ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

ANDREA SCHIAFFINO, ALBERTO TESEI

On the asymptotic stability for abstract Volterra
integro-differential equations

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 67 (1979), n.1-2, p. 67-74.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1979_8_67_1-2_67_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1979_8_67_1-2_67_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1979.



A. SCHIAFFINO e A. TESEI, On the asymptotic stability, ecc. 67

Equazioni funzionali. — On the asymptotic stability for abstract
Volterra integro-differential equations. Nota® di ANDREA SCHIAF-
FINO e ALBERTO TESEI, presentata dal Socio G. Scorza DraconI.

RIASSUNTO. — Si danno condizioni per la stabilitd asintotica della soluzione nulla
di una classe di equazioni integro—differenziali di Volterra in spazi di Banach.

1. INTRODUCTION

We are concerned in the present paper with Liapunof stability and
attractivity properties of the trivial solution of the linear problem:

t

) \ d”(‘i;”) = —Au@®) + fdsw—s)u(s) >0

} 0

L2 (0) = 2y

here — A is the infinitesimal generator of an analytic semigroup on a Banach
space X, £(+) is an operator-valued map on [0, + 00) and #, belongs to X.
The above problem arises e.g. when studying the Liapunof stability cha-
racter of the equilibrium solutions for Volterra's integro-partial differential
equation [5].

In the finite-dimensional case X = R® the condition det [{I + A —
— £* ({)] # 0 for Re { =0 is known to ensure, if 2(-)eL?, the asymptotic
stability .of the trivial solution with respect to (P) [2]. Under suitable sepa-
ration assuxrfptions on the spectrum of the operator A, we shall generalize
the above result to the present situation (for this purpose, simpler techniques
can be used in the case of a scalar-valued kernel £(-) [6]); use will be made
of a projection procedure onto the invariant subspaces of X associated with
the operator A, which gives rise to a family of approximating problems.

2. STATEMENT OF THE RESULTS

Let X denote a complex Banach space, endowed with the norm X 5 2z —
—|u |y . We shall denote by £ (X) the Banach algebra of linear bounded
operators on. X endowed with the operatorial norm & (X)> B —| B|. By
L? (0, + 00;Y) we mean the Banach space of measurable functions from

(*) Pervenuta all’Accademia 1’1 agosto 1979.
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oo

[0, -+ o0) to the Banach space Y (norm |-|g), such that j |f (&5 dt < + oo,

0
endowed with the usual norm (1 < p << + 00); we shall also be dealing with
the Fréchet space | (0, + 0;Y) endowed with the family of seminorms
T

f=>pr(f):= " | f (@& 1y d2 (T > o). Fkor any £(-)€:Ll (o, + c0; V), the

0 ‘
notation £ (-) for the Laplace transform of & () will be adopted.
The problem (P) will be studied under the following assumptions:

A)) — A is the infinitesimal generator of an analytic semigroup T (-)
on X, such that [ T@| <Mexp () (#=0;M =>1;weR);

A;) (€ + A)? is compact for-some { in the resolvent set p (— A); mo-
reover, there exists a sequence {P,} €% (X) of projections such that (ze N):

® dim P, <co, Py Ppyy = Ppa Py = Py ;
(i) P,A<AP,;

(iii) there exist ¥,€[o, 1) and {ye p (— A) such that (I —P,) (&, LAy~
converges in the strong sense as #z diverges;

(iv) there exists 7e N such that, for any # >#, the type w, of the
analytic semigroup (I —P,) T () is strictly negative.

Further we have the following assumptions:
k) k()eLi(o, + c0;Z (X))

;) there exists a>>2 9, — 1 such that || (#8)" ({)|| < const. (1 +|{|)™"
for any {eC.:={{eC|Re{ =0} (where (¢£)(#): =¢t£(¢),t =0);

H) for any {eC,, there exists D ({): = [{I + A — £ (]'e £ (X).

As a consequence of the assumption A,), we can think of the Banach
space X as a direct sum: X =X, ® X,, where X,: = P, X (dim X,, < 00)
and X, : = (1 —P,) X; moreover, X, € X,;; and X, 2 Xnﬂ (ne N). The
assumption A,), (iii) is obviously satisfied with &,=o0 if X is Hilbert and A
a normal operator; it can also be proved to hold in the case A is a second-
order formally self-adjoint elliptic operator on X = C (Q),C (Q) denoting
the Banach space of continuous functions (endowed with the supremum norm)
on some bounded regular domain Qc R¢,d <3 [5].

The regularity condition 4,) is satisfied e.g. if (#£(-))e L! whenever
9 < 1/2. Eventually, the part — (1 —P,) A of — A in X, is easily seen to
generate an analytic semigroup on X,, so that the requirement A,), (iv) makes
sense.
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By a fundamental solution of problem (P) we mean a map % : [0, + c0) >
—Z (X) such that

(0 SO=TO+[T*kxTL]O) (=0,
!
where the shorthand (f*g) () : = ( dsf(t—s5)g (s) (¢ =o0) for the convo-
0
lution is used. As is well known, if a fundamental solution of (P) exists,
S ()u, is a mild solution of (P) [4]; moreover, due to assumption A;), the
map ¢ —& (¢) u, is continuously differentiable for any ¢ > o and satisfies (P).
The trivial solution # = o is said to be (Liapunof) stable with respect
to (P) if for any ¢ > o there exists § = 8¢ > o such that |z, |y <& implies
|2 (£) |x <e for any # > o0; it is said to be asymptotically stable if in addition
it is attractive, namely if there exists n > 0 such that |, |y <<% implies
|2 (#)|x >0 as ¢t — 4 oo. '
Due to assumptions A,) and £,), the existence of a unique fundamental
solution & ()€ Ly, (0, 4 00; Z (X)) follows from a standard contraction
mapping argument and from the a priori estimate:

1% @) <M exp [0 +M | 2] ¢ =o),

which also proves the existence of the Laplace transform & (-) of & (-) in
the complex half-plane Re{ > o + M| £];1; then it is easily seen that
& (%) = D (¥) whenever both quantities make sense. Conversely, under the
above assumptions suitable boundedness and decrease properties for the fun-
damental solution can be derived, which imply the following main result.

THEOREM 1. Let the assumption A;) —H) be satisfied. Then the trivial
solution is asymptotically stable with respect to problem (P).

The proof will follow (see Section 3) from some preliminary conse-
quences of the assumptions (see Section 3) and from the properties of the
solutions of a family of problems, which approximate (P) in a suitable
sense (Section 4).

3. PRELIMINARY RESULTS

As a first consequence of assumptions A,), A,) we have the following
lemma.

LEMMA 1. Zet A)), A,) be satisfied. Then the following hold:
O 10—P)T @I o for any t>o0;

n—> 00

i) I —PyE+ A)"QH — 0 for any B> 9, and Ce o (—A); the
N—> 00
convergence. is uniform in any closed subset of C, whose intersection with the
Spectrum o (— A) is empty.
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Progf. Let {B,} € Z(X), B, —0 in the strong sense and Ce % (X) be
compact; then it is easily proved that ||B,C| — 0 as # diverges. Now the
proof of (i) follows from the identity

A—=PaT@O=I—P)G+AG+AT @ (¢=0;%ee(—A)

and the assumed regularization properties of T (#) for any #> o. The proof
of (ii) is similar.

PROPOSITION 1. LZLet A)), A,) be satisfied. Then
+o0

2) [Ia—P)T@OIFds — 0  forany Be[r,1/9y).

0

Proof. Due to Lemma 1 and the dominated convergence theorem, suffice
it to exhibit a map ¢ (-)e L* (0, 4+ o0) such that [T —P,) T | < ¢ @ for
almost every # > 0. In fact, according to hypotheses A,), ()—(iii), there
exist 7e N and a constant B > o such that:

IE—P)T®l=_sup |A—P)T@xlx< sup |G+A"THrx<

veX, Wlx<B

< sup G+ AT @ylx <BMexp (02) =10 (2> 0)

Ye }\n lylx<B

with suitable constant Mj; > 0; then the conclusion follows.

PROPOSITION 2. Let A,), &) and H) be satisfied. Then there exists > o
such that the following inequality holds:

3) ID@OI<AG+1E]) (Ref =0).

Progf. According to assumption A,), there exist ye R and %€ (0, ©n/2)
such that p (—A)2{{eC| |arg T —7v) | <=/2 + 8}. Let us limit
ourselves to the case y > o (the proof is easier if ¢y < 0). Define

Vi={LeC,| larg ({—7)| =72 +9} and So: = {{eCy| [L]| <3} (3> o)
let moreover V (resp. Ss) denote the complement of V (resp. Ss) with
respect to the closed half-plane C, .

Due to assumption A,), there exist § >0, ¢ = ¢ (§) > 0 such that:
IE+AM=Za/(t +181) (e NSy
By assumption H) we get the estimate:

IDOI <24/ +1¢]) (ke VN Sp),
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where & : = max {3, 2|4 |1, ¢, — 1}. Due to the analiticity of the map D (-),
in the compact subset V.U S5 we have the similar estimate:

IPOI=alt +181) (Ce VUSs)

for a suitable constant ¢, > 0 ; then the result follows with 4 : = max {2 ¢, ¢}.
In the finite-dimensional case, the inequality (3) implies that

F()elr (0, +00; £ (X)) [3, Ch. 1].

4. APPROXIMATE PROBLEMS

Let us consider the family of approximate problems:
(4n) Fu) =T () Py + [T+ (Pak P S1()  (neN;t=o).

The same arguments used in connection with problem (1) prove the existence
of a unique solution &, (-)e L (o, 4+ 00; Z(X)) of (4y), for any neN;
moreover, &, () is continuous in the uniform sense as # —o*. By the uniqueness
of the solution of (4,) we also have ¥, () P, =P, %, () = 7, (.

In connection with problems (4,) the following proposition is of use.
PRrROPOSITION 3. Zet A,,A)), &) and H) be satisfied. Then there exists

1o €N such that [{1 +A —P,F (DI eZ (X) for any n> ny (neN) and
CeC,. .

Proof. Suppose false; then there exist sequences {{;} =C,, {y} =X,
| #3 |y = 1 such that

Coog + Ao — Py £* (G) oy = 0 (ke N).

We may subppse either §, — ¢ or |¢;| > + o0 as £ —>o0. If |'§k| — -+ co,
due to Lemma 1, (i) and the above equation the contradiction ||, —o0
easily follows; thus we can assume {; — ¢ (Re { = 0). Due to the equality

= (Co — ) (Go + A) 2 — (G + A)% Py (Lo A) 750 4 () 14,

by a compactness argument, we may assume #€ X, |#|y = I to exist, such
that |2 — ), — 0 as £ diverges. As a consequence, # is in the domain of
%o —I—A)l_"90 and the following equality holds:

(o + A% i = (L — ) (o + AY™ 4 + (o + A) " & (2 4

this in turn implies ZeD (A) and the relation [{I 4 A — 2+ @14 =0,
whence the conclusion follows.

COROLLARY 1. Let A)),A,) %) and W) be satisfied. Then there exists
ny€ N such that D, ({): = [(I+A—P, Q] P,eZL (X)) for any n > n,
and CeC,.
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Proof. Follows from Proposition 3, as the operator {I + A — P, £* (¥)
leaves the subspace X, invariant.

COROLLARY 2. Let A),A,), k) and W) be satisfied.: Then ¥, ()€
Li(o, + 00; Z (X)) for any n > n,.

Proof. Follows from Corollary 1 by finite-dimensional results [2].

A property of uniform boundedness of the sequences {D, (-)}, {(dD,/d%) ()}
in C; is the content of the following propositions.

PROPOSITION 4. Let A)), Ay), %) and H) be satisfied. Then there exist
meN ,n,>n, and h >0 such that the following inequality holds:

(s) ID, (DI <A/ 15D  (e>n,,Re{=0).

Proof. (i) As a consequence of Lemma 1, there exist vy >0 and #»'€é N
such that

sup [[(I—P)D QI =<1/]%|) ' (> n').
Le Sy
Then, if # > #*: = max {n,, #'} and Le S,, the following relation is easily

seen to hold:
DR @Il </l PuD @1l = Al P (C + A I —&* () (€ + A <
< Iy (1 4 1 TP (g, by > O).

(i) Now we claim that #»** >y, #n*eN exists, such that for
any integer # > #**sup ||D, ()| < const. Suppose false; then there exist
LeSy

sequences {{J <=S,,%s—C as 4 diverges, {u} = X, |uy|x =1, such
that the sequence {vz}:={D,, (Cp) %} < X diverges as £ diverges. Set
wy: == vyf| vy |y ; from the equality

(Co AT (Co—Cr)wi + Puy (Co A (op l) oy, =
=Wy — Pnk (Co + A)71 * (Gp) wy

we may assume @€ X to exist, such that |w; — @ |y—0 as £ —co. It fol-
lows that #weD (A) and [EI + A —#* ()] @ = o, so that by contradiction
the claim is proved. Now the conclusion follows with 7, : = max {n*, 7**}
and a suitable constant 2 > 0.

PROPOSITION 5. Let A),Ay), %), &) and H) be satisfied. Then there
exists b > 0 such that the following inequality holds:

(6) 1 (dD,/d0) @1l < Aj(x + 1 L1 (n>mn; Re L= 0),

where v:=min {2 —9,,2 (1 —9) + o} > 1.
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Proof. Follows from assumption 4£;) and Proposition 4, due to the
identity: '

(dD,/d0) (§) = — [E1 + A — P, £* (DI [I — P, (d#¥/dT) ()] D, (O

(n>ny; Re {=>0).

5. CONVERGENCE RESULTS

It is convenient to.consider the projected equalities:
(72 P, () =T (2) Pu+ [(TP) * £% 71 () ¢=o).

By standard uniqueness results and the very definition of %, (-), the
following relation is proved to hold:

(8,) P(t) =P, F @) — [Fn* b+ 1 —P) L] () (neN;t>o0).

PROPOSITION 6. Let A)) and A,) be satisfied. Then the sequence
{1 —P)Z ()} is infinitesimal in Ly, (0, + 00 ;2L (X)).

“ Proof. Due to Propos'ition 1-and the boundedness of% (-) on the bounded
subsets of [0, 4+ o0), we have
sup |(I—P )T * £x L () — o for any > o;
te[0,7] >0
then the conclusion follows from (7,) according to Proposition 1.

Concerning the sequence of approximate solutions {¥,(-)}, we have
the following result.

PROPOSITION 7. Let A)) — H) be satisfied. Then there exists an integer
n, such that, for any n > n, (ne N), the following hold:

@ NN <m  for any t>o0 (m, > 0);
(ii) the sequence {P (O} is bounded in Ly (0, + co; % (X))

Proof. According to Corollary 2 and Proposition 5, for any integer #
the map § —(dD,/dT) (¥) is the Laplace transform of —(z.%,) (-); then the
conclusion follows from the inversion formula of the Laplace transform [1]

due to the uniform estimate (6). This proves (i); as for (ii), suffice it to prove
T

that J |- (&) ]| d2 << const. for a suitable © > 0. According to Proposition 1,
0
+o00

~

J” (I—P,)T=*£|()dt—>0 as #— 00; thus we can choose 7> o0 such
0 T

that /. N (P, T)* £| (¢) dz <'1/2; due to (4,) and Proposition I the result
0

follows.
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Remark. By the above argument the sequence {&, (:)} can be proved
to be bounded in L*(0, + 00; %2 (X)) for any Be (1, 1/9).

ProrosITiION 8. Let A)) — H) be satisfied. Then the sequence
{(Fp— P, ) ()} is infinitesimal in Ly, (0, + 00 ; & (X)).

Proof. Follows from the identity (8,) according to Propositions 6 and
7, (ii) above.

Finally, Theorem 1 is an easy consequence of the following result.

ProrosSITION 9. Let A)) —H) be satisfied. Then the following inequality
kolds:

©) 17 (#) || < const(1 + £

Proof. Due to Propositions 6 and 8, a subsequence {&,,(-)} exists, such
that ||¥,, (®) —< (#)|l —~o0 as £ — oo for almost every # >o0. By Propo-
sition 7, (i) and the boundedness of & (+) on the bounded subsets of [0, -+ co0)
we get the inequality (0).
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