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G e o m e t r i a . — On weak i-homotopy equivalences of modules. N o t a 

d i H E Z H E N G - X U , p r e s e n t a t a (*) dal S o c i o E . M A R T I N E L L I . 

RIASSUNTO. — Si definisce il gruppo di i—omotopia di un singolo modulo e si 
introduce la nozione di equivalenza z'-omotopica debole. Sotto determinate condizioni per 
l'anello di base A oppure per i moduli considerati, le equivalenze /-omotopiche deboli 
coincidono con le equivalenze /-omotopiche (forti). 

The homotopy equivalence is a basic notion in the homotopy theory. In 
the case when the objects are modules, we have a very strong condition for 
homotopy equivalences; that is: a map of modules O : A —* B is an /-homotopy 
equivalence if and only if <D can factored into: 

A -> A e U % B 0 V -> B 

with U , V injective modules and ®' an isomorphism of modules (see [4, 
Th. 13.7], also [2] for a similar result for pairs of modules; we will use the nota
tions from [4, ch. 13]). 

In this paper, we introduce the notion of weak /-homotopy equivalence; 
we show that under some conditions the weak /-homotopy equivalences are the 
same as the (strong) /-homotopy equivalences. Incidentally, we will define 
the /-homotopy groups of a single module. 

Let A be a (fixed) commutative unitary ring. Let f be the family of all 
ideals of A, any element of f may be considered as a A-niodule. For a module 
(i.e. A-module) A, denote 

M A ) = U M I , A ) (n>0)9 
lejf 

and we call nn (A) the n-th i-homotopy group of the module A. Clearly, any 
map O : A -> B induces homomorphisms of /-homotopy groups ®# : izn (A) —> 
—> izn (B). Similarly, for any pair oc, define 

Kn (a) = 1 1 nn (I , a) (n > 1) ; 
lejf 

and any map of pairs induces homomorphisms of such groups. 

(*) Nella seduta del 14 gennaio 1984. 
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From [4, Theorem 13.15] we deduce: 

PROPOSITION 1. For any a : A —* B , we have an exact sequence: 
> izn ( A ) - * Kn (B) -*. ûn (oc) — nn^ (A) — >- « (A) — n (B ) . 

Moreover if a w « fibre map with the fibre F , then we get the following exact 
sequence : 

*nn (A) -* rcw (B) -* nn_t (F) -* ^ (A) -> • • • 

DEFINITION. A map of modules O : A -> B is called a &>£#& i-homotopy 
equivalence if ®# : izn (A) —• Tun (B) is isomorphic for any n > 0 . 

Of course, any i-homotopy equivalence is also a weak /-homotopy equi
valence. The following proposition justifies the above definition. 

PROPOSITION 2. 

&;/£/* 0 . 
A ~ ^ 0 if and only if A is weakly i-homotopy equivalent 

Proof. The « only if » part is trivial. As for the « if » part, we prove a 
stronger result: T T ( A ) — 0 implies that A is injective (i.e. A ~ ^ 0 ) . Let 
<j> : B -> A and let B c B' : 

We need the existence of some <J/ : B ' - > A satisfying <J//B =^\), which 
can be deduced (using Zorn's Lemma) from the fact that ~îz ( I , A) = 0 for any 
l e / . 

Sometimes we require the ring A to have the following property: 

(•) For any I e / , SI ~ < 0 . 

Observe that (*) implies lzn (A) = 0 for n > 1. Any hereditaryr ing satisfies (*). 

LEMMA 1. Assume that A satisfies (*). Let f : A -> B be a weak i-homo
topy equivalence, let R0 be a submodule of a /\-module R and assume that there 
exists a e R — R0 such that R =» R0 + A a. For any y : R -> B , x : R0 

and z : R0 -> B w#A / ° # + #/Ro —j/R-o» *A#^ *#w* *i : R -> A and zx : R 
(R w c/ro^/z £o include R0) M/di *Aatf # /R0 = a?, ^ / R Q = #, /o#i + #i/R =j> 

A 
B 
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Proof, Let I = : { X G A ; X# G R0}, define u : I—* A , v : A —* B and 
a; : I -* B by w (X) ==*x (Xa), © (X) =y (Xa) and w (X) =J#(X<Z) . Let Rx = 
= (Ro © A)/ {(Xtf , — X); XG I}. Rt ~ 4 S I , so Ra is injective by (*). Obviously 
R0 c Rj. The map / : R -> Ra defined by * (a0 + X<z) = [«0 , X] (#o€ Ro > 
X G A) is an inclusion, so we can take R = R i . 

z can be extended to z' : R -> B (since R0 is injective); define wr to be the 
composition : 

Â ^ R o © À - > R = - ( R o © Â)/{(Xfl , — X) ; X G 1} ^ B . 

Then w'\\ = : w , therefore [w] = 0 G TC (I , B). But / o u + w =v/I, thus 
/ . ( [ « ] ) = . [ W I ] e ™(I. B)_. 

[î;] G TC (A , B) , /* : TC (A , A) -^ TC (A , B) is an isomorphism by hypothesis, 
so 3^i : A —* A , w2 : A -> B such that / ° ^ + «>j/A. ==^ .. • In this way 
/*([#i/I]) = /# ( [WI) ]= \ /* (M) and so [&— ux/I] = 0 (because/* is isomorphic) 
i.e. 3z/2

 : A -> A , M?/I — z/ — M] / I . 
Let # 3 = ^ + z/2/A : A -*A , ^ 3 = ^ — / ° w 2 : A ->B , t hen /o# 3 +w 2 /A = 

= / ° ( ^ i + ^ / A ) + w 3 / A — / ^ 2 A = / ° * d — «^/A — ^ , Wg/I =^uandw2/I=w. 
Define ^ : R -> A and ^ : R -> B by #3 (tf0 + Xa) = # (tf0) + ^(X) (tf0G R0 , 
X G A) , #1 ([«0, X]) = 0 (â0) + a?2 ( ?0 {âo e R0 , X G A) . Then xx, ^ satisfy our 
requirements. The proof is over. 

For any injective module A, we define the i-product module associated with 
A to be the module: 

n * A = I J Q 
Q G A 

Q is injective 

n*A is naturally an injective module; if i : Ax -> A 2 , then we have a canonical 
inclusion: 

\ Q . 
Q is injective 

Moreover, if i ==^i1 o i2, then IT 1 =(11* t,) ° (W i2). 

I QCA2 ,Q(tA1 J 

We will show that the weak /-homotopy equivalences coincide with z-homo-
topy equivalences if the ring A satisfies •(*) and 

/ f o r each family of injective submodules (R/)zG^ of a A-module 
(**) such that V/i , / 2 G ^ , Rz c R, or-Rj, c Rz , the module U II* RT 

J . . . 1 2 Ì 1 j „ 

( is injective. L 

In virtue of Proposition 2, we see that if A is a Noetherian ring, then (*•?). 
holds. Particularly, a principal ring satisfies (#*). 

LEMMA 2. J/* A verifies (*) dwrf (*#), awd if f : A -> B is a weak i-~homotopy 
equivalence, then for any module R , /* : 7c (R , A) -> 7c (R , B) is surjective. 

12. — RENDICONTI 1984, vol. LXXVI, fase. 3. 
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Proof. Let \y\ e TC (R , B) , y : R -> B , we must find some x : R ~> A 
and some z : R -> B such that f ° x -\- z]R =y: 

Let JF =* {(Rj, Rl, rl > xt, #,) ; R z , Rz , r , , xl, #j satisfy i)-iv) below} 
— {(Rz, Ri, rx, x2 , #j) ; Ze ^f} (./# is an indexing set for &\ 

i) Rj is a submodule of R; 

ii) Rj is some injective module containing Rr; 

iii) -rj :.Rj-> IFRj is an inclusion map (not necessarily the canonical 
one); 

iv) xi : Ri ->• A , Zi : Ul Rz -> B are maps satisfying f°xt+ zt ° r^/Rz = 

Clearly, J5 '7^ O . We define an ordering in Ji by 
h < 2̂ if a n d only if : /i = /2 or 

(Ri c R , there is an inclusion it 1 : Rt -> R/ (1) such that the 
I fj + 'a 12 1 2 

diagram below is commutative: 

v) 

R V -*• R/, 

7/i4 

• n ' R / , 

in'/, 7,4 
R / e-

'2 
H'RA 

[ and that a y R ^ = *i1-, *ia ° (IF 1^) = ^ Z i . 

Let T ^ ) ^ ^ , ^ ) ; J j c J , ^ is totally ordered, (JL satisfies vi) and 

vii) below} . ' • ' • • 

vi) [JL associates any (lly /2)e {(/3, /4)e ^ X Jix \ h < 4} a n inclusion 

p(*i > 4) = V a
 : R?3 -*" R2g satisfying v); 

(1) i M need not be unique. 
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vii) V/x ,h,k€^\>h<h<k> w e have JJL (k , /3) = [i (/2, 4) ° [f (4 » h)-
Certainly T (J£) ^ O , and T (Jt?) ordered by inclusion (in the obvious 
sense) is inductive, thus there exists a maximal element (J?, \i) of T (</#), 
We will denote ihh for JJL {lx, /2). 

Let R^ = U Rz> Roo is a submodule of R. We have: 
use 

(A) 3/0 G J? M/C/Z */W R^ == Rz . 

Suppose contrarily that R ^ R z , V/e £ . Let R ^ ^ U f f R j (for 

any ^ < / 2 , Rz is included in Rz by zz z — p, (Z, , /2), and by vii) we can construct 

the « union » I j f f E 
use 

be the composition: 

the « union » U II* Rz), R^ is an injective module by ( # # ) . Let itoo : Rz -» R( 
use 

I'eSe 

Let r ^ . - R ^ I T R ^ be the map verifying r j ^ =* II* (iJoQ) = (IF/z) °(IÏVZ): 

_ n*YZ _ n*/7 _ 
n* RZ — I n* (n« RZ) — i n* R^ . 

Define j : R^ -> RTO by //Rz ==»/Ï30/Rz. Observe that *Zoo , rTO , 7 are all 
inclusions, and we have the following commutative diagram for any le & : 

R , <L-

Roo ^ 

Define ^ : R^ -> A , #^' : R^ -> B by */Rz = x z , z^ /II* Rz = zl respec
tively. 3*^ : n* R^ -> B , zœ o roo =;*£, . From f°xl+zl °_rz/Rz = ^ / R z , we 
deduce / o ^ + %oo o rJR^ ^y/R^ , we conclude then (R œ , R^ ,'r^x^ ^ ) e 
€ J T , and so 3 / ^ 6 ^ such that (R^, R^ , r^ , Xooi zœ) = (R^ , R^ , r^ x£ , 

^ o ) • 

Furthermore / < l0, V/e J£?, and if we set i ? — & U {/©} anc* define £ by : 

£(/i> 4) =H 
V<{kyh) if h\hé&,k <h 

llxoo if ke&J^Ï, 

then ( J " , p.) 6 T ( . # ) , which strictly includes (=5?, ^) . But (-£?, ^) is a maximal 
element of T {Jt\ the contradiction shows that ll0s^ such that R^ = Rz . 
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(B) We claim that Rlo — R. 
In fact, if Rfo^ R, choose any ae R — Ri0 and set R1 = Rj0 + f\a. Using 

Lemma 1, we may construct xt : R] -* A and z[ : R1 -> B (Rx ZD RJ ) such that 
xilRio ~ xio > ^i/R/o — */•; = *I°Q T» and foxJ+ z'JRi *=*y/Rt : 

z) = zi ° 7/ 
'o 'o 'lo 

Now Rj ^ Rto © (Ri/Rj0), so we can demonstrate the existence of some 
inclusion r3 r R j - ^ W R j which satisfies ?v> ^ « ( I î * ^ ) o rZo. In virtue of 
^ o i tol = #Zo o rZo, we get a map ^ : II* R3 -> B such that zL ori=^z[ and 

*- H ' R , 

Then (R3 , Rx , rx , xx , sx)e &, let Z ê ^ : (Rx , Rx , rx , xt , #j) = (R^ , 
Rio'i r/o y xh > zh)-i t n e n ô ̂  ô > h^K- As before, we deduce a contradiction 
to the maximality of ( J^ , (x), hence Rj0 ==R . 

Finally, since Rïo = R, we can take R = ; Rî0, x = #/0 , # = #fo ° ̂ /0 • ^ 
follows that f ° x -\- zjR =y. This completes the proof. 

Now we are ready to prove our main theorem. 

THEOREM 1. Assume that A satisfies (#) and ( # # ) , / : A -> B is an i-homotopy 
equivalence if and only if f is a weak i-homotopy equivalence. 

Proof. We need to prove the « if » part. Let / b e a weak z-homotopy 
equivalence. By Lemma 2, /* : TT (B , A) -> n (B , B) is surjective. In parti-
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cular, there is a map g : B -> A such that fog ~^ 1B. Then for any module 

R y f* °g* = 1 K ( R , B ) : 

rc(R,B) —±» TC(R,A) - ^ S ( R , B ) 

so £ is also a weak z-homotopy equivalence. Using Lemma 2 again, g^ is 
surjective; by /# ° £# = I ^ R ^ ) > <?* is an inclusion. Therefore £* (and 
hence /*) is isomorphic. It follows that / is an z-homotopy equivalence (see 
[4, Theorem 13.12]). 

PROPOSITION 3. If A is a principal ring, then / : A -> B is an i-homotopy 
equivalence if and only if /* : iz (A , A) -> iz (A , B) is isomorphic. 

Under no restrictions on the ring A, however we have: 

THEOREM 2. If A , B are finitely generated /\-modulesy then the weak i-
homotopy equivalences between A and B coincide with the i-homotopy equivalences 
between A and B. 

In fact, Theorem 2 is a consequence of the proposition below (for which 
we do not give the proof here). 

PROPOSITION 4. If f : A-+B is a weak i-homotopy equivalence and R is 
a finitely generated [\-module, Then /* : iz (R , A) -> TU (R , B) is surjective. 

Finally, we propose the following problem: 

QUESTION. Which rings may satisfy (#), (*#) respectively ? 
We remark that if A is some injective A-module containing A, then the 

condition (#) says that the A-module A/I is injective for any ideal I of A. 
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