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Equazioni differenziali ordinarie. — Conditionally asymptotical-
ly invariant sets and perturbed systems. Nota di OLusoLa AKINYELE,
presentata @ dal Socio G. SANSONE.

RIASSUNTO. — L’Autore considera un insieme condizionalmente assintoticamente inva-
riante rispetto a un sistema S di equazioni differenziali. Supposto inoltre ’insieme uniforme-
mente assintoticamente stabile ne ricava alcune proprietd. Studia anche il caso in cul S
venga perturbato.

§ 1. INTRODUCTION

In [2, 3, 4], the concept of conditionally invariant sets (CI) was introduced
and their stability properties investigated. This led to the concept of conditio-
nally asymptotically invariant sets (CAI) which was introduced in [5]. The
stability behaviour of such sets thus gave rise to much weaker notions of
stability; namely, extreme uniform stability and extreme uniform asympto-
tic stability of a set relative to another set, for which the construction of smooth
Lyapunov functions becomes possible [5, §3]. However, the question as
to whether Massera’s type of converse theorem when a CAI set relative to
another set is uniformly asymptotically stable can be obtained was not inve-
stigated in [5] and the author is not aware of any such investigations.

In this paper, we therefore present the Massera’s type converse theorem
when a CAI set relative another set is uniformly asymptotically stable. In
§ 3, we employ our result to investigate the effects of constantly acting pertur-
bations when a CAI set relative to another set is uniformly asymptotically
stable; with respect to the unperturbed system.

§ 2. MAIN RESULTS

We consider the differential system
dx
() a7 =/, %) x () = %,

where fe C(R* X S (B, p), R*,R* = [0, c0) and R" is the Euclidean space.
Here S(B,p)={reR*:d(x,B) <p}d(x,B)=inf||lx—3|,|| - || being
yeB

any convenient norm, B is a subset of R* and C(R* XS (B, p), R*) is the
class of continuous functions from R* X S (B, p) to R™

(*) Nella seduta del 21 aprile 1979.



OLUSOLA AKINYELE, Conditionally asympiotically invariant sets, ecc. 215§

Corresponding to. the differential system (1) we shall consider the pertur-
bed differential system

) Y fentRE  y@ =

where Re C(R+* xS (B, p). R®). Denote by & the class of functions Ae
eC (Rt, R*) such that A (#) is decreasing in ¢ and lim A (#) = o ; by X the class
t—>00

of functions ne C ([0, ¢), R*) with n (0) = 0 and v (») is increasing in » and
by 2 the class of functions e C (R+X [0, ), R") such that 4(¢,7) is de-
creasing in ¢ for each 7, increasing in » for each # and lim 4 (z,7) = o.

t—-oc0
© o0t

DEFINITION 2.1. [5] Let A, B,c R* with Ac B. The set B is said to
be conditionally asymptotically invariant (CAI) relative to the set A and the
differential system (1) if there exists a function Ae % such that x,€ A implies

d(x (2,20, %), B) < A(t) £ >t

where x (¢;4,, x,) is a solution of (1) such that x (%, ; %, x,) = %,

DEeFINITION 2.2. [5] The CAI set B relative to the set A and the diffe-
rential system (1) is said to be.

(i) Uniformly stable if there exists aeX” and A€ such that
d("(t’to’xo)»B)—<—°C<d<x0':A>)+)\<t0) l‘Zl‘o.

(i) Uniformly asymptotically stable if there exist fuctions BeX , vy
€% and Heg C(R* X R*, R*) such that lim H (¢, ¢,) = o provided#, > v > o
for some t and tmeo

(3 d@(#,%,%),B) Sﬁ(d(xo»A))Y@_t(Q +HE,%); =R

Remark 1. In definition 2.1. B 4 A corresponds to the asymptotic self-
invariance of A (ASI), A (¥) = o corresponds to the conditional invariance of
B with respect to A, while B = A and A (#) = o yield the self invariance of A.
It follows then that definition 2.2 contains as special cases the uniform stability
and uniform asymptotic stability definitions of the conditional invariant set B
with respect to A or the self invariant set A. If B= A = {o} and H (z, ¢,)
= o0 then (3) becomes ||z (¢,2,,x) || < B(lx) Yy #—12),2=>1¢,, which is
the uniform asymptotic stability definition of the set x = o [cf. 4].

In the next theorem we give a construction of the Massera’s type Lyapu-
nov functions. We assume conditions which ensure the existence and uni-
queness of solutions of (1). ‘
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THEOREM 2.3 (1) Assume that the CAI set B relative to A and the differential
system (1) is uniformly asymptotically stable. In addition let

@ ‘ /@ 2) —f @) SL@Ola—ll
Jor (¢,x),(#,x) e R* XS (B, p) where L (&) s continuous on Rt and
1+
|JL@dsi <M.

¢

(iiy For He C(R* X R+, RY),let H (¢, ¢) == 0 and the function H (¢, ¢,)
is partially differentiable with vespect to t, and

. 2H ‘
(5) Sup _—37(’—1-0,%‘) <7
>0 (1] !
41

where 1€ C (R, RY) tma’Jv] (s)ds -0 ast — co. Moreover, H (2, 2,) < g ()
i

for some ge & and lim sup H (¢, ¢,) = 0 for some T > o.

t—>oc0 1o=T
" Then there exists a Lyapunov function V (¢, x) such that
) VeCR*XS(B,p),R" and for (¢,%), (¢, %) € R*X S (B, )
V@)=V, ) | SM@[lxn— ]
(II) there exist 2,4, A such that
ad(x,B)=V(E,n)<5dx,N)
and (III)
D*V (¢, ) = lim sup. % V4,2 +h-fE,0)—V (@, 0]

-
=—Cd(@,B) +£@)

t41

where Ce X and £2e C (R+, RY) withf £(s)ds >0 as £ —oo. -
{

Proof. Let G (7) be a function defined and having the properties as con-
tained in Theorem 3.6.9 of [4]. Using G, define a function V (¢, x) as follows:

© V@Exm=.swpGdEEto,s,%),B)—HE+o,9) (ITJ%)
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where x (2, 4y, %,) is any solution of (1) with x (29, ¢y, %) = %, , and « is chosen
such that « >max {1 +¢,G((dx,A))},e>o0

() a(d(x,B) <V (,x) where ae X, if c =0 and weset a (%) =G ().
Now for ¢ >0 and by hypothesis,
dx(t+o0,2,2),B)y<Bd @&, A))ylc) +H{+0,0

where yeZ HeCR* X R*, RY) H({¢,H)=0,H(,4) <g(#) for ge&
and lim supH (#,#) = o for some T >o. Moreover, Lt

t>00 tg>T . 1+o
if (8 is the inverse function of 8 (g), then by the assumption (i),
dx@+o,t,2,)B)—H(+06,5) <Bd@&,A)y(6) and an argument
similar to that of Theorem 3.4.11 of [4] yields

d@E@¢+06,2,2),B)—H@¢+0,0) <e(d(xr,A).

< & and

1 + ac
146

C.SupG[d@ (¢ +o,2,%),B)—H(F+o,8)] < oG (cd(x,A)).

If we set &(#) = oG (¢ (%)): we obtain,
® V@, x)<6dx,A),

dx, B) . then if ¢ >T (1), since

so that (7) and (8) imply (II). Let ¢ =~ BEw A

vyeZ,y(c) <~ and so

G

Gld(x(@+0,4,2),B)—H({+o,5] ’IJ;“" < oG [B@A(x,A)) 7] SV, ).

It follows therefore that
|

! 1 + ac
V(¢ = S G [d{x (@, 2, — , .
(%)= Sup GA(, +o,¢,)B)—HE+o,0] T
By continuity of V, we can find a o, such that
Ve =GUEE+s,,9,B—H(E+oa,) o,
1

and if we letx = x (¢, %,, %) and a* = x (¢ + %, ¢, x) , then by the uniqueness
of solutions, . '

V@E+h,a)=GdE¢+4i+o,t+4k,x%),B)—

—H(z+ﬁ+o*,¢+;¢)]ili%;‘*i=
1 + ac*

1+ o6°

=G[d@x@+4+o%t,2),B)—H @+ 4+ 0% 8]
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Set ¢* + £ = ¢, then it can be easily shown (cf, 4] that

1+ ac* I—}—occ'[r__ (o —1) 2 ]
1 4+ 6% T + o (1 —{—G*)(I -+ ao) '

V@4, =G[d@ (¢ +o,t,%),B) —

—H(t+o,t+ k)] (I—IJE_%) [‘”‘ (1 +<O;*;<?ﬁao>] '

Now applying then mean value theorem to H (¢, ;) in the second variable #,;
: 3 ’
H(t+c,t+h)_—_H(t+a,z)+/z-—ati(z+c,t+6h),o<6<1 and
; o,
V{@E+rh,x<G[dx@¢+o,2,%),B)—HE 40,5 +
I+ oo . (a—1)4
+h7]<t+e}l>] (.I—’F_(.F‘) X(I (1 +0‘*) (1 '*|—0C0')).

For sufficiently small %,

GA@EE+o,2,2),B)—H@E+0,2) + @+ k)=
=Gd(x(t40,t,2),B)—H(@ +0,8) +/m¢+ 065G [d(x,B) —

—H@E+0,8) +on(+ 0], 0<¢<1.

‘Hence,
' Vo =Dk
V(i—l*-k,x*)SV(t:x)?Ib_ (1 —-|—c*)(1 + «o) \+
“G | (o — 1)/
+/m<z+ek>G’<”>(Ilic ) SANC +c*><r+ow>€’

wherer =d (¥ (¢ + 6, ¢,%), By —H (¢ + 0,8 -+ ¢/ (¢ + 04). Consequently

V@Et+h, o) —V@E,x) . (@—=DV(E,
et x/j ( = (1 + 6% (1 —}—cxc)+

(a0 —1) 7
—I—v)(t—kek)(x-G'.(r) (Iu— (1 + ") (1 —l—occ))'

Since 0 < o* < T (1), _then o <6 <T(x)+ %, hence by continuity of %
and G’ on R+, '

+ —(@—1)Gd(x,B) «G' (d(x,B)—H (£ +5,2).
DtV (t,x) < RO ETYIC) + 0@ ¥, B) ( )
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Clearly G' (d(x,B)—H (¢ + 5,7) <aG' (¢ (d (x, A))) because of the mo-

notonic increasing property of G, hence

(@a—1Gd(x,B)

DtV (t,x) < — GFT@O+aT (D)

+ () a6 (c(d (x, A)).

(=1 GHEx,B)
(1 +T ()@ +«T ()

D*+V (t,x) < —C(d(x,B) + £ ()

So if we set —C(d (x,B)) = and £() =7 (9),

41
where Cex, 2e C (R*, R*) and fé (s)ds -0 as #-—>o0, since lim
¢

h—0F
dx(¢+4,2,x),By=d(x¢,2,%) B) and T(7) is a decreasing function.

Let x,, x, be such that solutions x (¢, 4,,x,) and x(z, % ,x,) €S (B, ).
Let »; and 7, be defined as follows;

n=dx(+o.,t,%),B)—H@¢+ 06 ,t)and?r, =
=d&x@+o,,2,%),B)—HE+0,,7).

Then by assumption (i) and Corollary 2.7.1 of [4]

lx (¢ ou, ) —x @t o, 2wl < expMT 1L gy

With these medifications the remaining part of the proof can be worked out
in a similar way to that of Theorem 3.6.9 of [4].

. Remark 2. 1f A (¥) = o in definition 2.1, then out theorem reduces to the
converse theorem for the conditionally invariant set B with respect to A and
the differential system (1). If B = A then we have the converse theorem for
the ASI set A, and B = A with A () = o yield the same theorem for self-in-
variant set A. On the otherhand if B = A = {o} and H (¢, #)) = 0 our result
reduces to Theorem 3.6.9 of [4] for the set x = 0. Our result also settles the
question asked by Ladde and Lakshmikantham in [5, Remark 2.3] concerning
Massera’s type of converse theorem when a CAI set or CI set is uniformly
asymptotically stable. We also note that the notion of uniform asymptotic
stability as contained in this paper is weaker than the extreme uniform stability
of [5]. It can also be shown that there exists C*e# and V (¢, x)e C (R* X
XS (B, p), R*) such that D*V (¢,2) < —C*(V (¢, %)) + £(¢), using the

last result. .
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§ 3. PERTURBATION RESULTS

Here we shall utilize the result of the section 2 to investigate the pre-
servation of stability behaviour of CAI set B relative to A and the differential
system (1) under constantly acting perturbations.

Along with the given differential system (1) we consider the scalar dif-
ferential equation

©) %:g(t,u) u (ty) = ty > O

where ge C (Rt X R*, R). We assume that the set # = o is asymptotically
self-invariant (ASI) relative to (9).

THEOREM 3.1. Assume that the CAl set B with respect to A and the system
(1) is uniformly asymptotically stable and that all the hypothesis of Theorem 2.3
hold. Let R (¢,x) of the system (2) satisfy the inequality

(10) IREDI<%®

whenever x€S (B, o) ~ A and such that

3

1) [M@E 6@ ra@ e forsome g,06 2.

to

Then the set B is CAI relative to the set A and the perturbed system (2) and
it is uniformly asymptotically stable. '

Proof. TFor (¢,x)e R* XS (B, ) it is routine to show that
DtV (¢, %) =DV (¢, 2o +M@IRE A

where V (¢, x) is the Lyapunov function of Theorem 2.3 and D+*V (¢, %) @&
denotes its Dini derivative with respect to the system (2). By the property
(III) of V (#,x) in Theorem 2.3 and condition (10) on R,

DIFV(E, 0@ =—Cd@x,B) +£(# +M@@

: t41
with Ces’. Now f(k ) + M) A (5))ds —0 as #— o0, hence there exists
£

¢
BeZ such that f (B(s) +M(x) M (5)) ds < B(2p) for # >¢, and it follows that
)

D*V (¢, %) @ < A () +M @) A ()
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implies that the solution # ¢, ¢, , #,) of (9) with ¢ (z, %) = £ () +M (&) A, (¥)
satisfies the inequality

(12) u(t, by, wy) < ug + p (o) t >4, peg_’

Clearly (12) implies that the set # = o of (9) is ASI and uniformly stable.
An application of Theorem 2.1 of [3] then implies that the set B is CAI with
respect to the set A and the perturbed system (2) and it is also uniformly stable.

We now show asymptotic stability of the CAI set B. It suffices to show
that for each #,e R*, there exists #*e [¢,, 7, + T (¢)] for some T () such that

(13) d(x (@, %, %), B) <Bd e, A)YE—4), =4

where T (¢) is a positive number depending on ¢ > o. -

Set 8§ = 3 (p) and let 0 < ¢ < p and % € Rt. By Theorem 2.3 let €4 satisfy
46()
C (5

inequality (13) holds. Suppose not; then

property (II) and choose T (g) = We claim that for the choice of T

(14) d(x (2,2 ,%0),B) >B(dx, A)y—1d) +H(E, )

for all z& [£,% -+ T ()]. By Theorem 2.3,

(135) D*V{#,2) 0 =<—Cdx,B) + £ +M (@)@

for & [, , 2, + T ()] so that if we integrate (15) from # to £, -- T (c), we obtain

Vit +TE,xE +TE), 4, %) =V (%) —

to+T(e) ty +'I:(5) t+4T(e)
-—fC(B(d(xO,A))Y(s—to)+H(s,lo))ds+ f £(s)yds + fM(oc) Ty () ds
t f f

Given 8 (g), then B8 (d (2o, A) Y (T (&) + H (@ + T (),%) =38 () >0, and
in view of (11)
ty+T(e)
0<a@®E)=b(E—CBENTE + f % (s) ds + M () go (%) +
+ M@ )T (E)-
141

Since f £ (s)ds —o0 as # — co, we can choose 7, sufficiently large such that

fo+T(®)
fk (ds < —ég_p) » Go () < 2?\/,[(9();)_ and ¢, (%) = %%(%—'

15. — RENDICONTI 1979, vol. LXVII, fasc. 3-4.
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In that case, 0 < a(3() < b&(p) —CB%e) 46 (p) + 4 (o) +

CBE) 2
+ éip) + ¢ (zgésgt)% Aéf»(p) = o0 which is a contradiction and the proof

is complete.

Remark 3. 1If B=A = {o} and H (¢, #) = 0, then our result reduces
to Theorem 3.3 of [1], since the uniform asymptotic stability of the ASI set
x = 0 is equivalent to the eventual uniform asymptotic stability of the trivial
solution of the system (1). Our theorem also gives the perturbation resuits
for the CI set B with respect to A corresponding to the special case A (¢) = o
in definition 2.1. In view of remarks 1 and 2 and [1; § 3 Remark] our result
includes a wide range of perturbation results, [cf, 1, 6, 7].
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