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A nalisi m atem atica. —  Representation of Lipschitzian compact- 
convèx valued mappings. Nota di A t t i l i o  L e D o n n e  e M a r i a  

V i t t o r i a  M a r c h i ,  presentata (*} dal Socio G. S c o r z a  D r a g o n i .

R iassunto. — Parametrizzazione di una mappa multivoca lipschitziana a valori com
patti e convessi. La parametrizzazione è ottenuta mediante una famiglia di funzioni lipschit- 
ziane indicizzate in uno spazio compatto.

i .  In t r o d u c t io n

Purpose of the present paper is to investigate the so called representation 
problem: assume that we are given a compact-convex valued map F from 
a topological space X into Rn. We ask whether there exists a compact °U and 
a continuous single-valued map / :  X x t  - > Rn such that

F (x) -- /  (x , °U')

and /  inherits the smoothness properties of F.
In the case where F is continuous, this has been proved by Ekeland and 

Valadier [2]. In what follows we assume that F is Lipschitzian from a metric 
space X and we prove the existence of % and /  such th a t/  is Lipschitzian in ^
and the above representation formula holds.I

2. In the following we denote by X a metric space and by Q*1 the space 
of compact-convex subsets of Rn provided with the Hausdorff metric D 
induced by the Euclidean norm | • | . For x £  Rw and s >  o we denote by 
B (pc , e) the closed e-ball centered in

Let a , ß , L e  R+ be the solutions of the system

a +  ß =  7t/3 

sin a =  I /L 

sin ß =  2/L 

a <  ß <  71/2 .

(*) Nella seduta del 12 aprile 1980.
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Lemma i . Let u , u t v1 , v2 , v e Rw and s , rj e R+ be such that

\ ü  —  v1 \ < r t

I u — V2 I <  S ' .

V 6  \ y x , ^ 2] I Æ | =  2  Y)

I u — v I >  Ls

■ | Æ---^ | >  2 (s +  Y ] )  .

Proof. Since the minimum of | ü  — u | is attained when ü and u lie in 
the same half-plane with respect to the line through vx and v2) there is no loss 
of generality in assuming that ü  and u satisfy the above condition of lying 
on the same half-plane.

l >i  "  l > 2

U 

U

For \  =  vxvü  and Ç =  uvv2 we have \  Ç ;< 71;/2 . Indeed £ <  tz\6
since sin Ç <  y] /2  y] and £ <  a since sin Ç <  e/Ls, so there exists a point
w e \ü , u] such that uvw — 7c/2 . Thus for & =  wvu  we get ß <  & <  71/2 and
so sin ß <  sitjiDv From this it follows that

\ ü -—  U  I =  \Û ----W  I +  I U  W  I > 2 Y ]  +  I ^  —  V \ sin & >

>  2 Y) +  \ u -------V I sin ß >  2 Y] - f  Ls 2/L =  2 ( s  - |-  Y]) . \f\

To prove our main theorem we use the following result due to Bressan [1].

LEMMA 2. There exists a Lipschitzian map b : Qn -> Rn, with Lipschitz 
constant not larger than 2 n> such that b (K) e K fo r  every K e Qn. □

T h e o r e m  3. For K e  û w and  Æ gK there exists a Lipschitzian map S 
from  On into Rw such that S (K) e K fo r  every K 6 Qn and  S (K) =  ü, with 
Lipschitz constant not larger than 2nh .

Proof. Define S (K) =  b (U (K)) where b is as in Lemma 2 and 
U : a n -+Qn is defined by U (K) -  K n B (« , 2 D (K , K)).
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To prove the Theorem we show that U is Lipschitzian with Lipschitz 
constant less than or equal to L. For K , K ' g ü w and ^ e U  (K) there exist 
vx , z/a e K ' such that

I ü —  vi I <  D (K , K')

I -u — v2 \ <  D (K , K')

Since L >  I , when v2 e B (ü , 2 D (K , K')) we have

|«  — »2 | < L D ( K , K /) .

with z/2e U  (K').
On the other hand, when v2 <£ B (ü , 2 D (K , K ')), then exists a point 

v ß \vx , v2] such that | ü — v | =  2 D (K , K').
For such a v, that belongs to U (K'), it must be that

\ u — v I < L D ( K , K ' )

since the inequality

I ü —  u I <  2 D (K , K) <  2 (D (K , K') +  D (K , K'))

contradicts the conclusion of Lemma 1.
Since K , K ' and u were arbitrary, we conclude

D (U (K) , U (K')) <  L D (K , K') . □

Corollary 4. Let F be a compact-convex valued map from  a metric space 
X into Rw, Lipschitzian with Lipschitz constant M. Then there exist a compact 
space °ll and a continuous map f  : X X Qt —>■ R% such that f  is Lipschitzian in 
x  and the following representation form ula holds'.

F (x) = f ( x  , %I) fo r  each x  € X .

Proof. We take as °ll the space of all Lipschitzian selections of F  with 
Lipschitz constant not larger than 2 n ML provided with the pointwise topo
logy. ds compact since it is a closed subspace of the compact space J J  ^  0*0*

As / : X x f - > R W we choose the map defined by f ( x ,  V) =  V (x). 
f  is Lipschitzian in x  and, since the family °ll is equicontinuous, it is 
continuous [3. Ch. 7 th. 15].

For x€.  X  and u €  F (x), let S be as in Theorem 3 where ü  =  u and 
K =  F (x). The map SoF belongs to hence F (x) — f ( x  , <¥).
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