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Analisi matematica. — Evolution equations in non-cylindrical domains. N o t a d i 

PiERMARCo C A N N A R S A , G I U S E P P E D A P R A T O e J E A N - P A U L Z O L é S I O , p r e sen t a t a (*) da l 

Cor r i sp . A. A M B R O S E T T I . 

ABSTRACT. — We develolp a new method to solve an evolution equation in a non-cylindrical domain, by 
reduction to an abstract evolution equation.. 

KEY WORDS: Evolution equations; Maing domains; Damped wave equation. 

RIASSUNTO. — Equazioni di evoluzione in domini non cilindrici. Si dà un nuovo metodo per risolvere 
un'equazione di evoluzione in un dominio non cilindrico, riconducendola a un'equazione astratta. 

1. H E A T E Q U A T I O N I N N O N - C Y L I N D R I C A L D O M A I N S 

We are here concerned with the following problem: 

'yt(t,x)=Ay(t9x) + v(t9x) in QT, 

(1.1) " 3>(0, *)=?„(*) in ÛQ, 

y(tyx) = 0 in XT, 

where A denotes the Laplace operator on a smooth domain Qt in RN and QT is the non-
cylindrical evolution domain in RN+1 

(1.2) QT= U W x û , 
0<t<T 

Moreover the lateral boundary HT is defined as: 

(1.3) zT = U {/}xr, 
0<t<T 

where Tt is the boundary of Qt. 

Our approach consists of reducing problem (1.1) to an abstract evolution equation: 

(1.4) / (* , 0 = A(t) y(t, •) + v(t, '), y(0, •) = y0 

in the space X = L2(i?N), with norm: 

J |);(x)|2Jx 
_RN 

The linear operators A(t) are defined as follows: 

(1.5) D(A(t)) = {yeX;yYiieH2{Qt)nHlm,yWieH2mnmm} 

where Qc
t is the complementary set in RN of Qt. Moreover 

(1.6) JA(t)z<pdx= jzA<pdxy for all £ e(D(RN)such that £ = 0 onr, . 
RN RN 

(*) Nella seduta del 26 novembre 1988. 
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LEMMA 1. For ail / > 0, A(t) is the infinitesimal generator of an analytic semigroup 
i n X 

PROOF. We have to show that the problem: 

(1.7) Xu(t,-)-A(t)u(tr) =/('), feX 

has a unique solution u{t, •) € D(A{t)) for all A in the sector S = {A e C; | arg A | < TZ) and 
that the resolvent estimate holds, i.e. 

(1.8) | | ( A - A M ) i | < M / | A | . 

In fact, problem (1.7) is equivalent to: 

I {a) Xui (/, x) — Aui (/, x) =f(x), Ui (/, x) e H2 (Qt), ux (/, •) = 0 onfh 

(b) Xu2 (/, x) - Au2 (ty x) =f{x), u2 (t, x) e H2 (ufi, u2 (t, •) = 0 on Tt. 
Now, we apply the results of Agmon [3] to each of the problems in (1.9) and obtain the 
conclusion. # 

Next, we not that the domains D(A(t)) are not constant. So, we are naturally led to 
use the Kato-Tanabe approach [4] in the improved form of Acquistapace-Terreni [1]. 
For this purpose we have to obtain the following estimate: 

(1.10) j^-AitV) M 
A - ( 

for some ooeR, /3>0 and all A satisfying ReA>w. Therefore, we will majorize the 
norms of ui9 u2 and of their derivatives with respect to the parameter t. 

Following [5], we assume throughout that Qt can be constructed by using a smooth 
transformation Tt of RN into itself as follows. We assume given a continuously 
differentiable function V(t} x) defined on [0, T] Xi?N such that W( / , •) is Lipschitz and 
consider the associated flow which we call Tt. Therefore we have: 

(l.ii) v(/)x) = fêr;joTr1M. 

Now, we assume: 

(1.12) Û,= T,(Û0). 

Let us introduce some additional notation. We set: 

(1.13) /, = det(DT,) 

(1.14) A(/)=/f(Dr /)-1(DT /)-1 

where "(DT,)-1 denote the transposed matrix of (DTt)~
l. 

Now, consider the resolvent equation (1.7) and split it in the form (1.9). In the 
sequel, we denote by Ot either one of the set Qt and Qc

t. One can show that there exists 
the derivative ut{tyx) (with respect to /) and 

(1.15) ut(t,x) = U[t,x) - V«(/,x) • V(t,x) 
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where • denotes the scalar product in RN and U is the solution of the problem 

(1.16) A « - 4 à = div(/VW)-«div(VW) + div(A'(/)V«), in O,. 

We can now prove (1.10). 

PROPOSITION 2. There exist <w>0 such that 

M 
(1.17) | ( A - ^ n for all Re À > co and a suitable constant M. 

v ^ 
PROOF. First recall that by the results of S. Agmon [3[, the following estimates hold 

for the solutions uly u2 of problems (1.9)-a)-b). 

(1.18) , |A| ||«I(/,-)||L2»,) + V W | | V M V ) | | L 2 ( D ^ C||/||L2(^ 

(1.19) |A| \\u2{ty -)\\L2m + VW l|V«2(/, ')\ym < CH/llr.2^) 

where C is a suitable constant ReA>0. 
By (1.16) we have: 

(1.20) xjù(t,x)~$(x)dx + Jvû(t,x)-Vj(x)dx = 
ot ot 

= - \f(x)V(t9x)'V<j>(x)dx- \u(t9 x) div V(t, x) <j>(x) dx - J A'(t) Vu(t,x) • V <p(x) dx 
ot o, ot 

for all 0eHj(O,), whee Ot = Qt or Qc
t. 

By taking <p = ù in (1.20) with 0^ = 0^ or Qc
t, and adding up, we find: 

(1.21) A | | ^ ( / , x ) | 2 ^ + j\Vù{tyx)\2dx=- jf{x)V(t9x)Vù(t9x)dx-
RN RN RN 

— \Â'(t)Vu(t>x)'Vû(t,x)dx— I u(t,x) div V(t,x) u(t,x)dx. 
RN RN 

Now, taking the real part of (1.21) and recalling (1.18) and (1.19), we have, by standard 
computations, that there exist w > 0 such that, if Re À > w, then 

(1.22) J|Vzi(/,x)|2dx<C \\f(x)\2dx 
RN RN 

where C is a suitable constant. 
Finally, going back to (1.21) and passing to absolute values, we obtain the estimate: 

Il/Il 
(1.23) | |«(/ ,-)^C-

y/x-co\ 

The conclusion follows by (1.15), (1.18), (1.19) and (1.23). # 

Now, by the abstract results of[l] and [2], the theorem below follows. 

THEOREM 3. For any y0eX and v e C([0,T];X) problem (1.4) has a unique strong 
solution y. Moreover, for all a e ]0,1[, we have y e Ca([0,T];X) and y(t) eDA{t)(ay2) 
(the Lions-Peetre interpolation spaces). 



76 Atti Acc. Lincei Rend. fis. - S. VIII, vol. LXXXIII, 1989 

REMARK 4. From Theorem 3 we conclude that the function y(t,x) = y(t)(x) solves 
problem (1.1) in the following sense: 

(1.24) J VyV$dxdt- \yj>tdxdt= \v$dxdt+ \y0<p(0,')dx 
QT QT QT QT 

for all 4> eCœ{Qj) such that <p(t,x) = 0 on ({T} X QT) u2T. In a forthcoming paper we 
shall treat more general elliptic operators and give a more detailed analysis on the 
regularity properties of y. # 

2. THE DAMPED WAVE EQUATION IN NON-CYLINDRICAL DOMAINS 

We consider the following problem: 

' ytt (/, x) = Ay(t, x) + Ay, (t, x) + v(t, x) in QT, 

(2.1) * y(0,x)=y0(x), yt(0,x)=y1(x) in Q0> 

^y{tyx) = 0, in £ T , 

where we keep the notation of the previouos section. 
By writing: 

~yif,-) 
(2.2) Y(t)-

yAt,x) 

problem (2.1) can be set, in the Banach space Z = X®Xy in the following abstract 
form: 

0 < / < T ; Y(0) = Y0 (2.3) 

where: 

(2.4) a(t) = 

Y'(t 

0 1 
A(t) A(t) 

)=a(t)Y(t) 

; V{t) = 

+ V(t) 

0 
v(t, •) 

; Y0 = 

0< 

Jo 

As easily checked, the resolvent set p (&(/)} of QL(t) contains a sector 
S e = {X e wC; | arg À | < 6}, with some 6 e ]x/2, n\_. Moreover, we have: 

(2.5) 

where: 

(x-ait))-^ R21(t,X) R22(t,X) 

(2.6) Rn(t, A) = (A - A(t))(X2 - XA(t) - A(t))'1 = 

(2.7). R12 (t, X) = (A2 - XA(t) - A(t))-1 = 

1 . + . A 
A + l ' ( A + l ) 2 \ ^ + l 

1 / A2 

V/t>0, VA e S, 

-A(t) 

A + 1 \A+1 
•A{t) 

(2.8) R2l(t, A) =A(t)(X2 - XA(t) -A(t))'1 = 1 
• + 

A + l (X + l)2 \A + 1 
•A(t) 

(2.9) R22 (/, A) = A(A2 - XA(t) - A(t))-1 = 
A + l U + 1 

A2 --Ait))'1 



P . C A N N A R S A E T A L . , Evolution equations in non-cylindrical domains 11 

LEMMA 5. Qx(t) generates an analytic semigroup in Z and the following estimates 
hold: 

(2.10) ||(A-a(/))-1||<1 
Mx 

lA-wJ ' 

where Mt and o^ are suitable constants. 

dt 
(A-CXW)-1 Mi 

v ^ 
ReA>ct>! 

w i | 

PROOF. By using (1.8) and (1.17) to estimate the norms of R/y and their derivatives 
with respect to / we obtain: 

(2.11) l|R*(',A)||< c ftW>» c i,j= 1,2, ReA>a>! 

for some positive constant C and coi. Now the conclusion (2.10) follows from (2.5) and 
(2.11). # 

The following existence and uniqueness result can be deduced by Lemma 5 and the 
abstract theory of[l],[2]. 

THEOREM 6. Let y0,yi€X,v€ C([0, T]; X). Then problem (2.3) has a unique srong 
solution Y. Moreover, for all a e]0? 1[, Ss rjacos Ye Ca([0, T];Z) and Y(t) eDm(a,2). 

REMARK 7. Theorem 6 implies that for any y0, yx e X, v e C([0,71;X), problem (2.1) 
has a unique solution in the distribution sense. In a forthcoming paper we shall analyze 
this example and derive further regularity of the solution. # 

REMARK 8. Notice that problem (2.1) seems hard approach by change of variable 
techniques. In fact, such a technique uses a transformation that, by adding a third order 
term in the ^-derivatives, destroys the parabolic nature of the equation. # 
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