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Calcolo delle variazioni. — Integrals with respect to a Radon 
measure added to area type functionals : semi-continuity and relaxation <*). 
Nota di MICHELE CARRIERO (*•), ANTONIO LEACI (***) e EDUARDO 

PASCALI (**), presentata <****) dal Corrisp. E. D E GIORGI. 

RIASSUNTO. — Diamo condizioni sulle funzioni / ,g e sulla misura y< affinché il 
funzionale 

F (u) = / (x , u , Du) dx + \ g (x , u) d{i 

sia L1 (fi)-semicontinuo inferiormente su W1}1(0) n C° (O). 
Affrontiamo successivamente il problema del rilassamento. 

INTRODUCTION 

In this Note we present some results that deal with L1 (O) - lower semi-
continuity (l.s.c.) and with the relaxation problem for the functionals 

(1) F (u) = / (x , u , Du) dx + g (x , u) d]x 

on W1-1 (0) nc° (Ob
it is well Jaiown that such functionals occur in many questions of Calculus 

of variations (Plateau's problem ([4], [9], [10], [11], [12]) and problems of ob
stacles ([1], [3], [8])). 

Several Authors (see [7] and quoted references) have investigated condi
tions that ensure the L1(Q)—l.s.c. of the functional 

(2) u > If (x , u , Du) dx . 
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(##*#) N e l l a Seduta del 13 aprile 1985. 



134 Atti Acc. Lincei Rend, fis. - S. VIII, vol. LXXVIII, 1985, fase. 4 

Here, under the assumption that the functional (2) is L 1 (Q) — l.s.c, we 
intend to study the following problems (see also [5]): 

(P 1) If |i, is a Radon measure on Rn, to determine conditions on g which imply 
that the functional (1) is L ^ Q ) —l.s.c. on W 1 » 1 ^ ) n c ° (Q). 

(P 2) If the functional (1) is not L 1 -(Q) — l.s.c, to find conditions on / , g and 
£A under which a function y exists such that 

f(x , u , Du) dx + y (x , u) A]x 

is the greatest L 1 (D) —l.s .c functional smaller than (1) on W1»1 (O) p jC 0 (O) 
(henceforth sc~ (L1 (O)) F). 

The scheme of the paper is as follows: 

1) Measure-theoretic preliminaries. 

2) Construction of a measure connected with functional (1). 

3) Results on semi-continuity and relaxation. 

§ 1. Let F be a a-algebra of subsets of a non empty set X and let a and 
p be two countably subadditive set functions on 3F. 

We shall denote by a A P the greatest countably subadditive set function 
smaller than, or equal to, both a and p. 

It is easy to check that if a and p are measures on IF then also a A P is a 

measure on # \ 

The following characterization also holds: for B e J^ 

(a A P) (B) = i n f {a (B n L) + P ( B \ L ) ; L e t f } . 

Let now a and p be measures on^", with p finite. 

PROPOSITION 1. There exists X : X -* [0 , + co] <F-measurable such that : 

(i) (a A 9 P ) ( B ) = j (h(x) A p ) d p » for all p > 0 , B e J ^ ; 

B 

(ii) a(B)=fxdp 
B 

for every B e ^ such that B c {X < + °°}-

Henceforth we shall adopt for X the symbol da/dp. 

§2. We now introduce a new measure associated with functional (1); 
this generalizes De Giorgia geometric measure (see [4], [6], [2], [12]). 
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Let ^ • Rn * R be a function such that 

ty is convex; 

ty(tp)=\t\ty(j>)- for all te R,pe Rn; 

a I p I 5s ty (p) for some a > 0 and for every >̂ e Rn. 

If O is an open set in Rn, we define, for s > 0, the following set function: 

<y*(E ; D ) = i n f | fty(t>u)dx + - f\u \ âx ;ue W 1 » 1 ^ ) , ' 

u l.s.c. on Q , w ^ l o n E p ) t 2 ^ > 

where E is an arbitrary subset of Rn; 

moreover let 

GTY (E ; Q) = lim GJ (E ; O) = sup a* (E ; O ) . 
s-»0+ s>0 

PROPOSITION 2. c* ( • ; Q) zs <2/z oz/fer measure ; a* ( • ; O) w a measure on 
the Borei sets in Rn. 

Example 1. H <]> (p) = \ p \ , £1 =Rn and S is a portion of a smooth 
hypersurface, then 

CTY(S ; R ^ ) = 2 H ^ - 1 ( S ) , 

where H^ - 1 is the (n—l)-dimensional Hausdorff measure. 

Example 2. If ^ verifies (3), if O is a bounded open set of Rn sufficiently 
smooth, if jx is given by ^ (B) = H*1"1 (B P) 8 fi) for every Borei set B in Rn, 
and if, finally, v (x) is the unit vector normal to 8 Q. at x> then we have 

' v ( 0 if a? € 8 O 
- 7 - ( * ) = < 

( + (v(^)) if ^ e 9 Û . 

§ 3. Henceforth we shall denote by Q a bounded open set of R^; by ^ a 
Radon measure on the Borei sets of Rn. 

Let / : U x R x R w - ^ [ 0 , + oo) be a Carathéodory function and <J> : 
R ^ - > R a function satisfying (3), such that 

<J> (p) ^f(x , s yp) for all # G D , ^ G Rn, s e R . 
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We shall assume 

i dx u >• \f(% > u > DM) { 

LX(A) —l.s.c. on W1*1(û) for every open set A ç û . 

Semi-continuity Theorem. 

Let t i , / , ty and JJL be as above. 

1 / g • t i X R -> [0 , + oo] is a Borei function such that g (x , •) is l.s.c. for 
every xe t i , 

da^ 
\g(xyu)—g(xyv)\<— (x)\ u —v | 

_ c\ ^ 
for every u yveR and u, —a.a. xe Q, such that -j— (x) < + oo , then the fune-

d(i, 
tional 

ue W1 '1 (ti) n C°(Q) * F («) = f / ( * ,u,Bu)dx+ ! g(xyu) dy. 

n n 
w L*(ti) — Ly.c. . 

dc^ 
Taking into account the function — , we give also a first answer to the 

problem (P 2). 

If f=f(x yp) is a Carathéodory function such that 

ty(p)^f(x,p) for all xe Q,pe Rn , 

if(x,p + q)£f(x9p) + ty(q) for all xeQypyqeR^y 

M >, y*(# ? Dz/) d# is L 1 (A). —l.s.c. on W1»1 (ti) for every open set A Ç O, 

A 

and if, moreover, t i is sufficiently smooth, then the following theorem holds: 

Relaxation Theorem. 

Let / , Y and t i be as above. 

1 / g • t i X R -* [0 , + oo) is a Carathéodory function such that g (x , s) fg 

<^ a(x) ® (| s |) róA a e h1 {dy), O increasing, then we have : 

sc~ (L1 (ti)) f(x , Dw) dx + £ (# , w) d(x = / ( # , Dw) d# + I y (# , w) djji , 

œ 
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where 

inf \g{x,t) + ~ (x) \s—t\\ if JL (x) < + oo , 
/£R L dpi J dpi 

/ 

\ 

g(x,s) if ~ (x) = + oo . 

Example 3. The relaxation formula just given can, for instance, be used 
for the functional 

A (u) = J ]/ 1 + | D*T|2 d* + J £ (x , w) d(x 

that one meets when studying Plateau's problem. 
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