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Analisi matematica. — On an inequality related to the motion,
in any dimension, of viscous, incompressible fluids. Nota [T di
Grovanni Prousg, presentata dal Socio L. AMERIO.

RIASSUNTO, — Si dimostrano teoremi di esistenza, unicitd e dipendenza continua per
le soluzioni debole e forte della disequazione di Navier-Stokes considerata nella Nota I.

3. — We now prove existence, uniqueness and continuous dependence
theorems for the weak and strong solutions of the Navier-Stokes inequality.
satisfying the initial and boundary conditions (2.2) and (2.3).

- .
THEOREM 1. If f(Hel’(o,T;(NY), a € N°, there exists at least one
- g ., .
Junction v (t) satisfying conditions as), be) (weak solution).
Let B be a penalisation operator relative to the convex set K defined in
§ 2; denoting by P the projection operator on K we can set (see, for instance,

[1], ch. 2, §2.2)

>
Z

3.1) B(ZH=%—P

It is well known that § is a monotone, hemicontinuous operator from
L®(o,T;N% to itself. Denoting by s a number > /2, let moreover {g;,}
be a basis in N°.

Setting

n - e
(32) W= n®E . HO=T709
J=
consider the system of ordinary differential eqﬁgtions

(33)  @n(®) —vAT, () + 1B (3, () —Fu (), B+ 8 (Ba (), Dn () E) =0

(] =TI, ”)
with the initial conditions

(3.4) ?j),, (o) = an = Ec’n

By well known theorems, (3.3), (3.4) admit, V#, a solution for sufficiently
small z.

11, denotes the projection operator on the subspace defined by ?1 ,zg e -,_En.

(
(

*) Pervenuta all’Accademia il 29 agosto 1979.
1)
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In order to obtain some a priori estimates for O (#) from which, in par-
ticular, will follow the existence of such a solution on the whole of [0, T},
we multiply (3.3) by @, (¢), add and integrate over [0,#] (0 <z <T); we
then obtain

5 7@+ f AEAOI SR I CHORNORNO RS

F (@ @ (), T ()0 — (Fu (1) 5 O ()0} dy = 3 TL, & R0

Since (B (Zn) , Zn)NO >o and & (Zn Ty, Zn) =0, from (3.5) it follows
that

(3.6) 15 Oho =M, |70 =M,

with M; independent of »#. By (3.6) the solution U (#) of (3.3) exists on the
whole of [0, T]; it is, moreover, possible to select from {Zn} a subsequence
(again denoted by {v,}) such that

. - . — . - _ -
(37) hm vn <t> L2(OF;N1) v (ZL> y hm Zln (t) Loo(ﬁ;NO) v (t)
N—> 00 n—>00

respectively in the weak and weak-star topologies.
On the other hand, by (3.5), (3.6),

39) [ G, o ds < Myn

o

0

and, consequently,

T
(3.9) lim | B @®,), o)n0ds=0.
N—>00 .
Hence,
(3:10) I8 (@) ll2o,miv0 = 0 = 7 () € L2 (0, T ; K)

By (3.7), (3.10) the limit function v (¢) satisfies as).

- -> -~

Let ¢ be any function € Hg(o, T ; N* and set ¢, = II, {; assuming
(as is obviously possible) that the E,- are orthonormal and bearing in mind
that when s> m/2 the embedding of N’ in L% is continuous, it follows
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from (3.3) that

(3.11) UT@,;,@NW =UT<Z;,$M>Nodt

=

T
- ‘ A A Y AR A A A AR AR
< 0119 o | O lzoirinsy + | o lzosmsoniyn 1| n lzo oy -+

> - -
+ 1l 74 o, m;50 | 75 llLae, vy | 4 L2o, T80 +

A RCICARANEY

Observe, on the other hand that, by (3.8), since B(Zn)zo when
|2, | < ¢ and, by the definition of K, 8(2,)-2,=|B(@.) | | 7.1,

T
(3.12) M, = f 7 (B (@), Onwo dt = e f 8@ 1dQ.
o Q
Hence, substituting (3.12) into (3.11), we obtain, by (3.6), Ve > o0,
. |
(3.13) \ } (@n s o dl“ < Ma |l § [z, ming + (Migfe) [| § lloog, im00) <

0

N
<= Mslidllud 20,19

and, consequently, since Hg (0, T ; N®) is dense in H:*® (0, T ; N®), denoting
by (N*) the dual of N°,

(3.14) | 7 (2) lla-—20,m;00y < M.

Since the embedding of L*(o,T;NYN H! ®@,T; (NY) into
L? (o, T; No) is - completely continuous, we have, by (3.14),

(3.1%) lim o, (x,t) = 7 (x,9) a.e. in Q.

n—>00

Let -cg(t) be an arbitrary function e L (o, T; Ns), with ’(;’ (0 e L2 (0, T;N%,
[ (x,8)| <c; setting

- < - - d -
(3.16) ' <P<t>=7,§w(t)gj ) <pp(t)=j§w(t)gj,

it is obvious, since the embedding of H' (0, T ; N*) in C°(Q) is completely
continuous, that, when p > § sufficiently large, lc_p>p| <c.
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Assuming then that » > 5 and setting 6; = v; when 7 < p, 6, = 0 when
J > 2, let us multiply (3.3) by a«;, (#) —o0;(#); taking » > p and adding,
we obtain

(3.17) @n(®), 0 () — @ (w0 + 1 @a (B Ta () — @ 1 -+
F 2B @n®), 0n &) — GO0 +6 @ (), Du(®), D0 () —$p () —
— (fa®), 90 (&) — % D)o = 0.
Observe now that, since | §, | < ¢ (hence B (¢,) = 0) we have
(3.18) B, Tu—%pm0 = B @n) —B (@), 0n—Fpno = 0.

Consequently, denoting by ¢ (/) any function € C®[o,T], with ¢ (¥) > o,
integrating (3.17) between o and ze [0, T] and applying Green’s formula,
we obtain

619 4O BN O —F O BT E—F, @ o+

t

+ [y ) — o 1 B ) B () — T b +

b @ (), T (1) P (1) — p (1)) — (Fu () s T (1) — Bp (o] A} d <00

Let # — oo in (3.19); the function o (¢) satisfies, by (3.7), (3.15) and well
known properties of the weak limit, the relation

T

(3.20) [ 3170 — Ol — 315 —3,0) o +

0

+ [, 70— e+ u @ @, 56— G +

5@ ), T (), T () — B () — (F (), @ (n) — By ()] dm} dz < 0.

Hence, o (¢) satisfies bg) V function <_§,, (¢) defined by (3.16); letting p — 00
and observing that the class of functions ¢ defined by (3.16) is dense in that
of the test functions considered in b;), we can conclude that v () satisfies
b;) The theorem is therefore proved.

THEOREM 2. The weak solution given in Theorem I is unique and depends
—>
continuously on f and «.
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Assume, in fact, that there ex1sts two functions, # (£) and I (t), satisfying
az), bs) and set w () = (u @ T 2 (2)). Denote, moreover, by {w,} a regu-
larising sequence assoc1ated to, w (see note I, p. 4)

Writing condition bg) for 7 () and v (), setting %= w and adding we
obtain

(321) T O—T O e + 1% — ;) o +
+ [ @5, B 0 — s e+ G (0,5 () — T e +
o), %) —w;w + 6@ (), 7 (), 0 (1) — @, () +
+ 6 G (), % (), % () — () — (F (), () ~— B (o} dy < 0.
Hence, by (2.6)

(3.22) LT @ —%,; @)l + 31 %0 —w;0) ko +

| @ ), B () — oy (s i ) % ) — 3 s
+E@ (), 0 (), T () — @ () b (e (n), % (), % () — w5 () —
C—(F ), W () — @y ()} dy <o

and, letting 7 — oo,

523 O] 4 f ) — (R +
+ %b‘<3<n>,3<n>,3<n>—u<n>>+%&<u<n,u<n>,u<n>~v<n>>} dn <
On the other hand, since é (@ , 7 ,w) = — b (@ , w , D), setting 7 = 7% — v,

(3.23) |6, u,2—0)—b(0,0,8—0)|=|b(n,2,2) +6(270,2)|=
Z,0

=160z, 2, D) <clzlml Zlv < c[ell 2t + w7 k] -

Introducing. (3. 23) 1nto (3.22) and choosing ¢ < pfe, we conclude that it
must necessarily be % = 7. The uniqueness theorem is therefore proved.

By exactly the same procedure we can show that the solution depends
continuosly on f and «, i.e. that

> > > -~
(3-24) | /o &) —F @ llL2e,1y; tyy =0, {lot, — & [ino — 0,

>
=19, (&) — 9 (¢) Lo, min0nL20,580 — O -
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THEOREM 3. If f(H)el?(0,T;L?), xeN! and Q is suffciently smooth
then there exists a umigue function v (t) satisfying conditions a3), bg).

The theorem will obviously be proved if we show that the weak solution
7 (#) given in Theorems 1 and 2 is such that A7 (e L?(o,T ;NO).

<

Let us choose a ‘‘ special ” basis {}7-}, constituted by the eigenfunctions
in N of the operator A and denote by A; the corresponding eigenvalues. By
the smoothness assumptions made on Q, these eigenfunctions constitute a
basis in N%. We shall therefore assume, from now on, that

(3.25) (&5, o =2 (8;, Do Voe Ny, 256 N*, (g5, gm0 = 8.
Setting
n
(3.26) W)= [ rn®E;,
consider the system of linear equations

(327) (B (t) — ulFn (&) + 18 (3u (D) — Fu (), Zo + 8@ (8), (1), ) =0

. (j:[)...)n))
with the initial conditions ‘

(3.28) Zn (o) = M, o=,

where 7 () is the weak solution given in Theorems 1 and 2.

By exactly the same procedure followed in Theorem 1 it can be proved
that the sequence {7, (#)} converges to a function # () satisfying a;) and the
inequality '

529 HEO—F O+ [(G P+ 0 G 3B

— (= w +6@,7,F—@rdr—}]a—3 ) <o
Vo (Hel2(o,T; KNNY) with ¢’ (HeL2(o,T;NO).
It follows, by a uniqueness theorem analogous to Theorem 2, that
(3.30) z(x,z,‘):?;(x,z).

Let us now multiply (3.27) by —X; a5, (¥) add and integrate over [0, 7],
tefo,T]; we obtain
¢

63D HEROR [ w1850 Re—8G 6, (), AR ) —

0

— (1B (B () » AZ (w0 — (Fo (), D%, ()0} dy = 3| TL, & [ -
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Observe now that

(3.32) —® G, Ase = % (?i?ﬁ@ﬂ )No

=

and, by the monotonicity of §, setting Zn (x,#) = o when x¢ Q,

(3-33) f(@ Ga@+h,0) —BGa(x, ) (2 (x+ 4, 8) — 2n(x,£) dQ >0,

Q

Since P satisfies a Lipschitz condition (N! being a Hilbert space) it
follows from (3.22), (3.33) that

(3.34) — (@ (2, Az = 0.

On the other hand, since |7 (¢,7)| <¢ and o (e L2 (o, T ; NV,
T
5:35) J16G %, 8% 1 dn < YW A%, o e
o

Hence, by (3.31), (3.34), (3.35)
-T
(3.36) 1 Za@ e S Mg, [ 1185,0) e ds < M,

and, consequently,
(3-37) Z(Hel>(,T;NY) , AZ(#Hel*(o,T;NO).

From (3.29), (3.30), (3.37) it follows that 7 (7) satisfies conditions ay), by );
this completes the proof of the Theorem.



