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Analisi matematica. — Analyticity of the maximal solution of an
abstract parabolic equation. Nota di ALESSANDRA LUNARDI, presen-
tata ® dal Corrisp. E. VESENTINI.

RiassunTo. — Studia l'analiticitd della soluzione massimale di una equazione
parabolica astratta in spazi di Banach.

INTRODUCTION

Let E be a real Banach space, and F a densely and continuously
imbedded subspace in E; moreover let f:F—~E be a continuously diffe-
rentiable mapping.

We shall consider the following Cauchy problem:

[ w (1) =r(u@)

(P)?
[ u(0)=1u,.
In [2] existence and uniqueness are established for the maximal classical

solution u (¢, u,), of (P), which is defined and continuous in a relatively open
set Q< R* x F.

Roughly speaking, the assumptions required in [2] are the following:
f' (4 is the infinitesimal generator of an analytic semi-group in E, depend-
ing continuously on #,, and F and E are continuous interpolation spaces
(see [2]).

In this paper we give a new and simpler proof of this result; the technique
applied here allows us to study the analyticity of the solution # with respect
to (¢, u,). More precisely, we show that if f: Fg — E¢ @ is holomorphic @,
then the maximal solution of (P) is analytic in (¢, u,) for ¢ > 0. U

DEerFINITION 1.

Let E,F be two real (resp. complex) Banach spaces, F being densely
and continuously imbedded in E. For every T >0 and 0€]0, =] set
Se={2e C;2#0,|argz| <6} and Sor=5eN {2 C;|2| < T}

(*) Nella seduta del 14 febbraio 1981.
(1) F¢c, E¢ denote respectively the complexifications of F and E.

(2) For definitions and properties of holomorphic functions in Banach spaces,
see [1] and [4].
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A linear operator A :F —~E is said to satisfy the hypothesis
R=RO,M, o, y)if:
j (@) AeL(F,E)®; there exist ¢/, ¢” > 0 such that
¢ (Iylle + I Aylle) <lylle < ¢ (¥l + |Aylle)  VyeF

(b)) A is the infinitesimal generator of an analytic semi-group

¢t :R*—~L(E)® (resp. &Sy —~L (E) for some 0e€ ]0 , %])
and moreover we have:
e e < Me® V2 > 0 (resp. || |lum < Me®" wae §)

with M >0 and we R.
(¢) There exists a continuous function y such that for any
eeC(0, T];E)® we have:
e*x0®@eC ([0, T];F) and
e+ @llcgo,13m < ¥ (T) Il @lleqo,m15m)
(resp. € ¢ P e C(Syr;F) for any ¢ e C(Ser;E), and

l| &4 ¢lle@ymm = ¥ (T) I 9llegg im) -

If Uc F is any open set, a function:
A:U——»L(F;E) N y—»A(y)

is said to satisfy continuously the hypothesis # if for every ye U, A(y)
satisfies the hypothesis Z (0 (y), M (»), o (3),¢ (), <" (¥), v(»)) and the
functions 6, M, 0,c,¢’:U—-R,y:U—C (R+ ; R) are continuous. []

From now on E and F will be real Banach spaces, F being densely and
continuously imbedded in E.

(3) L (F ; E) is the Banach space of all linear continuous operators A : F — E; we
set L (E) =L (E, E).

(4) If X is a Banach space, C ([0, T] ; X) is the Banach space of all continuous
mappings u:[0,T] - X 5 C1([0,T]; X) is the Banach space of all continuously
differentiable mappings » : [0, T] - X.

8§
(5) For any ge C ([0, T]; E) set g (s) = (e‘s""‘g(f) dr; for any ge C (Sy 1 E)

F . 1 0
set €A% g(z) = } 0B g (2) dE = [zez(l_s)Ag (s2) ds.
0 0
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Let Q< F be open and fe C1(Q ; E). Consider the following Cauchy
problem:

o) P O=IwE) =0
| w(0)=x xe Q.

THEOREM 2. Let fe C'(Q ; E) and assume that f'(x) satisfies continuou-
sly the hypothesis %. Then for any x,€ Q there exist: r=r (x,) >0,
r=7r"(x) >0, T =T (%) >0 and a continuous function:

u:[0, TIXB(x,7) >=B(x,)® ; (t,x)>u(t,x)

such that u(-,x)e C1([0,T]; E)yn C([0, T]; F) is the unique solution of
(P) with values in B (%, 7').

Proof. For fixed x,,x€ Q, T >0, set
4 0) =F ) —f @) =1 (%) (v — %) vye Q.

Then (P) is equivalent to
v t ¢
(2) w@) =+ [OL@ b+ [0y () ds—
0 0

= Uy (t) + Sx (u) (t)

where

o) =+ [T ds vie[0,T]

t

|
, S, () (1) = f LD Y (@) ds VweC(0,T];F) , te[0, T

\ 0

By the assumption # —(c), S, maps C ([0, T] ; F) into itself. Let us
solve (2) by the Local Contractions Principle, in the ball B (x,, r) with » >0
and u, (t) =1x, Vte [0, T].

Fix T > 0, sufficiently large; then for every w,, w, € B (1, , 7) we have:

1S, (1) — S (@) lleqo,mimy < sup_ v (%) (T) ([ 4y (1) — s (wa) llcgo, i) <

Tel0,T)

< sup v (*) (1) [If () — (w2)llcqo,mimy + 1f" (%) lleeesmy | 200 — wallogo,mim)- A’

Te[0,T]

(6) If X is a Banach space, xeX,r >0, then B(x,7) ={yeX;ly—xix <}

6. — RENDICONTI 1980, vol. LXX, fasc. 2.
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Let v =17' (%) €]0, dist (x,, 9Q)[ be such that
1Sz (w1) — Sz (@) lleqo,mimy < & | @y — Wallego, iy Vxe B (x%,7),

By # — (a) — (b) we have, for fixed te [0, T]:

102 (2) — 2 + Sz (o) () llr < || % — %ollx + H fesm) (F (%) + a () ds L=

=<l —wolls + ¢ () [M (%) 21 £ (%) + (%) s +
1P —1) (&) + do (@) ] = (2, %) .

Since @ is continuous and @ (0, x,) =0, we may choose T =TT (x,) €
€10, T],r=r(x)e[0, [ such that v

vz — 1o + S, (o) llcqomip < —2— Vxe B (x, 7).

The statement follows now applying the Pr‘inciple of Local Contractions
(see [3]) in the ball B (u,, 7' (%)) = C ([0, T] ; F), since one can prove that,
for any fixed we C ([0, T] ; F), the functions

| Q>C@0.T;F); x-S, (w)
| Q=C(q0,T];F); x>,
are continuous. [ ]
For any fixed x€ Q we can show, by classical arguments, global uniqueness
of the solution of (P) and existence and uniqueness of the maximal solution

(namely defined on a maximal time interval J (x)) of (P). Moreover J (x) is
relatively open in R™.

THEOREM 3.  Under the hypotheses of Theorem 2, for every xe Q let
u(-,x):J(x) > F be the maximal solution of (P). Then, setting:

A={t,x) ; xe Q , te] (%)},

A is relatively open in R*xQ and u: A —F ; (¢, x) > u (¢, x) is continuous.

Proof. Let € Q,0<T <7 (x)=sup]J (x). As the set K= {u(t, %);
te[0, T]} is compact, there exist e N, 3, -, y,€ K such that

{ﬁ (isr (i) s t=1,--,n} ™ js a covering of K. Set T — min {T (¥:);

(7) If X is a topological space and ACX, we denote by A the interior of A.
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i=1,---,n} (here r(y;) and T (y;) are defined as in Theorem 2). Since
X, € B (¥iy 7 (93,)), there exists s; > 0 such that

u:[0,TIXB(%,s)—=F; (t,x)>u(t,x)

is continuous. Similarly, we have u (T, %) € B (s, , 7 (¥i,)) and hence there
exists §, > 0 such that

u:[0,2T] X B(x,s,) —=F; (¢, x) —>u(t,x)

is continuous. Iterating this argument, after a finite number of steps we
find s > 0 such that

u:[0, TIxB(x,5)—F; (t,x)—>u(t,x)

is continuous; thus we show that for every x,€ Q and te J (x,) there exists a
neighbourhood of (¢, x,) where u is continuous. []

To prove the analyticity theorem we need the following lemma:

LemMma 4. Let X,Y be two complex Banach spaces, Y being densely and con-
tinuously imbedded in X; let Uc Y be an open set and let A : U —L (Y ; X)
be a holomorphic mapping, satisfying continuously the hypothesis Z. Suppose that
there exists 610, 6 ()] Vye U. Let ge C(Se,r X U; X) be holomorphic in

Se.r X U; then the function u (A, x) = (*® * g (x)) ) @ is the mild solution
of the linear problem:

S%(k,x)=A(x)u(7\,x)+g(;\,x) A€ S
?u(O)———O.

Moreover u belongs to C (Se.r X U ;Y) and is holomorphic in Sg 1 X U,
with values in Y. [J

THEOREM 5. Assume that f is defined and holomorphic, with values in Ec,
on a neighbourhood Q' of Q in F¢. Let f'(x) satisfy continuously the hypo-
thesis & on Q'. Then the function u : A — F, defined as in Theorem 4, is real
analytic.

Proof. Let x,€ Q',06€]0, 6 (x)[; then there exists & =29 (x,) €]0, dist
(% , 29Q")[ such that Sggy > Sy for every xe B (x,, 8) =« Fc. Let us consider
the problem:

| # (%) =1 (u(2)) %€84,03;6>0
lu(0)=x x€B (%, ) < Fc.

We may show, following the proof of Theorem 2, that there exist
p€]0,d[,p,c >0, depending on x,, and a unique continuous function
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#:SeoX B (x,0) =B (x,p) which satisfies:
u(z, %) =x+ f T f (x) dn + f eETIIE G (w (M) i
0 0

Let {tto}nen : So,6 X B (%, p) — B (x,, ¢') be the approximating functions
of u given by the Contractions Theorem:

Uy (2,x)==x

(2, %) =2 + f & f (x) dh + f LI (g, (3)) dR.
1] 0

Clearly u, is holomorphic; moreover if u,_, is assumed to be holomorphic
in Sg 6 X B (%9, 0) ¥, then it follows from Lemma 4 that also u, is holomorphic
in Sg,6 X B (%0, ¢). Moreover u, >u in C(Sg X B (%, p) ; Fc), so that it
can be shown that « is holomorphic in Sp 4 X B (%0, ). In particular, if x, € Q,
then u is real analytic, with values in F, in ]0, [ X B (x,, ). To accomplish

the proof it now suffices to use the same arguments as in Theorem 3. []
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