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Analisi funzionale. — A note on complex interpolation of Banach 

lattices. Nota**) di A N I T A TABACCO V I G N A T I
 (*#) e M A R C O V I G N A T I

 (**\ 

presentata dal Corr isp . E . V E S E N T I N I . 

ABSTRACT. — We complete a result of Hernandez on the complex interpolation 
for families of Banach lattices. 

KEY WORDS: Banach lattices; Complex interpolation; Concave function. 

RIASSUNTO. — Una nota sull'interpolazione complessa di reticoli di Banach. Si com
pleta un risultato di E. Hernandez sulla interpolazione complessa di famiglie di reticoli 
di Banach. 

INTRODUCTION 

In recent years several authors have studied the problem of characterizing 
the spaces obtained by the complex method of interpolation for families 
of Banach spaces introduced by R. Coifman, M. Cwickel, R. Rochberg, Y. 
Sagher and G. Weiss ([CCRSW]). 

Many applications follow from the case when the spaces involved are Ba
nach lattices of functions. 

In this paper we use properties of concave functions to obtain the reverse 
of an inclusion proved by E. Hernandez ([Her]), and thus complete the cha
racterization of the Banach lattices obtained by interpolation. 

This resuli is contained in the second author's doctoral dissertation [Vi]. 
We are grateful to Professors Richard Rochberg and Guido Weiss for introduc
ing us to the subject, and for the advice given during our graduate studies. 

1. SOME FACTS ON THE INTERPOLATION OF BANACH LATTICES 

1.1. A Banach lattice of functions on a cr-finite measure space (M , dji) 
is a subclass X of the class of C-valued measurable functions on M, equipped 
with a norm || • | |x so that (X , || • | |x) is a Banach space and: 

" if g is measurable on M, fe X , and | g (x) | < \f(x) | a.e., then g e X 

and | l s l l x < l l / l l x " • 

(*) Pervenuta air Accademia il 30 ottobre 1986. 
(**) Department of Mathematics, Washington University Saint Louis, Missouri 

63130, USA. 
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A Banach lattice X has the Dominated Convergence Property if: 

" given fe X , and {/J such that \fn (x) | < \f(x) I a.e., and fn (x) -* 0 
a.e. as n ->• oo, then \\fn ||x—• 0 ". 

1.2. We write 9 e i> if 9: R+ -> R is increasing, concave, and 9 (0) = 0 . 
If X is a Banach lattice on M, and 9 : M x [0 , co) -> R has, for each xe M, 
9 (x, •) e è, it is possible to define the class 9 (X) of all the measurable func
tions g on M for which there exist X > 0 and fe X, | | / | | x S 1» such that 

(1.3) \g(x)\ < A 9 ( * > l / ( * ) l ) o n M . 

Letting 

(1.4) || g lUx) = inf { X > 0 ; (1.3) holds } 

the space (9 (X) , || • ||^(x)) is a Banach lattice on M. 
General references for Banach lattices can be found in [Cal]. 

1.5. Let D be the open unit disk in C, and 9 D its boundary. If {Keio} 
is an interpolation family of Banach spaces assigned on 8D, and every Xe*e 
is a Banach lattice on M, we define, for every ze D, the class [Xeie]2 of mea
surable functions / o n M for which there exist X > 0 and F : 8D x M -* R 
satisfying || F (e* , ) | |x < 1 and: 

ei.i 

(1.6) I / (x) < X exp J log I F (e^ yx)\Fz (G) dO a. e. on M 

where P2 (0) ^ , 
2 W

 2TT I z — e^\* 
Letting ll/ll2 —inf {X > 0: (1 6) holds}, the space ([Xeie]z, || • \\z) becomes 

a Banafch lattice on M. 

1.7. E. Hernandez ([Her]) showed that the interpolation space {Xeio} [z], 
obtained with the method of [CCRSW], is always continuously embedded in 
[Xeîe]z. Moreover, the two spaces coincide, with equality of norms, if [Xe;e]2 

has the Dominated Convergence Property. 

2. T H E MAIN RESULT 

When the family of Banach lattices {X^e} consists of spaces obtained from 
a fixed Banach space X, using the method described in 1.2 (as in several appli
cations, including the L^ spaces), the characterization of the interpolation spaces 
becomes much easier. 

We let X be a Banach lattice on M, and {9e}, 0 < 6 < 2 TT, a family of 
real-valued functions defined on M x [0 , 00), such that each 9e (# , • )ecj). 

0 

1 1 — \z I2 
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We also assume: 

(2.1) 9, (x , t) = exp I log 98 (x , t) P2 (6) d0 < oo . 

o 

It is then immediate to see that q>z (z, • ) € §, and it is natural to study 
the relations between the spaces [9e (X)]2 and cpz (X). E. Hernandez has shown 
that 9^ (X) -* [9e (X)]* is a norm-decreasing embedding. We can reverse this 
result, and prove: 

THEOREM 2.2. The Banach lattices 9^ (X) and [9e (X)]* coincide, with 
equivalence of norms. Moreover, the constants of equivalence do not depend on z. 

Proof. All that we need to prove is that there exists c > 0 such that 

(2-3) l | / l l , z (X)<^l l / l l2 

for every fe [cpe (X)]2. 
If s > 0 is fixed, and /e [<p6 (X)]z, we can find F : 3D X M -* R such that 

2rt 

Il F (*» , •) ||9e(X) < 1 and \f(x) | < (1 + s) ||/||* exp J* log | F(e«,x) | P,(6)d8. 
0 

Using (1.4), for each 0 we can find Gei%e X such that || Ggte ||x < 1 and 
! F (e* , x) I < (1 + e)_<pe (x , | G^e (x) |) on M. 

Thus : 

de (2.4) | / (*) | < (1 + e) | | / II-' exp J log | F ( ^ , *) | P2 (6) 

0 

2TT 

< ( 1 + e) || / 1 | - e x p | log [(1 + e) <pe (*, | G ^ (*) | )] Ps (6) dG 

0 

2 K 

< (1 + e)3 H/H* exp J* log 9 e (* , | G ,.„ (*) | ) Pz (6) d6 . 

0 

In order to conclude the proof, we need: 

LEMMA 2.5. Let {(pQ) be a collection of functions in cf>. For every 
t : [0 , 2 TT) -> [0 , oo) we have : 

271 

exp j log % (t (8)) P, (6) d6 < eVe 9z (t (*)) 

0 
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Proof of Lemma 2.5. Let A = {8 : t (6) > t (z)} , B = [0 , 2 n) \ A, and 

I A \z =
i I P^ (8) d8. Since each cpe is concave and increasing, we can use 

A 
Jensen's inequality to obtain: 

exPJ*iog<p9(*(e))P,(ô)de 

o 

< | e x p J l o g ^ 9 e ( ^ ( ^ ) ) ] p 2 (8) de||expJlog9e(^(^))P2(e)de| 
A B 

< jexp j log <p9 (t (*)) P2 (6) do} jexp Jlog ^ P2 (6) jfy^ 

A 

< ? 2 ( ^ ( ^ ) ) | A | - I A ^ < ^ 9 2 ( ^ ( ^ ) ) . 

Returning to (2.4), and using this last result, we obtain: 

2n 

I / (*) I < (1 + e)a II / II2 eV° 9z (x, j | G 9 (*) | P, (0) d6) . 
0 

2TT 

Setting G^ (x) = f | GeiQ (*) | P^ (8) d8, we have 

o 

2TT 

G2||x = j | Gefe | P2 (8) d8 < J || G^ ||x P2 (8) d8 < 1 

Thus fe <?z (X), | | / | |^ ( x ) < (1 + e)« *i/« | | /1 |* . Since s was arbitrarily 
chosen, the proof is complete. 

Remarks, a) we obtain the constant c = e1le ^ 1.44; we do not know if, 
in the general case, the theorem holds with c=^l. 

h) Theorem 2.2 can be extended to the case of complex interpolation 
for families of quasi-Banach lattices. This subject is part of the first author's 
doctoral dissertation [T-V 1], where a complex theory of interpolation for fa
milies of quasi-Banach spaces is developed (see also [T-V 2]). 
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