ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

EUGENIO SINESTRARI

On the solutions of the inhomogeneous evolution
equation in Banach spaces

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 70 (1981), n.1, p. 12-17.

Accademia Nazionale dei Lincei

<http://wuw.bdim.eu/item?id=RLINA_1981_8_70_1_12_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1981_8_70_1_12_0
http://www.bdim.eu/

12 Lincei — Rend. Sc. fis. mat. e nat. - Vol. LXX — gennaio 1981

Analisi matematica. — On the solutions of the inhomogeneous
evolution equation in Banach spaces. Nota di EUGENIO SINESTRARI ™,
presentata *¥ dal Corrisp. E. VESENTINI.

RiassunTO. — Vengono dati nuovi teoremi di regolarita per le soluzioni dell’equa-
zione # (t) = Au(#) + f () nel caso in cui A ¢& il generatore infinitesimale di un semi-
gruppo analitico in uno spazio di Banach E e f ¢ una funzione continua.

1. INTRODUCTION

Let E be a Banach space with norm |i-|| and A: Djy< E —E be the infi-
nitesimal generator of a holomorphic semigroup ¢*. For each k=0,1,---
let M, > 0 be a constant such that for each ¢ > 0 we have || £ A¥ ™| < M,.
We will study the equation

| w (1) = Au())+ £ (2)
| w(0) =«
for each given fe C(0, T ; E) and x€ E.

Some conditions on f and x to obtain solutions of (P) are well known (see
references): in this paper we want to add new results about the properties of

the mild solutions and the maximal regularity of the classical solutions. These
results will be applied to the study of the semilinear evolution equations ([10]).

(P)

2. DEFINITIONS AND PRELIMINARIES

Let us denote by X = C (0, T ; E) the Banach space of the continuous
functions % : [0, T] — E with the sup-norm. We shall define the multipli-
cation operator by A in X as follows:

DerINITION 1. A : Dy X —X where D,=C (0, T ; D) (D4 is equip-
ped with the graph norm) and (Au) (f) = Au (2).

It is easy to prove that A is the generator of a holomorphic semigroup &*
in X such that (¢* u) (s) = ¢ u(s) for >0 and se [0, T].

¢

DerFINITION 2. For each fe X we define ¢* % f as follows:
i
(1) (xf)@)= | M f(t—s)ds 0<t<T.

0

t —e™ x4 (e**f) (1) is called the mild solution of (P).

(*) Work done as a member of GNAFA of CNR.
(*¥) Nella seduta del 16 gennaio 1981,
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DerFINITION 3. Given fe X, a function u € C'(0, T;E)YnC(0, T ;Dy)
is called a solution of (P) if (P) is verified for each te [0, T].
It is known that if u is a solution of (P) then we must have

(2) u(t)=eAtx+[eAsf(t—s)ds.

DeriNiTION 4. C®(0, T ; E) is the space of holder continuous functions
u:[0, T] —E with exponent 6€]0, 1[ and norm

ll2 (t) — u (s)]
3) lellco = lllle + sup —5—35—
We set C(0, T ;E)={ueC’(0, T ;E);u(0)=0}

DeriNitioN 5. RB*(0, T ; E) is the space of little holder continuous
Sfunctions i.e. :

he(O,T;E)={ueC°(O,T;E) . lim sup -.”i@"‘—“(“)_”_:o};

550 lt—s|<8 [t—s|®

K is the completion of C' in C° (see [3], [9]).

3. THE HOMOGENEOUS CASE

In this section we shall consider the following special case of (P)

(Po) u' (1) = Au(t) + f(2) 0<t<T
u(0)=0

and we will also suppose that f(0)=0.
The following theorem is well known (see [2], [4], [6], [11]).

TreorEM 1. If fe X then u = ¢*+ fe Cy for each 6€10,1[ and

*) lullce < el fllx

TurorREM 2. If fe Cy then u=e"*f is a solution of (Po) and u/
Aue C}. Moreover :
(5) lAullo < call fllce -
where ¢, =¢, (T, 6, M,, M,).

Proof. This result was proved in [2] as a consequence of an abstract
theory about the sum of two operators. By direct methods, Kato [5] proved

that when fe C’, w e C’(c, T ; E) for each €€ ]0, T[; we will see that the
same elementary methods prove that: »’ e C5(0, T ; E) if £(0)=0.

2. — RENDICONTI 1980, vol. LXX, fasc. 1.
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Proceeding as in [5] we prove that Au(f) = Au, (¢) + ™ f(t) —f(2)
and Au, € C3(0, T ; E). When 0 <s <t we have

e £ (t) — ™ F)I < Ne™ [ @) —F O+ (™ — &™) f)ll <

< Mol fllce (¢ —5)" + H f Ae™ dr o1l S <1 £ llo (Mo t—s) +

+ M, fr"'l dr) < (Mo + M1 67 [ fllo (£ —s)°

hence ¢ — ¢ f(¢) is holder continuous and the conclusion follows.

THEOREM 3. Let fe hy: then u—e*f is a solution of (Py) and w,
Aue hg.

Proof. 'The first part follows from Theorem 2. Now let f,e C; (0, T ; E)
be such that lim| f, — fll.e = 0; setting u, = e fn» we deduce from (5)

n—>00

that [|Au, —Aullo < ¢ | fu—flo; as Au,€Cq for each «€]0,1[ we
have Au, € hy. From lim Au, == Au (in C°) we get Auc k.

n—o0
Let us introduce now a family of intermediate spaces between D, and E

(for details and proofs see [1]).
DEFINITION 6. Let 6€]0,1[- Do (0) —={x€ E , lim £ Ae™ x —0}.
t—>0
D, (6) is a Banach space with the norm ||x]jo=| %] + sup ||£'~® Ae™ x]].
t>0

It can be proved that D, is dense in D (0).

The following proposition gives an useful characterization of D, (6).

ProposiTioN 1.  Let A be given by Definition 1 and 6€]0, 1[;
then D, (0)=C(0,T ;DA (0) with equivalent norms. We  shall set
Xo=C (0, T ; D4 (9)).

Proof. When ue Dy (0) we have

(6) Sup [lu (@)l =l lbse -

There is u,€ D, such that lim #,=wu in D4 (0) hence also in X4 in

n—>o00
consequence of (6).

Conversely if u€ Xqy there is u,€ D, such that lim «, =—=u in Xg; as
n—>o00

we have ||u,|lp,e < 2| %,llx, we deduce that u, converges in Dy (6) to u.
THEOREM 4. If fe X then u=— e+ fe Xy for each 60, 1] and
(7) ll2llxg < sl flix
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Proof. For £ >0 and 0 <t <T,
¢

1€'7° Ae™ u (8) | :i ge fAé“QA f@t—s)ds

t

1-9 . T
<Ml [ g ds < M1 20 TS

which tends to zero as £ — 0; from Proposition 1 we deduce ue X,. By
means of the inequality

zl—e < 1

8

®) gggs 13

M
— 0

we obtain sup &= eAeAEu(t)H < T'°|Ifllx, and the conclusion

follows.

Taeorem 5. If feX and 0 <oa<1—0<1 then u—e*sfe
€Cy (0, T ;Du(8)). Moreover

(9) ”u“C:(O,T;DA(O)) S €y ”f”X .

Proof For £>0,0 <t <t, <T we have [|§"° Ae™* (u (t,) — u (8,)) || =

123

1 efA [eA(tz s+8) __ A— 8+E)]f(s) ds + ‘Zl OJ A(t2—8+i)f(s) dsll. Now
i tg—s+E
for each a €10, 1[ we have £'7° || A2 +0 __ A A0—s+8) <M,° [r_zdr:
ti—s+E

Z(l——e)m E(I—O) (1—w)

—s+E tz——s+€ -
by using (8). Hence

=M, (t,—t, ) M,(2,—t,) (tl—s)(l_e)a_l(tz—s)(l_e)(l—a)—l

t

sup [ E77° A (u () — u ()| < M, || f llx (t,— 2,)* "¢ f (8, — )" ds
£E>0

0

M1 (6 )70 ds = cons. £l (5, — 1000,

By using also Theorem 1 the conclusion follows.

The following theorem is proved in [3]:

THEOREM 6. If feXo then u=ce™+f is a solution of (P,) and u
AueXy. Moreover

(10) I Au(lxg < €5 | f llxe -
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4. THr NON-HOMOGENEOUS CASE

Let us consider now problem (P) with f€ X and x € E. The mild solution
of (P) is given by

t

(12) u (f) = uo (£) + f M f0)ds + M x

0

where u, is the mild solution of problem (P,) with f(#) replaced by f () — f (0).

DEFINITION 7. D4 (0, 00)={x€E, sup [|'"® Ae* x| < oo}, where
t>0

0<6<l.

ProposiTioN 2. ‘The function t — e x is in C*(0, T ; E) if
x€Dx (0, 00) and is in A° (0, T ; E) if x€ D, (0).
The proof is a consequence of 2.3.6, 3.4.12 and 3.5.8 of [1].

By applying the preceding proposition we can get several results from the
theorem of section 3. We shall consider only three cases. More results
are given in [10].

THEOREM 7.

() If feC’ xeDy and Ax 4 f(0)e DA (0, o) then (P) has a
solution # such that u’, Aue C°

C(w) If fe 1, xe Dy and Ax + f(0)€ Da (0) then (P) has a solution
u such that u', Aue k.

(i) If feC(0, T ;DA(0)),xeDp and Axe D, (0) then (P) has a
solution u such that #', Aue C (0, T ; D, (8)).
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