I 

) 
J # cp (c) — J * ? (*) max " (#) + max < 3 / „ ( 

As a consequence, because of Lemma 2 , 

r mn / \ + . i- . - i + |2 

I S ( ™ °ni J gni (*) ~ I— Je,, *<P (*) J àx = 
Q 

=1S J SX-0**) ^ w - L " L ^ 9 W J I d* + 

r r -|2 / Il 9J It2 

+ I ~~ J £ / 9 ^ d# < 36 4 II 9 ||^2(Q) • meas (Q) f | — 

2* 1 (x) 

n-nr 

3J 
I dx» | L2(R2) + Ne„*?j àx 

L2(R2) + 

+ 18 meas»/» (Q;) || cp |£2( f i ) || J \\lKm ; 

Q - Q , 

thus, because of (2) and Lemma 2 

mn 

(14) lim || 2 ( - <&n<)+£»i - ( - hn* 9 ) + IIL2(Q) = 0 
n-*~\-oo i=l 

We observe now that from (5) it follows [7] lim|| (— Js^# 9)+ — (—<P)+!ÌL2(Q) = 
n -» + 00 

= 0 which, with (14), implies 

(15) lim^J[g(-0)Bi)
 +

 J?niJcb=J[(-<p)+Jd^. 

Therefore, because of (13) and (15) a c7 e ]0 , + oo[ exists such that V « e N 

II «n llfil(Q) < C, + ||/||L2(o) II «n lb* (O) T * < '7 + Il/IIL«(0) ^ / 2 + || % l&l (fl)/2. 

As a consequence 

(16) 3c 8 e JO, + oo[ : || un ||Hi <Q) < > 8 V ^ e N . 

(16) implies that it is possible to extract from {un} a subsequence (which we 
indicate by the same index), weakly convergent in H1 (Q) to an element u0e 
e H J ( £ 2 ) , i.e. 
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(17) un — u0 in H1 (Q). 

As second step, we show now that 

(18) u0 = u. 

mn 

Let w e C£° (Q) , « e N and rn w = ^J Ww* #m, . Because un is solution 

of Problem 5' and rnwe HJ (Q) we have « (un, z/w) + E2n (un) < a (uny rn w) + 
+ E2n (r^ &>) — ( F , rn w — un ) . This result, taking into account that 0 < a 
(un — u0yun — u0)=^a (un ,un) + a (u0, u0) — l.a (un, u0) , implies 

(19) V w e N — a (tt0, w0) + 2 a (Mn , u0) + E2w (MW) < a (un ,rnw) + 

+ E2n (rnw)— ( F , rft w — un ) . 

Now, let us notice that, since we C~ (Q) , it results [12] 

(20) lim \\rnw — w||Hi(o) = 0 
72-»-f oo 

from which, because of (17), rn w — un-^w — u0 in H 1 (Q) . As a conse
quence 

(21) lim ( F , rn w — un ) = ( F , w — uQ ) . 
w->+oo 

Moreover from (17) it follows 

(22) lim a (un , u0) = a (u0, u0) . 

Furthermore, 

V ^ e N \ a (un , rnw) — a (u0 , w) \ < 2 t \\ un ||Hi (n) || rnw — w ||H1 (Q) '+ 

+ | a(un — u0yw) | 

and thus, because of (17), (20) and (16) 

(23) lim a (un ,rnw) = a (u0 , w) . 
w-*-foo 

Finally, we prove that 

(24) lim' E2w K ) >l(h [(u0 — <p)+]2 d* . 

Q 

Obviously, since \fne N 

2 (u^—(D^i ^(*> > ^ 2 (u^ — °»<J&n(*)J v*e °> 
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we have 

(25) VII e N E * (un) >\fh \^un - cpj+J d* 

On the other hand, because of (17) and Lemma 3, we have lim || hVl (un-

— ?n)+ — hVz K — ?)+
 IIL2 (Q) = 0 , from which lim _ \ h [{un — cpn)+]2 dx = 

w->-j-oo ^ J 
Q 

= — A[(z/0—<p)+]2 dx . As a consequence, because of (25), (24) is true. 

From (19), (21), (22), (23), (24) and Lemma 4 we have 

(26) a(u0, w — u0) -f- E2 (w) — E2 (u0) — (F , w — u0 ) > 0 V«?e C °̂ (O) . 

Since C~ (Q) = HJ (£3) and Problem 1 allows a unique solution, (26) 
implies (18). 

As third step, we prove that un —* u0 in H1 (Q) . Let ?z e N. Since 

Vwe C~ (Q) tf («n , M,») + E2n (MW) <a(uny rn w) + T£2n (rnw) — (F,rnw — un) 

we have 

E2rc («») < c, || «n — M0 | | j |x (Q) + E2n (wn) < a (u0 ,u0) — 2a (un , u()) + 

+ a (un ,rnw) + E2w (rn w) — ( F , rn 10 — un ) . 

From this relation, taking account of Lemma 4 and that 

I <* (un , rw w) — a(u0,tv)\<\a (un , rnw) — a (un , w) | + | a (un , w) — 

— a (i/0 , w) i , 

we have 

(27) V^ e C0°° (Q) lim' E2n («„) < lim" E2„ ( O < — a (u0 , O + 
n—*-\-<x> n-*-\-oo 

+ a(u0,w) + E2 (w) 

(28) Vw e C~ (Q) lim' E2n (un) < lim' (c, || «„ — «0 H^ (Q) + 

+ E2„ (wn)) < lim" fa II % — M0 UHI (O) + E2n K) ) < 
f f-*+00 

< —# (w0, u0) + a (u0, w) + E2 (w). 
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From (27) and (28), taking account of (24) and that C0°° (O) = HJ (O) and 
u0 e HJ ( Q ) , we have lim E2n (un) = 0 , lim fo || un — w0 Hjfn (Q) + E2 (un)) = 

= E2 (M0). Thus lim || un — u | | m <Q> = 0. 
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