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Geometria algebrica. -— On the ampleness of K x <8> Ln for a po

larized threefold ( X , L) ( # ) . Nota di ANTONIO LANTERI e MARINO 

PALLESCHI
 (*#), presentata (***} dal Socio E. MARCHIONNA. 

RIASSUNTO. — Siano X u n a varietà algebrica proiett iva complessa non singolare 
t r idimensionale, L u n fibrato l ineare ampio su X, e n > 2 u n in tero . S i prova che, a 
m e n o di contrarre u n n u m e r o finito d i (•— l ) - p i a n i di X , il fibrato K x ® L n è ampio 
ad eccezione di alcuni casi esplici tamente descri t t i . Come applicazione si dimostra l ' am
piezza del divisore di ramificazione di u n qua lunque r ivest imento di P 3 o della quadrica 
liscia d i P 4 . 

1. INTRODUCTION 

The subject of this paper is the ampleness of K x ® Ln on a polaiized three
fold, i.e. a pair (X, L) where X is a complex connected projective algebraic 
threefold and L an ample line bundle on X. We prove that, up to contracting 
a finite number of (— l)-planes of X, K x ® Ln is ample if n > 2, apart from 
a few cases explicitly described (Theorem 2.1). This fact together with known 
results on surfaces [5] implies that K x ® L*+1 is ample for any polarized ma
nifold (X, L) 7^ (P^ , (PpJc (1)) of dimension k <[3. If the same were true in 
every dimension, it would extend Ein's result on the ampleness of the ramifi
cation divisor of a branched covering of P^ [2]. Partial results are provided 
by Propositions 2.4, 2.5. On the other hand Ein's result can be generalized in 
a different perspective. Actually, as an application of Theorem 2.1, we show 
the ampleness of the ramification divisor of any branched covering of a quadric 
threefold (Theorem 3.2). 

2. 

Let (X, L) be a polarized threefold. As usual we shall not distinguish 
between line bundles and invertible sheaves. We also write hn for L®w . Follow
ing Sommese [6] we shall call a polarized threefold (X' , L') a reduction of 
(X , L) if there is a surjective morphism iz : X —* X' such that i) TC is the blow
up of a finite set F c X ' and ii) TT* 1/ = L ® [V1 (F)]. K x will stand for the 
canonical bundle of X. 

(*) Partially suppor ted by M . P . I , of the Italian Government . 
(**) Dipar t imento di Matemat ica « F . Enriques» dell 'Università, Via C. Saldini , 50, 

1-20133 Milano . 
(***) Nel la seduta del 18 maggio 1985. 

14. — RENDICONTI 1985, vol. LXXVIII, fase. 5 



214. Atti Acc. Lincei Rend, fis. - S. VIII, vol. LXXVIII, 1985, fase. 5 

(2.1) THEOREM. Let (X , L) be a polarized threefold. The line bundle 
Kx ® L n is ample for n > 2, apart from the following cases : 

n = 4 < W K / ( X , L ) = ( P 8 , 0 P S ( 1 ) ) ; 

» = 3 and either (X , L) = (P 3 , 0 p 8 ( l ) ) , (X , L) = (Q , 0Q (1)), Q 
being a smooth hyperquadric of P4, or X is a Pz-bundle and L, F — 
— ®p* (1) for any fi^e F of X; 

n — 2 and either 

(a) X w a ^-bundle and L | F — 0 p i ( l ) , 

(b) X is a V2-bundle and L. F = 0P2 (#), £ = 1 or 2 , 

(c) X w a quadric bundle and L j F = 0 F ( l ) , where, in each case, 
F w a fibre of X , 

(J) X w a JFVWQ threefold of index r > 2 , Pic (X) ~ Z [/] a/z<i 

L = lm, m < r, or Zfere w a reduction (X7 , L/) o/ (X , L) 

where Kx/ ® L/2 ii ample. 

Proof. Let us consider the line bundle N = K x ® L*1-1. First assume 
that N s is spanned by its global sections for some s > 0. So by tensoring 
N s with the ample line bundle Ls, we get the ampleness of N ® L = K x ® Lw. 
Now assume that for no s > 0 N s is spanned by its global sections and let M = 
= N ® K^1 = U1-1. Then since K^ ® M n is spanned for no n > 0, it follows 
from [1, Thm. 2.2] that either (X , M) is one of the pairs listed in (a)-(d) or 
it admits a reduction (X ' , M') such that some power of Kx/ ® M' is spanned 
by its global sections. In the latter case, let n : X -* X' be the reduction mor-
phism and let Et, . . . , E^ be the (— l)-planes contracted by TC. Since -K* M ' = 
= M ® [Ej] ® . . . ® [EJ, by restriction to E^, we get 

M | E . = [ E J - i | E . = ^ 2 ( l ) . 

On the other hand M = Lw_1 and therefore this case can occur only when 
n = 2. It only remains to see which of the exceptions (a)~(d) are allowable 
for the pair (X , M) when n > 3. Since M = L/1-1, cases (a) and (c) cannot 
occur, whereas case (b) happens if and only if Mj F = 0pa (2), which means that 
n = 3 and (X , L) is as in (b) with e = l. Finally assume that (X , M) is as 
in (d). Then we have 

L"-1 = M = lm , m < r , 

where / is the ample generator of Pic (X) and r is the index of the Fano threefold 
X. Since r < 4 and B > 3 we have the following possibilities: n = 4 = r, 
in which case X ^ P 3 and L = /, n = 3 < r < 4, in which case L = / and X 
is either P3 or a quadric hypersurface. q. e. d. 

By summing up some known results in dimension less than 3, we get 
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(2.2) COROLLARY. Let (X , L) be a polarized manifold of dimension k <! 3. 
If (X , L) *=£> (Pk , <Ppk (1)), then K x ® L% w aiwpfe for any n > k + 1. 

For & = 1 this is a trivial fact; for k = 2 see [5]. 

This suggests the following 

(2.3) QUESTION. IS K X ® L ^ + 1 ample for any dimension k > 1, apart 
from the obvious exception (P^ , 0pk (1)) ? 

As is known the answer is affirmative when L is very ample. This could 
be deduced indirectly from the finiteness of the Gauss map [3] and Lemma 4 
of [2] ; but, what's more, using the standard technique of separating points and 
tangent vectors, one can directly prove, by induction. 

(2.4) PROPOSITION. If L is very ample, then K x ® hk+1 is very ample 
unless (X , L) ~ ( P * , 0P* (1)). 

In a very special case (2.3) can be answered affirmatively. 

(2.5) PROPOSITION. Assume that Pic (X) ~ Z ; then K x ® LÂ+1 is ample 
unless (X , L) ~ (P* , &pk (1)). 

Proof Let / be the ample generator of Pic (X). Then K x = I~r
y r e Z. 

Of course there is nothing to prove when r < 0 and so we can assume r > 0. 
This means that X is a Fano manifold of index r. Let L = ln, n > 0 and 
assume that K x ® LÂ + 1 = l^k+^-r is not ample. This yields n (k + 1) — 
— r < 0 . If equality occurs, then we get (X , L) - (P* , <Ppk (1)), by [4], 
Th. 2.1. So it is enough to prove that it cannot be r > n (k + 1). Actually 
we prove that r <.k-\- I. To see this, put / (m) = % (lm). By the Kodaira 
vanishing theorem we know that ¥ (lm) = 0 if m < 0 and z = 0 , . . . , k — 1 . 
So, by Serre's duality, x (tn) = (—)* h1c (/m) = (—)* h° {l~Q+m)) if m < 0. The
refore 

(2.5,1) x(m) = 0 for — r<m<0. 

On the other hand, since X is Fano, ^ (0) = x ($x) = ^° (^x) = 1 by 
the Kodaira vanishing theorem again. Hence x(m)> a polynomial of degree 
k which does not vanish everywhere, has at most k + 1 distinct roots. It thus 
follows from (2.5.1) that r < k + 1. q. e. d. 

3. 

L e t / : X - ^ * Y be a finite morphism of projective manifolds of dimension 
k. The ramification formula gives R e \ K x ® / # Ky1 | , where R stands for 
the ramification divisor of / on X. Now assume that Ky1 — N*, with N ample 
and t > 0 (this is equivalent to saying that Y is a Fano manifold whose index 
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r is divided by t). Since / is a finite morphism, the line bundle L = / # N is 
ample and 

(3.0) R e | K x ® V | , L ample. 

Hence (2.1) applies to studying the ampleness of the ramification divisor 
of branched coverings of Fano manifolds. 

(3.1) Example. Take Y = P*; so (3.0) becomes R e | K X ® L *+* [. By 
Corollary 2.2, if & < 3 we get the ampleness of R with the trivial exception 
d e g / = 1. If the answer to Question 2.3 were affirmative, then we could obtain 
the ampleness of R for any k. Actually the ampleness of the ramification divi
sor of a branched covering of P^ was proved by Ein [2] answering a question 
asked by Lazarsfeld. This fact might be a good reason to hope that the answer 
to (2.3) is yes. 

At least when k < 3, the above results allow us to study the ampleness of 
R when "Ph (i.e. the Fano manifold of index r = k + 1) is replaced with a quadric 
(i.e. a Fano manifold of index r = k). 

(3.2) THEOREM. Let / : X -> Q be a finite morphism from a manifold X 
to a smooth quadric Q of dimension k < 3. The ramification divisor R is ample 
unless either 

i) / is an isomorphism, or 

ii) k = 2, X is a ^-bundle, / * (9Q ( % = 0p i (1) for any fibre F of X 
and R is a sum of fibres. 

Proof. Using the above notation, R e | K x ® / #
 0Q-(1)* |, since KQ = 

= 0 Q ( — k). Then R is ample unless either 

(oc) ( X , L ) ~ ( P * , 6 V ( 1 ) ) > 

'(P) ( X , L ) ~ ( Q , 0 Q ( 1 ) ) , or 

(y) X is a P ^ - b u n d l e and L ( F = 0p*-i(l) for any fibre F of X. 

This follows from Theorem 2.1 for & = 3 and from [5], Th. 2.5, in case 
k = 2. 

Let H e | 0Q(1) | ; then 

a#H)* = (deg/)(H)* = 2deg/. 

But ( / # H)* = 1 or 2 according to whether we are in case (a) or ((3). There
fore case (a) cannot occur, whereas d e g / = 1 in case ((3). In case (y) let g = 
= / | F J since g* &Q (1) = (9Fk-i (1), g embeds F ( = P^-1) into Q as a linear space 
of dimension k — 1. As Q is assumed to be smooth, this can only occur when 
k •— 2. In this case K X | F = 0Fi (— 2), since X is a PMmndle, and then (K ® 
.(g) L2)[F = 0. Therefore R is a sum of fibres, since it belongs to | K x ® L2 | . 
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Added in proof. Question (2.3) has recently been given a positive answer 
by T. Fujita and P. Ionescu, independently. 
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