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Analisi m atem atica. —  On an inequality related to the motion, 
in any dimension, of viscous, incömpressible fluids. Nota II (*} di 
G io v a n n i P r o u se , presentata dal Socio L. A m erio .

R iassu nto . — Si dimostrano teoremi di esistenza, unicità e dipendenza continua per 
le soluzioni debole e forte della disequazione di Navier-Stokes considerata nella Nota I.

3. -  We now prove existence, uniqueness and continuous dependence 
theorems for the weak and strong solutions of the Navier-Stokes inequality 
satisfying the initial and boundary conditions (2.2) and (2.3).

Theorem i. I f  f  (f) e L 2 (o , T ; (N1/ ) , oc 6 N°, there exists at least one 
function v (/) satisfying conditions a2), b2) (weak solution).

Let ß be a penalisation operator relative to the convex set K defined in 
§ 2; denoting by P the projection operator on K we can set (see, for instance, 
[1], ch. 2, §2.2)

(3.1) ß ( 2 ) = t ~ p t

It is well known that ß is a monotone, hemicontinuous operator from 
L2 (o , T ; N°) to itself. Denoting by  ̂ a number > m l2, let moreover { g f l  
be a basis in Ns.

Setting

(3-2) v n (t) =  2  a.jn (t) g j , f n (t) =  n „  /  (t) W,

consider the system of ordinary differential equations

(3-3) (P'n (0 — (0 +  «ß (Vn (O) —/«  (0 , gj)n<> +  b (vn (t) , Vn (t) gj) =  O

( j =  l ’ ' • •»«)
with the initial conditions

(3.4) v n (o) =  n „  a =  a n

By well known theorems, (3.3), (3.4) admit, V^, a solution for sufficiently 
small t.

(*) Pervenuta alPAccademia il 29 agosto 1979.
(1) denotes the projection operator on the subspace defined by g x , g2 , • • -, gn .
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In order to obtain some a priori estimates for v n (t) from which, in par­
ticular, will follow the existence of such a solution on the whole of [o ,T ], 
we multiply (3.3) by cLjn(t), add and integrate over [o , t] (o <  t <  T); we 
then obtain

t

(3-5) 2 II ”n 00 Uno +  j  {fi. II v n (yj) ||ni +  b (vn (tj) , v n (vj) , v n (rj)) +
0

+  n (ß (vn (ri)) , v n (y)))no — ( f n (ri) , v n (y]))no} d/j =  $.|| l l n a ||no

— ^
Since (ß (vn) , ^^)no >  o and b (vn , v n , v^) — o, from (3.5) it follows

that
T

(3-6) Il v n (t) I|No <  Mj , J II v n (t) ||ni dt <  M2 ,
0

with independent of n. By (3.6) the solution v n (t) of (3.3) exists on the 
whole of [o , T]; it is, moreover, possible to select from {vn} a subsequence 
(again denoted by {z^}) such that

(3.7) lim v n (t) l2(0̂ . n1 v (t) , lim v n (t) = . n0 v (t)
w->oo n~>oo

respectively in the weak and weak-star topologies.
On the other hand, by (3.5), (3.6),

T

(3.8) f  (ß (vn) , »Ä)N0 dt <  M Jn
0

and, consequently,

T

(3.9) lim (ß (vn) . dt =  o .
co J 

0

Hence,

(3-IQ) II ß (?) ||l2(o,t;nO) =  o ^ » ( / ) e L 8 ( o , T ; K )

By (3.7), (3.10) the limit function v (t) satisfies aa).

Let ^ be any function e H 0 (o , T ; Ns) and set — Un ; assuming 
(as is obviously possible) that the g j  are orthonormal and bearing in mind 
that when s > m j2 the embedding of Ns in L°° is continuous, it follows
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from (3.3) that

C3.11) (?», 40n« dt J )No d t

i

/
{— t* 0 «  , 40n i — n (ß (vn) , <J4)no —  è ( v n , v n , 4/„) +  ( /„  , 4>)no} d t <

t1 II v n  I|l2(0,T;N1) Il 4V  I|l2(0,T;N1) +  Il / «  ||l2(0,T ;(N 1)') Il 4 '» I1l2(0,T;N1) +

+  Il v n I|l°°(0,T;N<>) Il V n ||l2(0,T;N1) Il 4'» I|l2(0,T;Nj) + n J (ß 0 „ )  , 40n« dt
0

Observe, on the other hand that, by (3.8), since ß (z/w) — o when 
| <  £• and, by the definition of K, ß {v^)-vn — | ß (v^) | | v n \ ,

(3-12)
-> v ->

M 3 >  J n (ß (vn) , v n)No dt > n c j  | ß (vn) | dQ .
0 Q

Hence, substituting (3.12) into (3.11), we obtain, by (3.6), V e > o

(3*13) {Vn > 4 )n °  d /  <  M 4 II 4  |1l2(0,T;Nj) +  ( M 3/^) || 4  Hl^O.TjL00) <

<  M 5 II 4  | | h |+S(0,T;Nj)

and, consequently, since Hj (o , T ; Ns) is dense in H |+s (o , T ; Ns), denoting 
by (Ns/  the dual of Ns,

( 3 - H )  Il v n (f)  | | h - Ì - s(0,T;(N9') <  M s .

Since the embedding of L2 (o , T ; N1) D H1“ 8 (o , T ; (Ns)') into 
L2 (o , T ; N°) is completely continuous, we have, by (3.14),

(3.15) lim v n (x , t) =  v (x , t) a.e. in Q.
n~> 0 0

Let 9 (t)  be an arbitrary function G L2 (o , T ; Ns), with 9 ' (t)  G L2 (o , T ; Ns),
I 4* (x , t) I <  c ; setting

0 0  p

(3.16) ? ( 0  =  S ï i ( 0 ? j  . ?p ( 0 = Î jj=l  j = 1

it is obvious, since the embedding of H 1 (o , T ; N s) in C° (Q) is completely 
continuous, that, when p> _p  sufficiently large, | ç p | < c .
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Assuming then that p  >  p  and setting Gj — y5- when j  <  p  , <jj — o when 
j > p ,  let us multiply (3.3) by a ̂  00 ■—-c^OO; taking p  and adding, 
we obtain

(3*i 7) (*» (0 , vn (t) — 00V  +  p* (^n 00 , ^  (0 — % 00V  +

+  »  (ß  (* »  (0 ) » 00 “  (0 )NO +  b ( v n (t)  , . w 00 > i n  (0  — (0 ) — '

(y*n ( o  » (0  (0 )n° o .

Observe now that, since | 9^ | <  c (hence ß (çp) =  o) we have

(3 . 18)  (ß  ( ü w) , —  9p)NO =  (ß ( v n) —  ß d p )  > —  ?p)no >  O.

Consequently, denoting by ^ (t) any function e C° [o , T], with 4  (0 — °> 
integrating (3.17) between o and t e  [o , T] and applying Green’s formula, 
we obtain

T

(3-19) . J + W I è l l  »»(0 — ?p(OIIno — èli n n a — 9p (o)||no +
0

t

+  (  [(Ip (*)) . ? »  (•»))■ —  I p  O i) ) n °  +  (A ( ? „  (vj) , ? „  (Y)) —  (y ] ) )n i  +
6

+  b (?« C7)) . ?» C7)) > C7)) — <Pp 0))) — (fn  C7)) . ?» C7)) — Ip  (7i))no] dv)} d/ <  o .

Let ^ —► 00 in (3.19); the function v (t) satisfies, by (3.7), (3.15) and well 
known properties of the weak limit, the relation

T

(3.2°) j 0 (0 {è II  v 0 0 — <lv00 I Ino — \  II  a — <pp (o) ||no +
0

t

+ J [(Ip  C7]) , ?  C7]) —  | p  (y)))n0 +  !* ( ?  C7]) > ?  C7)) —  I p  C7! ) )^  +
0

+  ^ ( ?  C7)) » ?  (■»)) > ?  C7)) —  Ip  Oi)) —  < / C7) ) , ?  C7)) —  I p  C7) ) ) ] d7)} d^ <  o .

Hence, ?  (£) satisfies b2) V function 9^ 00 defined by (3.16); letting p  ~> 00 
and observing that the class of functions 9 defined by (3.16) is dense in that 
of the test functions considered in b2) , we can conclude that v (t) satisfies 
b2). The theorem is therefore proved.

Theorem 2. The weak solution given in Theorem 1 is unique and depends 
continuously on f  and  a.
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Assume, in fact, that there exists two functions, u (t) and v (t), satisfying 
a2), b2) and set w (f) =  \  (u (f) +  v ( / ) .  Denote, moreover, by {zeq} a regu­
larising sequence associated to w  (see note 1, p. 4).

Writing condition b2) for u (f) and v (t), setting <p — ~ŵ  and adding we 
obtain

(3.2ï) 2 IIv (0 w3 00 IIn° +  \  IIu 00 — wò 00 Uno +
t

+  f  { 2  ( Wj  O l)  . W  ( ï ) )  —  Wj  ( 7 ) ) ) n 0 +  ( t  (y]) , î  (y j) —  ^  ( ï ] ) ) N l.  +
Ä

+  lL(u (y)) , u (Y)) — w , (y]))Ni +  b (v (yj) , » (Y)) , ? (yj) — (yj)) - f

+  b (u (yj) , u (Y)) , $  (yj) — w,. (yi)) — ( / (y)) , a) (yj) — w 5 (y]))no } dr, <  O . 

Hence, by (2.6)

(3 .22) 1  II v  (t)  -  w i  (?) 115,0 + 1  II U (t)  -  5 ,  (0115.0 +

tr
+  I ( »  0 i )  » »  0 ) )  —  0 0 ) n i  +  ( «  (y i) , «  (y j) —  Wj  ( y ] ) ) n i  +

0

+  b ( v  (ri) , v  (yj) , w (yj) — w , (y))) +  b (u (yj), u  (y)) , u (y)> — w , (yj)) —  

—  ( / ( / )  . S  ( /)  —  W )  (y)))no} dv] <  o 

and, letting /  -> 00 ,
t

+  f  IIu (yi) — v C7)) Uni +NO J ( 2 
0

+  è  b (v Oq) > ^ 0)) -I V (ri) — u (yi)) +  1 b (u (yi , u (yj) , u (y)) — ?  (tq)) dv] <  O.

(3-23)
S (£) — 0 ( /

On the other hand, since b (w ,~v ,w )  =  —■ b (w , w , v) ,  setting ~z =  u  — v, 

(3.23) I b (u , « , u — v) — b (v , ?  , î  — v) I =  I b (u , z , "5) +  b (z, v , f) | =  

-  I b C* , v  , "5) I <  c. II * ||Ni ||- * ||No <  c [e I) s \\%i +  t s || *5 ||2No] .

Introducing (3.23) into (3.22) and choosing s <  [x/̂ r, we conclude that it 
must necessarily be u =  v. The uniqueness theorem is therefore proved.

By exactly the same procedure we can show that the solution depends 
continuosly o n /  and a, i.e. that

-> -> ->
II/« 00 — f  (?) IIl2(o,t) ; (N1)') -> o , ||aB —■ « ||no -> o ,

^  II »̂1 ( /  ----® (0 IlL̂ O.TiNtOnL̂ O.TjN1) —>■ o .

(3-24)
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Theorem 3. I f  f  (t)e  L2 (o , T ; L2) , a e N1 and  Q is sufficiently smooth 
then there exists a unique function v (f) satisfying conditions a2 ), b2).

The theorem will obviously be proved if we show that the weak solution 
v (t) given in Theorems 1 and 2 is such that Av (f) e L2 (o , T ; N°).

Let us choose a “ special” basis {gj}, constituted by the eigenfunctions 
in N1 of the operator A and denote by the corresponding eigenvalues. By 
the smoothness assumptions made on Q, these eigenfunctions constitute a 
basis in N s. We shall therefore assume, from now on, that

(3-25) (1 ì . ? ) n i  =  ^ ( | , - ,9 ) n o V ? 6 N 1 , | , - 6 N s , ( | :)->Ì ì;)no =  S# .

Setting
n

(3-26) \ ( t )  =  £  YmOOJ;.
J?=l

consider the system of linear equations

( 3-27)  ( %  00 —  V’S z n 0t)  +  (zn (i)) — f n (t),  | , ) No +  ò ( v ( t ) , v  ( t)  , 2 ^  =  0

0 ’ =  I »•••»«) .
with the initial conditions

(3.28) ^„(o) =  n t ta =  «„

where 5 ( i f ) 'is  the weak solution given in Theorems 1 and 2.
By exactly the same procedure followed in Theorem 1 it can be proved 

that the sequence converges to a function z (f) satisfying a2) and the
inequality

t

(3-29) è l i  # 00  —  9  00  Uno +  J { (9 ' , h  —  9)no  +  (A ( S  , * — ? )  Ni —
0

—  ( / ,  s — 9 )n»  +  b (v , v  , s  — 9)} dr\ — J II a —  9 (o) ||no < o

V9 (/)€  L2 (o , T ; K O N1) with 9 ' (t) e L2 (o , T ; N°).
It follows, by a uniqueness theorem analogous to Theorem 2, that

(3.30) ~*(x.,t) =  V ( x , t )  .

Let us now multiply (3.27) by — Â ain (t) add and integrate over [o , t], 
t e [o , T] ; we obtain

t

(3-31) I  II \  00 Hn1 +  I  {f- Il A l„  (io) Uno — b (v (ri) , v  (•/)) , A \  (t))) —
Ò

— (wß ( *n (ri)) , <7]))n0 — (A O')) , Asn (v)))no} dy) =  J || II„ a ||ni .
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Observe now that

(3-32) — (ß c o , a ^»)no =  s  (-4 — ß ( X ) , — ) n\  dXj dXj J NO

and, by the monotonicity of ß, setting ~%n {% , t) =  o when x  $ £1 ,

(3-33) f  (ß (*» O  +  h , 0) — ß ( \  O  , 0) •(*» O  +  A , t) — sn O , *)) dQ >  o .
Q

Since ß satisfies a Lipschitz condition (N1 being a Hilbert space) it 
follows from (3.22), (3.33) that

(3-34) — (ß Xn) > ^» )n o  >  o .

On the other hand, since | v (x , t) | <  c and v (t) e L2 (o , T ; N1),
T

(3-35) J  I b (v , v , As„) I d7) <  t  y M21| A sB ||l2(o,t;no)
0

Hence, by (3-30» (3-34). (3-35)
-T

(3-36) II X  i f )  Uni <  Mft , I II b%n it) Uno dt <  M7
0

and, consequently,

(3,37) 1  ( 0 e L°° (o , T ; N1) , A t (t)e U  (o , T ; N° ) .

From (3.29), (3.30), (3.37) it follows that t  (t) satisfies conditions a^), b^); 
this completes the proof of the Theorem.


