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Analisi matematica. — Representation of Lipschitzian compact-
convex valued mappings. Nota di Arririo L DonNE e Maria
Virroria MarcHI, presentata @) dal Socio G. Scorza Draconi.

RIASSUNTO. — Parametrizzazione di una mappa multivoca lipschitziana a valori com-
patti e convessi. La parametrizzazione & ottenuta mediante una famiglia di funzioni lipschit-
ziane indicizzate in uno spazio compatto.

1. INTRODUCTION

Purpose of the present paper is to investigate the so called representation
problem: assume that we are given a compact-convex valued map F from
a topological space X into R®. We ask whether there exists a compact % and
a continuous single-valued map f: X X% — R® such that

F@) =r(x,%)

and / inherits the smoothness properties of F.

In the case where F is continuous, this has been proved by Ekeland and
Valadier [2]. In what follows we assume that F is Lipschitzian from a metric
space X and we prove the existence of % and f such that f is Lipschitzian in x
and the above representation formula holds.

2. In the following we denote by X a metric space and by Q7 the space
of compact-convex subsets of R® provided with the Hausdorff metric D
induced by the Euclidean norm |-|. For x€R" and ¢ >0 we denote by
B (x,¢) the closed e-ball centered in .

Let o, B, L €R+ be the solutions of the system

\a+ﬁ=ﬂ/3

/ sino = 1/LL
sin p = 2/L

’OC<B<TE/2.

(*) Nella seduta del 12 aprile 1980,
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LEMMA 1. Let @,u,v,,v,2ER" and ¢, nERY be such that

2 —ov | <7
lu—v, | <e
veE[vy,v,] and |d—v| =27

|22 —wv | > Le

then
#—u|>2(E+7).

Proof. Since the minimum of | % — « | is attained when # and # lie in
the same half-plane with respect to the line through z; and v,, there is no loss
of generality in assuming that % and « satisfy the above condition of lying
on the same half-plane.

u

For & = Zv\z? and { = ;fz/\vz we have &+ { <mnf2. Indeed £ <=6
since sin§ <%f2% and { <« isince sin { <e¢fLe, so there exists a point
w € [, u] such that gyiv = /2. Thus for $ = Wi we get § <9 < rx/2 and
so sin § <sind. From this it follows that

lG—u|=|d—w|+|u—w|>2n+|u—v]|sin§ >

Z2ntlu—ov|sin =29 +Lle2fL=2(c+7n.

To prove our main theorem we use the following result due to Bressan [1].

LEMMA 2. There exists a Lipschitzian map b:Qr —R", with Lipschitz
constant not larger than 2 n, such that b (K)e K for every Ke Qr. [

THEOREM 3. For Ke Qn and a €K there exists a Lipschitzian map S
Srom Q* into R" such that S (K)e K for every Ke Qr and S (K) = 4, with
Lipschitz constant not larger than 2 nL.

Proof. Define S(K)=4(U (K)) where & is as in Lemma 2 and
U: Q" — Q" is defined by U(K)=KnNB(#,2D K, K)).



280 Lincei ~ Rend. Sc. fis. mat. e nat. ~ Vol. LXVIII —~ aprile 1980

To prove the Theorem we show that U is Lipschitzian with Lipschitz
constant less than or equal to L. For K, K'€ O and # €U (K) there exist
v, v, € K’ such that

|%#—v, | <D X, K
| |u—w | <D (K, K
Since L > 1, when 2,€ B(%,2D (K, K") we have
l2—12,| <LD (K,K".
with 2,€ U (K"). .
' On the other hand, when 2,¢ B (#Z,2D (K, K’)), then exists a point

v€ [1y,,) such that |#—o|=2D XK, K.
For such a o, that belongs to U (K’), it must be that

lu—v | <LDX,K"
since the inequality
|#—u]<2D®,K) <2®®,K)+D(K,K)

contradicts the conclusion of Lemma 1.
Since K, K’ and # were arbitrary, we conclude

DU X)), UEK)<LD(K,K). O

COROLLARY 4. Let ¥ be a compact-convex valued map from a metric space
X into R®, Lipschitzian with Lipschitz constant M. Then there exist a compact
space U and a continuous map f: X XU —R® suckh that f is Lipschitzian in
x and the following representation formula holds:

Fx)=f(x,%  for each x€X.

Proof. We take as % the space of all Lipschitzian selections of F with
Lipschitz constant not larger than 2 ML provided with the pointwise topo-
logy. % is compact since it is a closed subspace of the compact space [T F ().

zeX

As f:XX% —R"® we choose the map defined by f(x,V) =V (x).
J is Lipschitzian in x and, since the family # is equicontinuous, it is
continuous [3. Ch. 7 th. 13].

For x€ X and #€ F (x), let S be as in Theorem 3 where % =« and
K = F(x). The map SoF belongs to %, hence F (x) = f(x, %).
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