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Algebra. —  ^-homomorphisms of Lie algebras. Nota di A lex a n ­
der A. Lashi, presentata W dal Socio G. Zappa.

Riassunto. — Si studiano gli omomorfismi reticolari (^-omomorfismi) di algebre di 
Lie sopra anelli commutativi con unità. Le algebre di Lie sopra un campo e le ^-algebre 
di Lie non ammettono ^-omomorfismi propri. Si assegnano condizioni necessarie e 
sufficienti affinchè un’algebra di Lie periodica o mista possieda un «^-omomorfismo su 
una catena di lunghezza n.

Introduction

Let A be an universal algebra; (A) denotes the lattice of all sub­
algebras of A.

D efin ition . By lattice homomorphism or <££-homomorphism of an universal 
algebra A we mean a homomorphism /  of the lattice ££ (A) onto some lattice 

<?{&)-+&).
In the case when A is a group this problem is well known and was studied 

by M. Suzuki [5], G. Zappa [3], [4], [6], D. G. Higman [7], S. Sato [8], [9] 
and others.

The aim of this article is the study of J^-homomorphisms for Lie algebras. 
We will make use of generally accepted terminology and notations (see, for 
example, [1], [2], [10]).

Throughout this paper, the term “ algebra ” will always refer to a Lie 
algebra L over a commutative ring K which contains an identity and no zero 
divisors. These properties of K will not always be explicitly stated in what 
follows; moreover, additional conditions on K will be sometimes specified.

An element I e L will be called proper if kl 7  ̂0 for every Ä eK  ( ä ^ O ) ;  
otherwise, it will be called periodic ; a Lie algebra L will be called periodic if all 
of its elements are periodic; L will be called mixed (or nonperiodic) if L contains 
both proper and periodic elements; and it will be called proper if all of its 
elements are proper.

The set of all periodic elements of L will be denoted by t (L). It is clear 
that t (L) is an ideal in L.

The dimension of L, denoted by dim L, is defined to be the maximal num­
ber of linearly independent elements. It is clear that dim (L/t (L)) =  dim L.

Notations. Zn is an n-dimension chain (n >  1) ; Z^ =  U&Li Z& ; Z is a 
free K-module, when dim Z =  1 ; alg (X) is the subalgebra generated by 
the set X. (*)

(*) Nella seduta del 14 febbraio 1981.
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A J^-homomorphism /  will be called proper if /  is neither a lattice iso­
morphism nor a trivial homomorphism (1).

1. L ie algebras over a field

Suppose now that L is a Lie algebra, not necessarily finite dimensional, 
over a field P.

Lemma. A two dimensional Lie algebra L over a field does not admit a 
££-homomorphisms onto Z2.

Proof. Suppose that dim L =  2 and /  : (L) Z2 =  (0,1) is a ^-homo­
morphism. For each subalgebra A* £  L we have

( 0 , if A, =  0;

1 0 , if d i m A ; = l  and i e V,
f ( A i) = <

J 1 , if dim Â  =  1 and i e  12;

' 1, if A4 =  L.

One of the sets ^  or 12 is necessary it contains more than two elements. If l ly 
then we have

/ ( A 4) = / ( A , )  =  o => 1 = / ( L ) = / ( A ,  u u/ ( A, )  =  o.

If 12 has more than two elements, then

/ (Ai) = / ( A i) =  1 => 0 = /(A <  n  A,) ^ / ( A ;) n  /(A ,) =  1.

C o r o lla ry  1.1. I f  a Lie algebra L  over a field admits no trivial 
homomorphism onto a chain Z2, then dim L =  1.

C o r o lla ry  1.2. Let L and Lx be Lie algebras over a field P and 
f  : (L) (La) is f£-homomorphism, then f  is a lattice isomorphism.

To make use of these facts, one may prove

Theorem 1. A Lie algebra L over a field admits no proper homo­
morphism.

In the rest of this note we always mean that K is not a field and study 
homomorphisms of Lie algebras over K.

2. ^ - H omomorphisms of algebras over rings

A Subalgebra X c  L is  called cyclic if X =  alg (x), for some x e L. A Lie 
algebra L is called locally cyclic if each finite set of its elements generates a cyclic 
subalgebra. A proper Lie algebra L is locally cyclic if and only if dim L =  1.

(1) We must not choose proper algebra with proper homomorphism.
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D efinition . The J^-homomorphism /  : (L) —* ££ will be called full if
it satisfies the conditions

for every set of indexes (i e I).
The simple example shows that not each ^-homomorphism is full.

It is not difficult to see, that the J^-homomorphism /  is not full.

P roposition  2.1. I f  L is a proper locally cyclic Lie algebra over a ring K, 
then there exists a full 3?-homomorphism f  : &  (L) &  (Z).

Proposition  2.2. Let L be a Lie algebra over a principal ideal domain and 
/  : ^ ( L ) -> J^(Z) be a full ££-homomorphism, then L is a proper Lie algebra 
and dim L — 1.

So we have

T heorem 2. A Lie algebra L over a principal ideal domain K admits a full 
homomorphism onto ££ (Z) i f  and only if  L is a proper locally cyclic algebra.

Proposition  2.3. A mixed Lie algebra L admits an J^-homomorphism 
onto 7ju , when dim L =  1 and admits an J^-homomorphism onto Z2 if and 
only if, dim L =  1.

3. J^-Homomorphisms of periodic and mixed L ie algebrasI

In the rest of this note we always mean that K is a principal ideal domain.

D efin itio n . Let p  be a prime element of K; a periodical Lie algebra L 
over K will be called a Lie p-algebra if for each element le  L we have 
Ann l =  pn (1 <L n <  oo).

T heorem 3. A Lie p-algebra admits a proper ££-homomorphism if  and only 
i f  it is locally cyclic.

If L is a periodical Lie algebra over a principal ideal domain K, then L 
has expression in the direct product

/ ( v j <L i) =  u » / ( L 4) , / ( n i L i) =  Cii fCLi) ,

Example. Define the J^-homomorphism /  : 3? (Z) -> Z2 as follows

0 , if X, =  0 ,

1 , if O c X ^ g Z .

L =  LPl +  LP2 +  • • • +  LVi +  ’ • ’

where Lv. are Lie p r algebras and p i ^ p j
This decomposition will be called natural or N-decomposition of L.
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An algebra L is said to be decomposable if (L) is decomposed into a 
direct product of two or more lattices none of which is one-element lattice.

An analogous to a M. Suzuki’s theorem for Lie algebras holds.

Lemma (Suzuki). A Lie algebra L is decomposable and its lattice of sub­
algebras 3? (L) =  II* 1) i f  and only if  L is N -decomposable in the form (#)
and J2?(L<) =  ^ < ( ie  1).

So it is clear that the study of ^-homomorphisms onto a periodical 
cyclic Lie algebra is the same as studying «^-homomorphisms onto the lattice

<&—  Zni -f- ZW2 -f- • • • +  Znjk.

C o ro lla ry  3.1. I f  a periodical Lie algebra L is not a p-algebra, then L 
admits proper homomorphisms.

C o ro lla ry  3.2. A periodical Lie algebra L admits proper homomorphisms 
i f  and only i f  L is locally cyclic or is not a p-algebra.

C o r o lla ry  3.3. A periodical Lie algebra L admits proper S£-homomorphisms 
onto the lattice — ZWl —(— Z^2 —j— * * * —J— if  and only i f  L is N -decomposable
in the form

L =  Xpx +  X* +  "••+■ +  Lii +  L 2̂ +  • • • +  L jt +  • • -

where XPi are locally cyclic p r algebras, Ann XPi =  pki (hi <  oo) y n <  ki .

Remark 1. This question for groups was studied only in finite cases and 
the structure of those groups which admit «^-homomorphisms onto a finite 
cyclic group is rather difficult.

Remark 2. There is the possibility to find necessary and sufficient condi­
tions for the «^-homomorphism of a periodical Lie algebra onto the lattice

Zni +  z „2 +  • * •+  Znjk +  • • • +  Zqo +  • * ’ +  Zqo +

D efin itio n . Let /  : 3? (L) - ^ ^ b e  a J^-homomorphism and 0 the least 
element of then the lower kernel ker (Z, / ,  L , J£?) is determined as 
following

k e r ( / , / , L , J ^ ) =  uxLx , / ( L x) =  0 , Xe A.

If 1 is the greatest element of f£y then the upper kernel ker (w , / ,  L , £?) is 
determined as dyal

ker ( a , / ,  L , £ ’) =  n x Lx , / ( L X) =  I ,  Xe A.

Proposition  3.1. ker (Z, / ,  L , ££) AL; ker (u , / ,  L , &)  AL.

D efin itio n . A ^-homomorphism /  : (L) is called regular if
/(k e r  (Z, / ,  L , <=£?)) =  0.
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Proposition 3.2. I f  f  is not regular, then ker (/, /  , L , f£) =  L.

T heorem 4. A mixed Lie algebra L admits a regular homomorphism 
onto Zn with ker (/, / ,  L , J?) i f  and only if  dim L =  1 and satisfies one of the 
following

1) t (L) =2 ker (/, /  , L , S£) and Z (L) admits an ££-homomorphism
onto Zjyi_1

2) t (L) ç  ker (Z, / ,  L , «£?), L/ker (/, / ,  L , 3?) is a p-algebra of Lie 
and t (L) has no p-elements.

T heorem 5. A mixed Lie algebra L admits a regular ££-homomorphism onto 
the lattice Z2 +  Z2 +  ' ' ' +  Z2 i f  and only if  dim L =  1 and for some

--------------------------------------- J c --------- ------------ :-----

prime elements p±, p 2, • • •, pk e K the subalgebra t (L) has no p-elements.
Remark, that an element le  L is called a p-element if alg (/) is a ^-algebra 

of Lie.
The theorems 2, 4, 5 and corollaries 3.2, 3.3 contain all analogues to 

theoretical group results (see [1], [3]-[9]).
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