
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Franco Flandoli

Global existence for a Riccati equation arising in a
boundary control problem for distributed parameters

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 72 (1982), n.4, p. 220–224.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1982_8_72_4_220_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1982_8_72_4_220_0
http://www.bdim.eu/


220 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LXXII -  aprile 1982

Analisi m atem atica. —  Global existence for a Riccati equation 
arising in a boundary control problem for distributed parameters. Nota 
di Franco F lan d o li, presentata <*) dal Corrisp. E. Vesentini.

R iassunto. — Si prova resistenza globale della soluzione di una equazione di 
Riccati collegata alla sintesi di un problema di controllo ottimale. Il problema consi
derato rappresenta la versione astratta di alcuni problemi governati da equazioni para
boliche con il controllo sulla frontiera.

1. Introduction

Let U and H be the two real Hilbert spaces. Let A be a densely defined
closed linear operator on H, with domain D (A). We assume that

(1) A is the infinitesimal generator of an analytic semigroup etA .

Let Da ( oc , p)  be the real interpolation spaces defined in [1] for a e (0 ,1),
p e  [1 , +  oo]. Let B be a linear bounded operator from U to H, such that:

(2) there exists a e (0 ,1 )  such that B e i ?( U , D A(a,  oo) <x>.

We study the Riccati equation

j P'(f) =  A*P(*) +  P(*)A +  M — P(i)ABN_1B*A*P(*), *6 [0 )T]

<3> Ì P (0) = P „ ,

where

(4) M g X+ (H)<a> , N g S+ (U) , N > v > 0  , P0g 2 + ( H ) ,

and we seek a solution P (t) e X+ (H). We note that the composition AB is not 
well defined; the meaning of (3) will be clear in section 2.

(*) Nella seduta del 24 aprile 1982.
(1) If X , Y are Banach spaces, 3? (X , Y) denotes the space of linear operators 

from X to Y, and J2?(X) =  <^(X , X).
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Equation (3) is connected (see [2]) with the synthesis of the following op- 
timal control problem:

T

I minimize J (u) — j  { (My (t) , y  (£))H +  (Ntf (*) > u (0)u } dt 
j b

( over all controls we L2( 0 , T  ;U)  (3), 

where the state y  (t) is defined for a.e. t e [0 ,T] by
t

(6) y(t)  =  etAx +  j Ae(t' s)A B u (s) ds ,
0

and x e  H.
We note that (6) defines a state y e  L2 (0 , T ; H).
It can be shown that (6) is a “ mild ” solution for a class of parabolic equations 

with “ boundary ” control (see [2], [3], [4]).
If we set Q (*) =  P (t) A and Q0 =  P0 A in equation (3), we obtain

( Q, («) =  A*Q(«)  +  Q ( 0 A  +  (M — Q ( 0 B N - 1 B * A * Q ( t ) A ,

I Q  (0) =  Q0 ;

using the variation of constant device we may write (7) in the integral form:
t

(8) Q(f) x =  etA*  QetA x +  f  e(t~s)A*  (M — Q(r) BN-1 (Q(s) B)*) Ae(̂ s)A xds .
Ô

2. Local existence

The interpolation property of DA(a,  oo) implies that

(9) there exists c >  0 such that || AetA x ||H < c \ \ x  ||da(«,oo)

\ /xe  Da (a , oo), W >  0. Therefore we study equation (8) in the space 
Of ([0 , T] ; 2  (Da (a , oo) ; H)) of applications U ( • ) from [0 , T] to 
^  (Da (a , oo) ; H) such that \ /xe  DA (a , oo) the function t —► U(£) x is conti
nuous from [0 ,T] to H. If x e DA (a , oo), Q e CF ([0 ,T] ; 2  (DA (a , oo) ; H)), 
and Q0 e 2  (DA (a , oo) ; H), then the integral in (8) is summable and

t

(10) y(Q) (t) =  etA*  Q0 etA +  j  e(t~s)A*  (M — Q(s) BN_1(Q (s) B)* Ae(‘~s)A ds
0

belongs to CF ([0 , T] ; &  (DA (oc, oo) ; H».

T
(3) L2 (0 , T  ; U) =  j /  : [0 , T] -»■ U , Bochner measurable, j"\\f(t) ||u d£<  +  co J-
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Using a contraction principle in CF ([0 ,T] ; 3? (DA (a , oo) ; H)) and some 
techniques as in [4] and [5], we can prove

(11) Proposition. Suppose Q0e ££ (DA(a , oo) ; H) and suppose that (I), (2) 
and (4) hold. Then for a suitable t  >  0 there exists a unique solution Q e  CF ([0 , t ] ; 
SF (Da (a , oo) ; H)) of (8) (that is, Q verifies (8) \ fxe  DA(oc, oo)). Moreover 
there exists the unique maximal solution of (8). Furthermore if the “ a priori” 
estimation || Q (t) ||ĵ (da(<x,oo);h) < c holds for the maximal solution, then 
there exists the global solution.

Now we return to equation (3).
Let P0e 2 + (H) such that there exists Q 0eJF (DA (a , oo) ; H) verifying 

P0 A# =  Q0* V ^ eD  (A). For this choice of Q0 we have a solution Q of (8) 
over an interval [0 , TJ.

We set
t

(12) P (i) x =  etA*  P0 etA x +  j' e(<~s)A* (M — Q (s) B N ~\Q  (s) B)*) e(t~s)A x ds
0

Vi e [0 , T J, Vxe H. P € CF ([0 , T J ; 2+ (H)), and Q (i) x =  P (i) Ax 
V it e D  (A). We can prove, using some regularity results by [5]

(13) Proposition. V x , y e D ( A ) ,  Vie  (0 ,TJ, we have P (i) x e D (A)*,
t —> (P (i) x , y)n differentiable, and

i (P'(i) x , y )  h =  (Ax , P ( i)y)H +  (P (i) x , Ay ) H +  (Mx , y)H —

— (B* A* P (i) x , B* A* P (f) y)v

[ P(0) =  Po .

Introducing the value function J ( t , x) \ f t e  [0 ,T], \ /xe  H,
T

(14) J ( i , x) =  inf j j* {(My (a ) , y  (a)H +  Nu (a) , u (a))u) d<r ,
* O

u e  L2 (i , T ; U) , y (cr) =  e(°~t)A x +  f Ae(G“s)A Bu (s) dr j

we can prove

(15) Proposition. Let P (f) be defined by (12) for P0 — 0 ; then 

J ( i , x )  =  (P(T  — i ) x , x ) H V x e H ,  V i e [ 0 , T J .

We note that the “ a priori” estimation of proposition (11) holds if and only 
if || P (i) Ax ||H < c  1| x ||da(«,oo) Vxe D (A) where c does not depend on i.
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3. G lo b a l existence

We use (15) to piove the global existence for (8); then we study (8) with

(16) Q o =  0 .

In order to prove an “ a priori ” estimation for the maximal solution of 
(8), we consider the following family of optimal control problems:

(17)
minimize 

over all

L (“) =  J {  (My (<*) >y  (°))H +  (Nm (<*) >u (ct))u} do
s a

u e L \ s , T ;  U), where y  {a) =  e(a~s) A x + j A e (0̂ )A Bm (t) dr.

Problem (17) admits a unique solution; optimality conditions have been found, 
for example in [2]. For every s e  [0, T] there exists P (s )e  H+ (H) such that 
J (s , x) =  (P (s) x , x)H ; denoting by y*,X) the optimal trajectory of (17), we 
have

T

(18) (P (s) x1, x2) ==j (My(t >!tl) (w) , e(°~s)A x2) da Vxx, x2e H .
t

We can prove the following lemma on the regularity of y * tXl) •

(19) Lemma. \ / s e  [0,T] , \ /x 1 e  H , y * iXl) is a continuous function from [ s , T] 
to H, and there exists c >  0 such that

lly**i)(<î)llH < c II*i IIh V s e [ 0 , T ] ,  Vae [^, T], V x ^  H.

In tlie proof of (20) we have used (9), and a theorem by [6]. We evaluate (18) 
for x2= = A x , x e  D(A); from (19), (9) and (15) we have

(20) Proposition. Let Q be the maximal solution of (8) with Q0 =  0. Then 
there exists c >  0 such that || Q (£) ||c5p(DA(a,oo);H) <  c for every t in the interval 
of existence. Therefore (8) has a global solution Q e  C F ([0 ,T ] ; J"£ (D A ( a , oo) ; H )).

Finally, using Q (t) given by (20), we may prove that the optimal control 
of problems (5), (6) is

(0  =  — N -1 (Q (t) B)* y *  (t)

where y* (t) is the unique solution of

y *  (t) =  etA x — j A / “8)A BN"1 (Q (s) B )*y*  (i) ds .
0
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