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Geometria differenziale. — On a result of S. S. Chern concern-
ing contact invariants between a pair of surfaces. Nota di FrRoIM
MaArcus, presentata ™ dal Socio G. FicHERA.

R1ASSUNTO. — Si dimostra usando il metodo di Fubini che le due invarianti di
contatto fra due superficie che furono trovate da S. Chern, usando il metodo di Cartan, e
che a lui parevano essere nuove, sono le invarianti di contatto in una corrispondenza
asintotica ottenute da Chech.

1. The notion of geometric and analytical contact between curves, sur-
faces or varieties was introduced by Fubini in [1], see also [2]. In [3], M.
Mascalchi @ presented a geometric interpretation of the contact invariants
between a pair of surfaces S;, S, having the same tangent plane at a common
point. Let the pair of surfaces be

1D s=at2bzy+ayr+Q@)  r=alt2xy+6"+3)

with a@;, 4;, ¢; constants, and with the figure (%) in parantheses denoting
quantities comprising terms in x , ¥ of order = at least; the contact invariants
are

2
(1.2) ayco—0by | aye—2b,b,+ ayc,
* 2
alfl—‘b]_

2
dl Cl _él

the first being the ratio of total curvatures of S, and S, at their common point
(the origin), the second—the ratio of the harmonizant of:

(1.3) xRt 2bay+tP=0 ; amatt26,xy+cy2=o0,

and the total curvature of S; at zero.

Chern, using Cartan’s method, obtained [4] ® two further contact in-
variants-——which he believed to be new—between a pair of surfaces with second-
order contact a common point. Apart from that, as the bibliography in G. Bol’s
excellent treatise on projective differential geometry [5] indicates, there has
been no further study of Chern’s invariants. Accordingly, an attempt is made

(*) Nella seduta del 26 giugno 1980.

(1) M. Mascalchi was assistant to our master G. Fubini when I was a student at the
Turin Polytechnic. -

(2) I became aware of this paper through the selected papers of S. S. Chern.
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in the present paper to establish their significance and their relationship to
the theory of asymptotic correspondence between a pair of unruled surface,
using Fubini’s method [6].

2. In Chern’s paper, the equations of the pair of surfaces with the same
tangent plane at a common point A, read: ’

(2.1) z=uxy + —;— (px® + 3922y + 3702 + 5v%) + (4),

(2.2) z=xy +%@1x3+3qlx2y+3r1xy2+s1y3>+(4)-

If AA, A, A; is the reference frame in which (2.1) and (2.2) are the equa-
tions of S, and S,, and AA; A, their common tangent plane, then the most
generalized reference frame AA, A, A; having the same property is given by:

(2.3) A=A ,A =pA +aA;, A, =0A+3A,,A;=1A +AA; +pA, + adA,,

or

(2.4) A=A ,A =pA Fah,,A,=0cA L3A,, A= 7A JuA, +2A, + adA,,

where the operation (2.4) may be regarded as the product of (2.3) and of the
transformation

(25) A:A,AIZAz,AzzAI,A3:A3.

If the equations of the surfaces (2.1) (2.2) in the reference frame AA, A, A,
defined by (2.3), are:

(2.6) z=2xy + %Cﬁxs + 3 g2y + 372 + 5% + (4),
(2.7) z=xy +-;—<i>1x3+3q'1x2y+3flxy=+say3)+<4>,

it follows that:

(2.8) b _ A B s
' p 2 "5 s
On the other hand, the operation (2.5) transforms p,/p and s/s according
to:
ho_no A4
(2.9) 35 57
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Accordingly, Chern observed that the quantities

_ I (h $1 . _ DL s
(©) H—”;(?’FT) ; K——7 PRt

are independent of the choice of the reference frame AA; A, A4, and are contact
invariants of the surfaces (2.1), (2.2) at the common point A. In concluding
his paper Chern, using the method of C. Segre [6], gave a geometric inter-
pretation not of H and K but of pilp and s/s.

3. From (2.1) and (z.2), it follows that the asymptotes of the two sur-
faces correspond. We may suppose that their common point is o, and that
x=x(u,v),y =y (w,v). Let x=2z=0 be the tangent to the asymptote
v = const, and ¥ = x = o the tangent to # = const. Then at o:

(3.1) X=y=5=0 ; X,=%,=0.

From (2.1), it follows that for o we have:

By = 2y = Zpy = By = O i By =1,
(3-2)

Boae =20 3 Bpy=2q ; gy T 27,8, =275,
whence, again for o,
(3-3) 2y =2,=0.
Consider the fundamental system (see [6]):
(3.4) B R I e T
Theréfore, we have for o

Koo = YXy ) Yuu = BV ’ Zyy = By = O > Zup = Xy Vo
(3.5)

Zun = Boun 5 Zow = YEus -
But from (2.1) and (3.1) it follows that for the same point:
(3.6) S = 2 D%+ 3BTy 5 B =2 Ve T 3T
Equating (3.6) and (3.5), we obtain:
(@) Pra=—Bryy Vo= —YWY,.
(In the same manner, we obtain from (2.2) for S, :

(8> plxz == —_.leuyv ) Slyf) = —Y1¥%u Vo>
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whence

3! B i _ M
9 ——— = —— ; —_— -
@) ? B s Y
But according to Cech [6], if a pair of surfaces determined by their Fubini
linear elements

Bde® + ydo? B, dzd® -+ vy do?
(3.7 2 du dv ’ and 2dudy ’

are in asymptotic correspondence, then
Y1

B
(E) - and ——
B Y
are contact invariants of their corresponding asymptotes, and since a projective
transformation of a surface conserves P and v, the contact invariants of (2.1)

and (2.2) are given by %— and % Changing x to vy we obtain %= —.le—

and _5;_ = P . Now compare with (2.9).

B

The results explain why p|p and s\|s are the lLimits of the anharmonic
ratios found by Chern ®, On the basis of these results, Chern gives a very
interesting geometric interpretation of the ratios B/B, vi/y over and above
the interpretation given by Cech.
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(3) Let there be a guadric T having second-order contact with a pair of surface at a common
point A, and an arbitrary point Q of . An arbitrary straight line d, passing through Q, meets
2 and the surfaces at points P M ,N. When Q fends to QA on the asymptotic directions, the
anhkarmonic ratio MN , QP , zends to pi/p and si/s for all choices of T and Q.



