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Analisi funzionale. — The equations y  =  S_y +  T  and  B y  =  S_y -f T  
with B , S , T  distributions. Nota <*> di P ie r o  P l a z z i  (**>, presentata 
dal Corrisp. G. C i m m i n o .

RIASSUNTO. — Fondandosi su una definizione di prodotto proposta da E. E. Rosinger 
si studiano le equazioni ordinarie y '  =  Sy +  T, By' =  Sy +  T con B, S, T distribuzioni.

I n t r o d u c t io n

In this paper we shall use the general framework of [i], which is neces­
sary for the understanding of our work; in this monography the author 
constructs linear algebras which contain vector subspaces canonically isomor­
phic to &  (Kn) so that a commutative and associative product may be 
defined between distributions.

The main aim of this construction seems to be the study of nonlinear 
partial differential equations, but the method allows us to consider also linear 
differential equations with irregular coefficients, while generally in the frame­
work of usual distribution theory only C°° coefficients are allowed.

In this paper we consider two simple Cauchy problems relative to ordinary 
first-order differential equations, namely ÿ  =  Sy  +  T, Bÿ  =  Sy  -j- T : they 
involve irregular products with distributions B , S , T.

The properties required to the algebras play an essential rôle in the proofs 
of existence and uniqueness results: for the former problem such a result is 
presented in Theorem 4, while an existence result for the latter one is proved 
in Theorem 5.

N o ta tio n s

We shall use systematically Rosinger’s notations: we refer to [1], par­
ticularly chapter 1, throughout the whole paper; here are only a few particular 
notations.

We denote by N the set of positive integers, and N 0 — N U { o } ,  so 
in particular we put W =  [C°° (R,n)]N =  W (Rn): if s e  W we write s — (sv)veN 
and s ( r0) =  W )v 6n V.t0g Rw; if oce No (a multi-index) we write 
Das — (Da ^v)veN and so on. Moreover, we shall write A <  B if A is a (linear) 
subalgebra of B.

(*) Pervenuta all’Accademia il 2 ottobre 1979.
(**) Address of the author: Istituto Matematico « S. Pincherle » dell’Università di Bolo­

gna, Piazza di Porta S. Donato, 5 -  40127 Bologna.
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Finally, if z e C , z 7  ̂o, Arg z denotes the principal argument of z, so 
Arg z e] — 7t , 7r]; [x] is the entire part of x e  R.

First, we define certain classes of subalgebras in W, and prove some 
properties of them, described in Theorem r.

D e f i n i t i o n  i .  A n  algebra A < W  is ê -closed iff  ske A  V k e  N, 
s k == (^v)veN > VveN^jfev----► uniformly on compact subsets of Rn with all

&—>■ 00

derivatives, imply s  — (^ v e N ^  A.

T h eo r em  i. Suppose A <  W is closed fo r  affine changes of variables, 
closed fo r  multiplication by the coordinates (i.e. (sv)ve^ e  A => (sv° C)V6n and 
(Pj- A, where C (pc) =  cdx +  b, Pj (x) =  x 0 \ /x e  R^, V / g  {1 , • • - , n},
with sd invertible nY ,n  real matrix , b e Rw) and ê -closed. Then

t o  p.
i) s  e A => ds/dxj e A V /e {1, ••• ,»} (A is derivative invariant-, see 
H);

fp
ii) with a e R  fixed, pu t T„ ( /)  (a;) =  / (xx , • • •, x^ t , z', xp+1, ■ ■ ■, x n) dt

a
(x e  R » , / e C ( R ” ) C ) , p e { i  , ) t then (fv)ye N £ A. ^  p (jv))ve A.,

iii) s e  A , V v g N j v (Rn) O =  û ç  C with O simply connected, f  
holomorphic in Q =»/(«) =  ( /  ° ^V)V6 N G A.

Proof, i) Put ì h ( f ) ( x )  =  k<J(x  +  k r ' e ò — f ( x ) )  with / e  C°° (Rn), 

Æ eN , ^  G Rn and ^  =  (o , • • - , 1 , • • - , o); we have —— (pc) =  lim E* (yv) (#).
i  d X j h->co

By hypothesis, (SÄ(jv))ven€ A V^g N; if a e  No , Da (pc) =  lim E -̂ÇD“ sv) (pc),
d X j  Jc-> 00

! ?f
so we have only to prove £ & ( / ) - —* yfeC °°  (Rn) uniformly on compact

sets, which is trivial.

ii) Up to an affine change of variables, we may assume p  — n. Con­
sider now for /e C ° ° (R n)

Gk ( / )  0 ,  -r) =  X  * ~ k ~ t  (* ’ a +  ~  ai )  ’ t e  Rn l ’ x e  R ; -

since s e  A => (ak (sv))ve-^e Â, we must only prove
X

■<**(/)(*» ^  j f ( t , u ) d u
a

with all derivatives, uniformly on compact sets, y f e  C°° (Rn).
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First put a$ =  (x) =  a -)— 7- (# — #); then

JC UJ

*k ( / )  ( t , x ) — J f ( t , u ) d u  =  [  U(t> aì) — f  ( t . «)] d« ,
ai— 1

SO
JU

< 1 *  — Æl sup | / ( * , s )  — I -— *o
\ z - w \  < ( l l k ) \ x - a \  k~+ 00

uniformly if | # — <2 | <  const. and £g K, a compact subset of R/1. Now 
observe

a*(D“/ )  =  D % ( / )  if « „ = 0 ,  

so we have only to prove

T)rn ak (J)  - -  o r 1/  V re NK—>00

uniformly on compact sets. Now compute

D£ ak ( / )  ( t , x )  =

= l ? i ^ d “ ( t )  (d « / ) ^ . ^ ) ( 4 )

since — =  — ---- — we have for x  ak *x— a

k X
00 D » 'V 0 ,  «,) ( x ) r ^  (* -  (Dr V )  (*,«) (« — a) ' - 1 du =

a

k

( 2 )  S  kX  a  ( D ì / )  ( ? .  < *;) ( O  —  a ) ~ r  f  ( ? » / ) ( * ’ * )  ( M ~  a ) r d «  =
■ ■ ■ ■ a

=  <*2 (* > *) ;

<7!, c'a are continuous functions in Rn and (raj +  0-2) (* , #) =  D
so we have only to prove that the limits (1) and (2) are uniform on compact
subsets of Rw. Call S j , S 2 the left-hand sides in (1) , (2); then, if a < x

S x — CJx =
a.

=  E  (  (  [ (D rV )  (*, at) (a, —  ay - 1 — ( D r V ) (*,« ) (»  — a )^ 1] d « j (* — « ) - ' =
1-1 *,-i 7
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■= (x -  a 'T  è  f  [(DI"1/ )  (*, «;)] [(a, - « T 1 ~ ( u ~  du  .+
j=1u

a.
le nJ

+  (x —  a)-r S  I (« — a y - '  [ ( D r 1/ )  {* ’ ^  ~  (D»~V) (* . «)] d» -  Il +  I* • •
j=l J

We note that k~r T] Qr~x_r* 1 V re N: this follows from the simple inequality
q—\  00

*+l Tc+1

J  (* — i)r—1 cUr <  I* <  J & - 1 dx  V ^e N .

Now, if II t II <  const., o <  ur — a const.

li I <

a .
£ /» 3

C ( x - a r % J  [(a.• — ^)r“1 — — #)r_1] du

j ~  1

«[-Kir-HA?—̂  -]-oo
O.

Since for \\t\\ <  const., o < x — a <  const. we have

\ D rn- 1f ( t , a 3) - D r- 1f { t , u ) \ < C A a j —  u \ ,

we get

i= i
I I I2 I <  Cx (x — a)~r 2  I — ^)r_1 (aJ — u) du =

j - i

=  Q  (x —-a) r r  1 2  £— (^-1 — a)r (aj — aj-1) +  j' (u — a)r d^ j  =

j - i

Q  r~x (x — a) \ {r +  0
&-> +  00

O .

For * <  a the proof interchanges a and x, since the preceding estimates depend 
only on x — a; the proof of (2) is similar but simpler.

iii) By Runge’s theorem, /  (2) =  lim P* (2) with P* polynomials,
Tc-> 00

uniformly on compact subsets of £2; since (P* ° j v)vgN6 A V>éeN we get 
easily the desired result.
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Let A <  W (R) be as in Theorem 1 ; moreover, suppose a e R , ße  CN fi A, 
ß =  (ßv)vgN) if s , t e A  consider the ‘ Cauchy problem ’

1 y  . =  sy  +  t

y  («) =  ß

of finding y e  W (R), y  =  (:Kv)v€N such that

y*i=  y  v “h

yv (<*) =  ßv • 

We may write the unique solution of (Pv) as

(Tv)

y v (x)

X  V X

— ^ j  (v) exp ^ Sv (u) d tij dv +  ßv̂  exp ^ | j v (u) d u j

so that by Theorem 1 y  e A.
In other words, we m ay state

T h eo r em  2. Suppose A <  W (R) be such that a) A is ê —closed', 
b) A is closed by multiplication by ^  ; c) A is closed by affine changements 
of the variable', d) CN <  A : then Vß 6 CN the ‘ Cauchy problem ’ (P) has its 
unique solution in  A.

From now on we fix a Q-regularization (V,S°) (see [1] p. 15) with Q 
implying a , c , d  in Theorem 2; then V p e  N 0 AQ (V (p) , S°) satisfies a — d  
in Theorem 2 (b is obvious since U <  AQ (V (p), S°) in any case) and 
consider the algebras A^ =  A Q (V (;p) , S°)/IQ (V ffi) , S°): we write [s]p for 
s +  IQ (V (p) , S°) s e  Aq (V (p ), S°), and introduce the algebra homomor- 
phisms ( r e N )  and linear mappings:

Tr.r-i : Ar A ^ J , Yr,r-i ([*],) =  Vse Aq (V (r) , S°)

Dr,r_i : Ar -  A ^  , Dr>r_x ([«],) =  |> V i  Vse AQ (V (r) , S°)

(see [1], pp. 18-19).
Now consider

I y f — sy  4- t
(p°)

[ y (  « ) = S
with s , t e S° , ß G CN , a g R fixed.

D e f in it io n  2. We call r—solution of (P°), r e  N, an element y  e A r 
such that

^  \ Dr , r - iy  =  Mr-lYr.,-1 y  +  Mr-1

”  I * ( a ) ~ - , i e  I ° ( V ( r -  i ) ,S°)

fo r  a suitable z e AQ (V ( r ) , S°), y  =  [2],.
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It is now possible to prove 

Theorem 3. I f  fo r  k e N 0 holds 

(S*) (wv)ve N e IQ (V (k) , S°) => (Wv)ve N 6  IQ (V (k) , S°)

ze/zVÆ Wv (x) — I («) du (ye N , R), i f  y 1 , y 2 are (k +  1 ̂ -solutions
a

of the Cauchy problem (P°), we have y^+i^yi =  y^+i,^T2 •

Proof \ Let y i =  [zt]k+1, i =  1 , 2 with ar* 6 AQ (V (yè +  1) , S°) such that
z i (a) — ß e  IQ (V (,k) , S°): we shall prove zx ■— z2e IQ (V (k) , S°). By (P2+i)

•i +  IQ (V (k) , S°) =  («0< +  t) +  IQ (V (k) , S») , . ' = 1 , 2 ,

so that
(*i -  **)' +  IQ (V (k) , S°) =  » (0! -  0 0  +  IQ (V (/è) , S») , 

whence, with iv =  zA — z2

(3) «>' =  sw +  i ,  * S IQ (V (k) , S°) ;

moreover,

(4 ) w  (a) =  (*i (oc) fi) (*2 (a) ~ ■ ß) s  IQ (V (/è) , S°) .

Now from (3) and (4) we get

z£/v ( # )  =  (a) +  I (V) exp ^— I ( z / )  d z ^  d z / j  exp ^  j  s v  ( u )  d u j  :
a a a

^exp |  j  j v ( u )  d ■« j  6 Aq (V (£) , S°)
a

i

• exp ^— J s v (u) d z /^  e Iy (V (M) , S°) :

but by (S*)

I  J *v (v) exp j s v («) d ^ j dw  ̂ € IQ (V (Â) , S°) ,

whence w e  IQ (V (k) , S°).
We introduce now the concept of solution of (P°) and prove an existence 

and uniqueness result.
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D efinition 3. We shall say that (P°) has a solution y  iff  

i) y e  AQ(V(r) ,S°)  V re N;

Ü) M , =  y  +  IQ (V (r) , S°) provides an resolution to (P°) V r e N .  
We shall say that a solution y  to (P°) is unique iff

z solution of (P°) -=> y  — z e  IQ (V (r) , S°) V re N .

It is now easy to prove

T h eo r e m  4. (Existence and uniqueness theorem) Suppose given (P°): 
it has a unique solution i f  (S&) holds Vk, big enough.

Proof. By Theorem 2, y  — ( y v) ve n  with

(x) =  exp sv (u) du
a

is a solution. Moreover, if z  is another solution, then by Theorem 3 we 
get [y)r =  [z]r is r  is big enough, so, since (IQ (V (r) , S°))reN is a decreasing 
sequence of sets, we have y  — z e  IQ (V (r) , S°) • Vr e N.

Consider now the Cauchy problem

 ̂ by ' =  sy +  t

( y (*)  =  ß
(R)

with 6 , s , * e S ° ,  ß e C ,  a 6 R.

D efinition 4. <?#// r-solution of (R), r e N , an element y e A r
such fia t

^  I W r-lR .riJ ' =  Mr-! Yr,rt.y + Mr-1 
I *(a) — ß e I Q( V ( r - i ) , S « )

fo r  a suitable z e  AQ (V (r) , S°) , y  =  [z]r .
Solutions are defined in an analogous manner as before.

Introduce now the hypothesis

(H) Vr e N 3a>M e (V ( r ) , S°) such that Arg (£v {%) +  co?] (*)) f i  re

Vv e N , x e  R .

We can now state and prove an existence result for (R).

Theorem 5. Suppose given (R) with b satisfying (H): then (R) has an 
r-solution V re N. I f  o>w — o> V re N, (R) has a solution.
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Proof. Introduce the ‘ Cauchy problem \

( / _  s , t
(Si. ir)  j 6 +  wM M +  6 +  wM

f u (oc) =  ß

N the algebra A Q (V (r) , S°) contains (b +  o)^)“ 1 by Theorem 1, iii) 
(/(# ) — so by Theorem 2 the unique solution uw of (R , r) in W (R) 
belongs to AQ (V (r) , S°).

Put now y  =  -j- IQ (V [r) , S°): y is an r-solution of (R).
In fact, b • (u ^) ' — su^  — t =  (b +  o>^) (u ^ ) ' — — t — (u ^ ) ' =

=  — o>[r] (M[r])' g  IQ (V (r — 1) , S°) and

[u[f]]f =  y , w[r] (a) — ß =  o e  IQ (V (r — 1) , S°).

If coW Joes not depend on r  then u e  AQ (V (r) , S°) V re N and is 
clearly a solution.
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