ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

(GIOVANNI BASSANELLI

On the Holomorphic Endomorphisms of the Ball

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 70 (1981), n.1, p. 18-22.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1981_8_70_1_18_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1981_8_70_1_18_0
http://www.bdim.eu/

18 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LXX - gennaio 1981

Geometria. — On the Holomorphic Endomorphisms of the Ball. Nota
di GiovanNI BassaneLLi @, presentata *® dal Corrisp. E. VESENTINI.

Riassunto. — Sia F un endomotfismo olomotfo della palla unitaria aperta B,
di C*. In questa nota proviamo che certe ipotesi minimali, relative al comportamento
di F su un orociclo e vicino ad un punto del bordo, assicurano che F & un automor-
fismo olomorfo di B,.

INTRODUCTION

It is well known that the metrics of Kobayashi, Carathéodory and Bergman
on the open unit ball B, for the euclidean norm of C» are coincident. We shall
make reference to any of these metrics and we shall denote with d the associate
distance.

In this paper we consider a holomorphic endomorphism F of B,, and we
show that, if F behaves  regularly ”” on a horocycle and close to a boundary
point of B,, then Fe Aut(B,) (cf. Theorem II).

1. Let W be a point of the boundary of B,. The horosphere tangent to
2B, at W of index k£ > 0 is the set

Hk, W)y={ZeC;|1—(Z,W)P <k(l—I|Z|P}.
The exhorosphere tangent to 3B, at W of index & > 0 is the set
E(h,Wy={ZeC";|1—(Z,W)P>h(|Z|r—1)}.

The boundaries of these regions are called, respectively, horocycles and exho-
rocycles.

For any A€ B,, setting a(A)=}1—[[A|?, the map

(Z, A
1+ a(a)

is a linear isomorphism of C», and the function

Ta(Z) = A+a(A)Z, ZeCr

Z > fa(Z) =T, (T%)

defines a biholomorphic map {Z€ C* ; (Z,A) £ 1} - {Ze Cr; (Z,A) £ —1}.

Moreover Aut (B,) = {(U o f,) an ; AeB, and U is an unitary trasforma-

(*) Scuola Normale Superiore, Piazza dei Cavalieri, 7, 56100 Pisa.
(**) Nella seduta del 16 gennaio 1981,
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tion of C?}. Note, in particular, that every autdmorphism of B, is defined
in an open neighbourhood of B,. (For all these facts, cf. [1]).

Let Z,, Z,€ C* be such that {Z;, A)£1(j=1,2). Put Z;=q;V+0Q;
with V:T%W, ¢;=1{2;,V),Q;=2;,—(Z; V)V, j=1,2. Then a tri-
vial computation yields

A—lAR A —(Z, Z,))
(1—(Z,A)1— A, Z))’

1— (fa(Zy), fa(Zy)) =

and this equality implies readily
LemMma 1. Let F be a holomorphic automorphism of B,, and for
WesB,, let
L 1—|FOF
[T — (W, F1(0)?

Then
() FGH(, W)—cH(k, F(W), k>0;
(it) If F is defined in Z and h > 0, then
Ze3E(h,W)e=F (Z)eE (rh,F (W)).
LemMa 2. Let Hy be a horocycle of B,, tangent to 5B, at W € 2B,,, and let

VeoB,\{W}. There exists Fe Aut(B,) such that
(i) F(H,) is the horocycle H = 3H (1, e,) passing through the point 0
and tangent ot 3B, at e,—=(1,0,---,0);
@iy F(V)=—p¢,.
Proof. Let g be the geodesic from W to V, Aec g N H,\ {W}, and
F = (Uofa)|s, with U unitary such that U (fs(V))=—eéy.
Since F (g) is a geodesic through F (A)=0, then F(g) 1s a diameter

whose extremes are F(V)=—-—e¢, and F(W). Therefore F (H,) is the
horocycle passing through F (A)=0 and tangent to 3B, at F (W) =e¢,.
Q.E.D.

2. To prove our result, we have to distinguish the case # =1 from the
others.

TueorREM 1. Let F : B—B, — B be a holomorphic function. Let H,, H,
be horocycles tangent to 3B at Wy, W, € 9B respectively. Suppose that:

y F? (H,\ {W3}) N H, is not empty and has at least an accumula-
tion point distinct from W,;

(if)y There exist V,,V,e 3B, V, %~ W,, and a sequence (Z,),.n in B
such that limZ,=YV, and limF (Z,)=V,.

V> 00 V—00
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Then F e Aut (B).

Proof. By Lemma 2 we can assume H;,=H,—H , W,=W,=1,
V,=—1

Let a(f)= 1'2” , teC. Then D=—a(B) is the open ball with
center — 1 and radius 2. Let G=a'cFoa:D —D. The function
1
L) = ————
@) G (1))

is defined and holomorphic when 1/f€ D and G (1/f) 3£ 0.

Let teG1(3B\{1}) NnsB. Since 1/f=teD and 0#4G(1/t)=
=G (f)€oB, then L (f)=G (f). Since, by (?), the set G1(aB\ {1}) N
N 9B =a 1 (F1 (H\ {1}) 0 H) has some accumulation point in 2B \ {1}
(1l=a1(1)=a1(Wy), then L is the analytic extension of G. It follows
that

1 G@)=

whenever 1/f€ D and G (1/f) #=0.
Let s€ 9B\ {1}. Since 1/f=s€D, we can assume that (1) holds for
every ¢ sufficiently close to s, ¢ . Then

1
) G (s) =, hm G ()= th_” @

Since s is not a pole for G, G (1/§) # 0. Therefore, by (2), (1) holds for
t=s, ie. G(s)= Hence G (s)€3B\ {1} and in con-

G GO
clusmn G (aB\{l}) < 3B\ {1}, ie

3) FAN{) = H\{1}.
Since —1/3¢D and — 3 € 3D is not a pole for G, by the same argu-

ment we can prove that G (— 3) = *’(—T?)) By (ii)

G(—3)=G (a1 (V) =(Geoa™) (hm Z)=lim Goat(Z,) =

V—>0

— lim a* F (Z)=a*(Vy).

v >0

If V,=1, then 1— 1 — G (—1/3)eD. But this is a contradic-
a(Vy)
tion. Thus V,~1 =W2,] and in view of Lemma 2 we can assume

Vy=—1. It follows that G (— 1/3)=— 173, ie.
(4) F(1/3)=1/3.
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In view of (3), F(0)e H\ {1}. Since F is a contraction for the
distance d then, by (4), d(0,1/3) = d(F (0), 1/3). On the other hand
d(Z,1/3) >d(0,1/3) whenever 054 Ze H\ {1}. Thus F(0)=0.

Now the theorem follows from the Schwarz lemma. Q.E.D.

Remark 1. Hypothesis (i) cannot be dropped. In fact the function

Z
F@=5—37"
such that F (B) < B, but — 1/2¢€ B\ F (B).

The following has been established by H. Alexander [2];

ZeB, is a biholomorphic automorphism of H (1, 1)

LemMma 3. Let S be a domain of C*,n> 1, such that S 0 3B, @. Let
T : S — C» be a holomorphic map such that T (S 6B, < oB,. Then either T is a
constant map or T extends to be a holomorphic autormorphism of B, .

TuroreM II. Let F :B, — B, be a holomorphic map. Let H,, H, be
horocycles.

If the following two conditions are both satisfied
(1) There exists an open subset S of B, such that

SNH,—2 and F(SnH)cH,;

(i) There exist V,,Vye 3B,,V,¢ H, and a sequence (Z,)yex in B,
such that lim Z,=YV, and lim F (Z,)=V,,

V=00 V-—>00

then Fe Aut(B,).

Proof. If n=1 this is Theorem I. So we assume n > 1. By Lemma 2
there is no restriction in assuming H,=—=H, —H. For Z=(z,, Z') with

z€C, Z e C let
b(Z):(zlJrl _Lz)

Then b(B,)=E(2,¢), b (H)=02B,. Let G=b1Fob:E(2,¢)—
—E(2,¢). By (z) G(b1(5)naB,)= 3B, and »'(S) is an open subset
of C* such that ' (S) N 3B, # .

Since Lim G (b1 (Z,)) = b-1(V,) € E (2, &) with b1 (Z,)eE(2,¢), G

V=00
is not a constant map. Lemma 3 implies that G |5, € Aut(B,). Hence
there exist a vector A€ B, and an unitary operator U such that, whenever

(Z,A) 1.

6@ =ty (2 )

T—7,8
Since G is bounded in E (2, ¢) and 61 (V,)€3E (2,¢), (b1 (Vy), A) £ 1.

It follows that G is holomorphic in an open neighbourhood S, of 5-1(V)),
and G (671 (V) =b1(V,).
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Since G is bijective on 3B, and sincee, € E (2, ¢)) > G (5B, \ {¢,}), then
G (¢;) =e¢,. Being G injective, then b (Vy)) =G (-2 (V) £ G (¢) = &,
By Lemma 1 there exists 7 > 0 such that

WeS NER2,e) 2GW)eEQ27r,G(¢))=02E(2r,¢).

In particular b1 (Vy)) =G (b 1(V,)eE27r,e)Nn3E(2,e,)\{¢,}. Thus
r=1, and therefore F (b(S,)n 2B,) < ¢B,. The conclusion follows now
from Lemma 3. Q.E.D.

Remark 2. The questions discussed in this paper make sense also in the
infinite dimensional case. Some of the machinary involved in the proofs can
be adapted also to the infinite dimensional case (e.g. the explicit description of
the group Aut (B.)[3]). Unfortunately no proof of the crucial Lemma 3 is
available in the infinite dimensional case.
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