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Analisi matem atica. —  Analyticity of the maximal solution of an 
abstract parabolic equation. Nota di A l e s s a n d r a  L u n a r d i , presen­
tata (*> dal Corrisp. E. V e s e n t i n i .

R iassunto. — Studia l’analiticità della soluzione massimale di una equazione 
parabolica astratta in spazi di Banach.

Introduction

Let E be a real Banach space, and F a densely and continuously 
imbedded subspace in E ; moreover let /  : F  -* E be a continuously diffe­
rentiable mapping.

We shall consider the following Cauchy problem:

(P )i “ '( * ) = / ( « ( * ) )
Ì u(0) =  u0.

In  [2] existence and uniqueness are established for the maximal classical 
solution u (t , u0), of (P), which is defined and continuous in a relatively open 
set Q c R + x F .

Roughly speaking, the assumptions required in [2] are the following: 
f '  (u0) is the infinitesimal^ generator of an analytic semi-group in E, depend­
ing continuously on u0y and F and E are continuous interpolation spaces 
(see [2]).

In  this p^per we give a new and simpler proof of this result; the technique 
applied here allows us to study the analyticity of the solution u with respect 
to (t , u0). More precisely, we show that if /  : F c -> Ec W is holomorphic <2>, 
then the maximal solution of (P) is analytic in (t , u0) for t >  0. □

D efinition 1.

Let E , F  be two real (resp. complex) Banach spaces, F  being densely 
and continuously imbedded in E. For every T  >  0 and 0 e ] 0 , 7r] set
Se =  {z e C ; z  ^  0 , | arg # | <  0} and Se>T =  Se O {z e C ; | z  | <  T}.

(#) Nella seduta del 14 febbraio 1981.
(1) Fc  , Ec  denote respectively the complexifications of F and E.
(2) For definitions and properties of holomorphic functions in Banach spaces, 

see [1] and [4].
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A linear operator A : F - > E  is said to satisfy the hypothesis 
01 =  (0 , M  , co , c\ c", y) if:

I (a) A G L (F , E) (3); there exist cr, c" >  0 such that

(\\yh  +  II A y | | F )  <  | | J | | F  <  ( I I j I I e  +  Il A y h )  Vy e F
(b) A is the infinitesimal generator of an analytic semi-group 

etA : R+-> L (E) (3) ^resp. eXA : Se —* L (E) for some 0 g j o , — j  j  

and moreover we have:

||^ A||l(e) <  M*6* Vt >  0 (resp. ||eXA||L(E) <  MetóReX VX g Se) 

with M >  0 and w e R.

(c) There exists a continuous function y such that for any 
9 e C ( [ 0 , T ]  ; E ) (4) 5 we have:

etA* 9 (6) g C ([0 , T] ; F) and

Il ^A* ?llc([OfT];F) <  T (T) II 9||c([0,T];E)

(resp. eXA* 9 (5) g C (Se,T ; F) for any 9 g C (Se,T ; E) , and

lkXA*?llc(S0)T;F) <  y (T) II 9 Hc(Se/r;E)) *

If U c: F is any open set, a function:

A : U ^ L ( F ; E )  ; y ^ A ( y )

is said to satisfy continuously the hypothesis & if for every y  e U , A (y) 
satisfies the hypothesis 01 (0 ( j ) , M (y ) , co (j>) , c' (3;) , cn (y) , y (j>)) and the 
functions 0 , M , a , c',c"  : U -> R , y : U -> C (R+ ; R) are continuous. □

From now on E and F will be real Banach spaces, F  being densely and 
continuously imbedded in E.

(3) L (F ; E) is the Banach space of all linear continuous operators A : F  -> E ; we 
set L (E) — L (E , E).

(4) If X  is a Banach space, C ([0 , T] ; X) is the Banach space of all continuous 
mappings u : [0 , T] -> X  ; C1 ([0 , T] ; X) is the Banach space of all continuously 
differentiable mappings u : [0 , T] -► X.

s

(5) For any g e C ([0, T] ; E) set etA (s) =  f ê 8~z)Ag (t ) dT; for any g e C (Se>T E)
2 1 o

set eXA* g (z) =  I ê z~g')Ag  ($) d£ =  j' zez(1~ ŝ Ag (sz) ds. 
o' ó



77A lessandra  L unardi, Analyticity of the maximal solution, ecc.

Let Q c F  be open and f e  C1 (Q ; E). Consider the following Cauchy 
problem:

) «' (0  = /  (« (0) * >  °

( u (0) =  x x e O .

Theorem  2. Let f e  C1 (O ; E) and assume that f  (#) satisfies continuou­
sly the hypothesis Then for any xQe Q there exist : r =  r (x0) >  0,
r' —  rf (#0) >  0 , T  =  T  (a?0) >  0 and a continuous function:

u : [0 , T] X B (x0 , r) B (#0 , r’) (6) ; (* , x) w (£, x)

such that u ( •, x) e C1 ([0 , T] ; E) D C ([0 , T] ; F) is the unique solution of 
(P) with values in B (#0 , r').

Proof. For fixed x0, x e  Q , T  >  0, set

^ x ( j ) = f i y ) — f { ^ ) — f ' ( x ) { y ~ x )  V ye Ü.

Then (P) is equivalent to
t t

(2) u (t) =  x +  j  esf/{x)f  (x) ds +
o o

=  vx {t) +  Sx (u) (t)

where

t

vx (t) =  x +  J e nx]f ( x )  ds V* G [0 , T]
0

1 ISx «  (t) =  e{t~s)f'ix) <\>x {w (s)) ds Vw e C ([0 , T] ; F) , t e [0 , T], 
\ 0

By the assumption & — (c) , maps C ([0 , T] ; F) into itself. Let us 
solve (2) by the Local Contractions Principle, in the ball B (wrt, r) with r >  0 
and u0 (t) =  x0 \ft e [0 , T].

Fix T  >  0, sufficiently large; then for every wx , wz e B (u0 , r) we have:

Il Sx « )  — Sx « )  ||c([0,T];F) <  sup^ y (x) (T) || <\lx « )  — tyx « )  ||c([0,T];E) <
T e [0,T]

<  sup^ Y (x) (T) [ | | / « )  — /«)llc([0,T];E) +  II/'  (*)||l(F;E) II ~  W2||c([0,T];F)].
T g [0,T]

J e(t s)f/(x) (u (s)) ds =

(6) If X  is a Banach space, x  e X  , r >  0, then B (x , r) =  {y  e X  ; |y  — * |x  ^  r}.

6.  — RENDICONTI 1980, voi. LXX, fase. 2.
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Let r' ==r' (x0) e ]0, dist (#0 > <^)[ be such that

II Sx (Wl)   Sx ( ^ 2)IIc ([0 ,T ];F ) <  \  \\™i  ^ 2 llc([0,T];F) ( # 0 , P),

By & — (a) — (b) we have, for fixed t e [0 , T] :

I v x ( t )  —  x 0 +  S x  K )  ( 0  IIf < \ \ x  —  #oIIf + es/'(x) ( /(* )  +  'K (*„)) dì' <

<  II* — *oIIf +  C" (x) [M (x) te ^ x) \\f(x) +  <M*o)I|e +  

+  II (e™  -  1) ( /  (x) +  ^  (*0)) ||E] =  O (* , x ) .

Since O is continuous and ® (0 , x0) =  0, we may choose T  =  T  (#0) e 
e ]0 > T] , r =  r (x0) e [0 , r'[ such that

y1
\\vx —  uo +  Sx (m0)IIc([o,t];F) <  ~2 ~ V x e  B (x0 , r).

The statement follows now applying the Principle of Local Contractions 
(see [3]) in the ball B (u0 , r' (x0)) c: C ([0 , T] ; F), since one can prove that, 
for any fixed w e  C ([0 , T] ; F), the functions

( O - * C ( [ 0 , T ]  ; F) ; x~ + Sx (v>)

l Ü - . C f l ö . T ]  ; F)  ; " x ^ v x

are continuous. □

For any fixed x e  Q we can show, by classical arguments, global uniqueness 
of the solution of (P) and existence and uniqueness of the maximal solution 
(namjely defined on a maximal time interval J (#)) of (P). Moreover J (x) is 
relatively open in R+. .

Theorem 3. Under the hypotheses of Theorem 2, for every x e  Q let 
u ( • > x) • J {x) —* F be the maximal solution of (P). Then, setting :

A =  {(£, x) ; x e  Q , te  J (*)} ,

A is relatively open in R+X O and u : A —* F ; ( t , x) —* u ( t , x) is continuous.

Proof. Let x0 e Q , 0 <  T  <  t  (x) =  sup J (x). As the set K  =  {u ( t , #0) 5 
t e [0 , T]} is compact, there exist n e N , y x , • • •, y n e K  such that 
{B (y*, r (yd ; / = ! - , • • • , » }  (7) is a covering of K. Set T  =  min {T (y<); 7

(7) If X  is a topological space and A c X , we denote by A the interior of A.
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i —  1 , • • •, n\ (here r (y^) and T  (y^) are defined as in Theorem 2). Since
o

xQe B (yi1, r (y^)), there exists sx >  0 such that

u : [0 , T] X B (x0 , s±) F  ; ( t , x) - * u ( t , x)

is continuous. Similarly, we have u (T  , x0)e  B (yÎ2, r (y*2)) and hence there 
exists s2 >  0 such that

m : [ 0 , 2 T ] x B ( ^ o ^ 2) - > F ;  ( t , x) -* u ( t , x)

is continuous. Iterating this argument, after a finite number of steps we 
find $ >  0 such that

u : [0 , T] X B (x0 , s) F ; ( t , x) -+ u { t , x)

is continuous ; thus we show that for every x0 e Q and t e  J (<v0) there exists a 
neighbourhood of (t , #0) where u is continuous. □

To prove the analyticity theorem we need the following lemma:

Lemma 4. Let X ,Y  ie two complex Banach spaces, Y being densely and con­
tinuously imbedded in X ; let U c  Y be an open set and let A : U -> L ( Y ; X) 
be a holomorphic mapping, satisfying continuously the hypothesis Suppose that 
there exists 0 g ] 0 , 0  (y)] Vy e  U. Let g g C (Se,x X U ; X) be holomorphic in
Sq t  X U; then the function u (X , x) =  (ezA(pS) * g (x)) (X)(5) is the mild solution 
of the linear problem:

j - ^ - ( X ,  x) =  A ( x ) u ( k ,  x) + g ( K ,  x) X e S e,T.

I u ( 0) =  0 .

Moreover u belongs to C (Se,T X U ; Y) and is holomorphic in Se>T X U, 
with values in Y. □

Theorem 5. Assume that f  is defined and holomorphic, with values in Ec , 
on a neighbourhood £2' of Q in F c . Let f ' ( x )  satisfy continuously the hypo­
thesis £% on O'. Then the function u : A —>* F, defined as in Theorem 4, is real 
analytic.

Proof. Let x0 e Q', 0 e ] 0 , 0  (#0)[; then there exists 8 =  8 (x0) e ]0, dist 
(#0 , aQ')[ such that S0(a;) => S0 for every ^ e B ( » 0 , S ) c F c . Let us consider 
the problem:

\ u' (*) = / ( «  (*)) * e S0>o ; a >  0

I u(0) =  x x G B (x0 , 8) c  F c .

We may show, following the proof of Theorem 2, that there exist 
p e ] 0 , 8 [ , P', a >  0, depending on x0, and a unique continuous function
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u : Se, 0 X B (#0 , p) -X B (#0 > p') which satisfies:
2 Z

u (z , x) =  x +  j  eXf/(x)f ( x )  dX +  J ^  (u ^ ) )  fa m
o o

Let {wn}neN * Se>CJ X B (x0 , p) ->  B (#0 , p') be the approximating functions 
of u given by the Contractions Theorem:

u0( z , x) =  x
z z

un (z , x) =  x +  j  eXf'(x) f {x)  dX +  J ^  [un l (X)) dX.
0 0

Clearly u0 is holomorphic; moreover if un_x is assumed to be holomorphic 
in Se>0 X B (x0 , p) (7), then it follows from Lemma 4 that also un is holomorphic

o
in Se>a x B ( x 0y p). Moreover un ~+u in C (Se>a x B ( x 0 , p) ; F c), so that it

o
can be shown that u is holomorphic in S6 o X B (#0 , p). In  particular, if x0 e O, 
then u is real analytic, with values in F, in ]0 , g [  X B (#0 , p). To accomplish 
the proof it now suffices to use the same arguments as in Theorem 3. □
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