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Meccanica. —■ On the asymptotic behaviour of Boltzmann’s h 
function in the Kinetic Theory of Gases <*>. Nota (§ **> di Mario P itteri, 
presentata dal Socio straniero C. T ruesdell.

R iassunto. — In questa Nota si mostra, mediante un esempio, che un’affermazione 
tradizionale sul comportamento asintotico della funzione h di Boltzmann non è in generale 
corretta.

§ 1 . In t r o d u c t io n

In Appendix B to Chapter XVII of their book [5], Truesdell and Mun- 
caster mention an analysis of mine regarding the asymptotic behavior of 
Boltzmann’s h function in the Kinetic Theory of Gases. In this Note I 
present that analysis. I presume the reader to be already familiar with 
the content of the book [5], in particular with Chapters V ili, IX and 
Appendix B to Chapter XVII, and I use the same notations.

In § 2 I specify a suitable subfamily of the solutions of the Maxwell- 
Boltzmann equations discovered by Muncaster [4], and show that for each 
member of that subfamily Boltzmann’s function h exists for all positive 
times and decreases strictly as time increases. According to a traditional 
claim, presented for instance by Chapman and Cowling [1, § 4.1], the 
function h specified above should tend asymptotically to the value corre
sponding to a Maxwellian density, and the gas should approach equilibrium. 
I consider the difference between h and its counterpart hu for the Maxwellian 
density Fm that has the same principal moment as F. I show that, for 
every molecular density in the aforementioned subfamily, the difference 
h •—- /im decreases strictly but does not tend to zero as time goes to infinity. 
Hence! the first part of the traditional claim above is not always true. The 
same can be said of the second part of the claim, as Truesdell and Mun
caster [5] show, for instance, in Appendix B to Chapter XVÎI.

§ 2. A sy m pt o tic  b e h a v io r  of h fo r  a  f a m il y  of e x a c t  so l u t io n s

OF THE MAXWELL-BoLTZMANN EQUATION

Let us call Fm (p , u , s) the locally Maxwellian density that delivers 
the same values of p , u and s as does a given molecular density F. The 
density Fm (p , u , e) has the form

(2.1) Fm (p , « , e) =  ae~ibc*ß) , c =  || v — u||,

(*) Lavoro eseguito in base ad accordi tra la U. S. National Science Foundation e 
la Johns Hopkins University, ove l’autore ha inoltre usufruito di una borsa di studio del 
C.N.R.

(**) Pervenuta all’Accademia l’8 ottobre 1979.



where

(2.2)
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In Chapters VIII and XI, Truesdell and Muncaster [5] show that the corres
ponding functions h and hu satisfy the conditions

(2.3) h — k u ^ o  

and

(2.4) p(h — Âm) ^  P-E — A  9-gradsj — div +  — — j  ,

provided they exist and are smooth enough. Moreover, equality holds 
in (2.3) and (2.4) if and only if F == FM (p , u , s), in which case both sides 
of (2.4) vanish.

Following Muncaster [4], let us consider the family of functions

(2.5) F =' Fm (p , w , Q (A +  B y u — M y2) ,

where

(2.6) A =  I ------- — —  ij and 2 =  1 — A .

Moreover EM (p , u , £) is the function we obtain when we replace e in 
Fm (p , u , s) by the positive real variable £, subject to the condition

<*■» , s T s f ’
which implies that F ^  o. Therefore the function F in (2.5) is acceptable 
as a molecular density for such values of s/£. In addition, as the notation 
suggests, it is possible to show that the molecular density defined by (2.5) 
and (2.6) has p , u , and z as its fields of density, gross velocity and energetic. 
The equations of balance of mass, momentum and energy which the kinetic 
gas satisfies in undergoing a homo-energetic dilatation subject to vanishing 
body force have the particular solution

p =  p (° )( i + ^ /T)~3,
(2.8) M = (^ + T )-1r ,

s =  s (o) (1 +  tjT)-2.

For these particular fields p , u, and s, Muncaster [4] shows that (2.5) is 
a solution of the Maxwell-Boltzmann equation for a gas of Maxwellian 
molecules. Moreover

t  -  ' + (4i —I) “ p [xrk ((7W  - ^ ) ]  '(2-9)
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where t  (o) is a positive number and T is a parameter. In particular, if 
we choose T >  o, the solution above exists for all t ^  o. For every choice 
of s and \  that satisfies (2.7), the integrals that define h and s converge,, 
and « vanishes because it is proportional to the integral of c times a function 
of c%. Moreover, if we denote by F and a the first factor in (2.5) and its 
coefficient a respectively, we have that

(2.10) - * < = ■ - (  J f  log F — j  Fm log Fm j

■=— In J
F log F + B F r2 log F ■ Fm log Fjv

+  —  F (A +  Br2) log (A +  Be2) . n J

We can evaluate the first three integrals in (2.10) by use of the formula
00

and so show that

(2.12) h — hyi— h. ^log â — — j  +  2 B£ log à — 5 BÇ —- log a +

+  ^ - +  ^  f  F (A +  B^) ï°g (A +  B̂ 2)

=  -j- log —■ +  A — I +  — J F (A +  Be2) log (A +  Be2) .

Integrating the last term in (2.12)2 over the angular variables and then 
substituting y  =  c2/2^ in the integral that remains, we transform (2.12)3 into

00

(2.13) ^ ^ M =  l i o g i + A - i + l |
0

[A +  (1 — A)y] log [A +  (1 — K)y] dy .

Therefore we conclude that h —■ Am is a continuously differentiable function 
of e/£. In (2.9) e/£ Is a continously differentiable function of t on the 
whole half line [o , +  oo) if T >  o; hence so is also h — hyi. Muncaster [4] 
shows that P =  o. =  q for all the functions (2.5) restricted by (2.7). Therefore 
the inequalities (2.3) and (2.4) reduce to

( 2 .1 4 )  k — â m  ^  o . ( h — k My  o

for such functions, and the equalities hold if and only if F =  FM (p , u , e).
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In the case £/s. =  3/5, it is possible to evaluate k — h^  explicity:

(2.15) h — h\-M e {ZI2)y y zl 2 logy dy

=  log —---- I +2 g 3 2 y r ( r W ( T ) " W i ) - « i i )
A.  log +  — y log 6 .

The parenthesis in (2.15)2 is the value of the integral in (2.15^, which is a 
known Laplace transform (1), y *s Euler’s constant and T (pc) , ^ (x) are the 
classical functions that the reader may find, for instance, in Erdélyi [2, 
pp. I and 15]. A quick numerical evaluation shows that the right hand 
side in (2.15)3 is positive.

Because h — hu is continuous as a function of £/g, and because this 
ratio depends on t continuously by (2.9), we can fix independently both the

initial values and - ^ . in such a way that
e(o) 6 t  (o)

shall belong to a neighborhood of £/s =  3/5 in which h — k u  is a positive 
function of Ç/s. With any such choice, h — hu decreases as t tends to 
infinity, but its asymptotic value is not zero.
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