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Equazioni differenziali ordinarie. — On non-uniform partial
stability and perturbations for delay systems. Nota di OLusoLa AKI-
NYELE, presentata ® dal Socio G. SANSONE.

RIASSUNTO. — Si studiano effetti delle perturbazioni sulla stabilitd parziale per insiemi
antinvarianti asintoticamente.

§ 1. INTRODUCTION

In [1], we obtained a characterization of the non-uniform partial asym-
ptotic exponential stability of an invariant set in terms of Lyapunov functionals.
In addition we constructed smooth Lyapunov functionals for the generalized
partial asymptotic equi-exponential stability of an invariant set relative to
a dealy system.

In this paper we investigate the behaviour of perturbed non-linear
differential systems with delay whenever the unperturbeéd system has non-
uniform partial asymptotic exponential stability property for some kind of
invariant sets. We also use our result in [1] to find conditions for the genera-
lized partial asymptotic equi-exponential stability property to be preserved
under certain perturbations. Our results generalize some results of [2] and
complements [1].

§ 2. NOTATIONS AND DEFINITIONS

We shall consider the functional differential system

(& 0) =7, 0,m)

0
@) =g @, 0,0

1 = ¢y, Wiy = Yo

where ze R* = [0, o0),v€R”?» ,we R™ and f,g are continuous functions
from R+*XC([-—4,0],RrxC([-—%,0],R™ into R* and R™ respectively,
C({—#%,0], R® being the space of continuous functions from [—%, 0]
into R*. Here for A >0, =C([—#%,0],R? and [|[¢|, = max [[¢6(s)]]
—h<s<0

| -]l being any convenient norm in R* If (4,¢, ) e Rt X /* x /™ we denote
by 2,(%,;¢,¢) and w,(%; ¢, ) the solution of (1) such that v, =¢ and
wy =Y. TFor 1 =>1¢,,0,(t;;0,¢4)e /" and w,(4;9, $)e ™

(*) Nella seduta del 21 aprile 1979.
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Along with (1) we consider the perturbed system

Sy@) :f@’yt;zz) —%—G(z‘,yt,z,)
(2@ =g, y,2) +F &, 00, 2)

where G(#,¢,¢) and F(¢#,¢,) are continuous mappings from R+ X
C([—7%,0], R®) xXC([—7%,0], R™) into R"® and R™ respectively. We assume
in addition that ||G (¢,0,0)|l, +||F({¢,0,0)ll, =o.

We denote by y,(2,; ¢, ) and z,(%; ¢, ¢) a solution of (2) such that

== and z, ={.

For the definitions of ¢-asymptotic self-invariance (¢-ASI), {-asymptotic
self-invariance (J-ASI) and asymptotic self-invariance of the set ¢ =o,
¢ = o with respect to the system (1) see [1, § 2]. Moreover the partial equi-
stability and the partial equi-exponential asymptotic stability properties of
the ¢-ASI set ¢ = 0,¢ = 0 with respect to the system (1) are defined as
in [1] as well. The generalized partial equi-exponential asymptotic stability
property of the ¢-ASI set ¢ =0 and ¢ = o with respect to (1) is defined
in [1].

©

DEFINITION 2.1. The ASI set % = 0 of the scalar differential equation

3) g u () =0 >0

where ge C (R* X R+, R¥) is said to be equistable if for each #e& R*, there
exists M (¢,, ©) > o and ¢ € & where & is as defined in [1], such that

w(tsty, up) < M (fg, Do +q ()3 =1y

§ 3. PERTURBATION RESULTS

We shall now use our results in [1] to investigate the behaviour of the .
¢-ASI set ¢ =0, ¢ = o0 under constantly acting perturbations. We give
sufficient conditions for the ¢-ASI set ¢ =0, =0 to be partially equi-
stable, or partially equi-exponential asymptotic stable with respect to the
system (2) when the system (1) possesses the partial equi-exponential asymptotic
stability property. We also give conditions for the preservation of generalized
partial .equi—exponential asymptotic stability of the d> -ASI set ¢ =0, ¢ =0
under such perturbations.

THEOREM 3.1. Assume that

(i) the $-ASI set b =o0,4 =0 of the system (1) is partially equi-
exponential asympiotically stable and any two solutions

(e (o5 b1y b0) s 2wy (20591, 1)
(e (o5 2y o) s, (25 by $)

and
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of (1) satisfy
EACEE ll’l) — v, (%5 e :“31"2 <K, by —dallo + ”74'1 — ¢, llo) P

(i) the system (2) admits a wunique solution and for t > i,
(t:¢’¢>eR+XCPXCB)

IGE e, Dl +HIFE b, Pl <o ¢l

where o € C(R* X RY, RY) and is nom-decreasing in wu for each te R+,
(iil) the function H (¢,1,) is partially differentiable with respect to t, and

{ H *
Sup ?_%?()_(z-+8,t)e 82 <70

§>0

t+1

'w/zereneC(Rﬁ',R**)zmdfn(s)ds—»o as t—oo.

t

Then the equi-stability of the ASI set # = o of the scalar differential equation
@ & e w K, Do, % 00, u(te) =1 >0
implies the partial equi-stability of the ¢-ASI set ¢ =0, = 0 of the per-

turbed system (2).

Progf. Assume that « = o is ASI with respect to (4) and equistable, then
u(t,ty, te) <M, 7) 1o + g (), t =14,

where 2, > q,geﬁf and Me C(R*x R+, R*). Let o0 <& <p, then there

exists T (e) >0 such that g (%) < % if ,>T(@. For £ =>T(),

choose %, , then

€
< 2M G, D
wu(t; by, 1y <e, for t=%4£=T (e

€

prov1ded Uy < m—(m,.

Let ¥, (25 ; $o , $o) , 2¢ (Fo 3 $o » Yo) be any solution of the perturbed system

@) such that ldollo +ldolo < S —s3ms

Setting ¢ = ¥, (¢4; $o, o) and ¢ =z, (%y; do, $g) We have by uniqueness of
solutions ¥, (%050, bo) =Vern(tos b, )2 =0 and 24 (4o ; b0 Yo) = 2un

(to;d)’ “l")

and for =T ().
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Let v, (¢;0,¢),wun(#;9,4) (2 =0) be a solution of (1) through
(¢,4,9), then provided |7, (%; %0, o)l <p and ||z, (4 ; do, o) lle < B for
¢t =>t, =T (), by the Theorem 2.7 of [1] there exists a Lyapunov functional
W (¢, ¢, ) such that

D+W (1‘ ’ 4) » @)(2)

= hlir21+ Sup% [W(l‘+/l:yt+h<f;¢v‘l‘),?tﬁrk(z?d”‘[’))

._W([—|—/z,7/t+h<t;¢;q})ywt+h(t;¢)‘l)))»
—\—W(i+}lyvt+h(t;¢!‘*1’)!wt+h<t;¢’¢>>—w(t’¢’¢>]

<D+W({, %, P +k1ing+ Sup 71[ K@ +2,0){lyas—vanlle +

+flewsn —wurnllo}]

<D*W (¢, Wa + KDY Ed, 0 O—v (56, )OIl +
I 50, DO —w 56, YO

<—aW@ b, H) +10 +KEDUGE, 4, Hlo+IFE ¢, 4)]

<—aW(E, 4, +10 +KE, Dw,|dly

where D* W (£, ¢, {)e and D*W(#,d, ), denote the Dini derivatives
with respect to the systems (2) and (1) respectively.

Since ¢ =y,;(;¢,d) and ¢ =2,(¢;¢,{) assumption (ii) and conclu-
tion (II) of Theorem 2.7 of [1] imply

DW(E,y,@:0,0),2.¢:0,0) <—aW(E,y,,2) +
+n@O+KE D WE,y,,2)).
Hence Theorem 1.4.1 of [3] imply
W (2,90 (o5 b0, d0) 20 Cas o s o) S7 (¢ 2, u) =00 >T (&)
where 7 (¢,,,%,) is the maximal solution of (4) such that
o =K (%, %) (I dollo + Il Yo llo) -
By Theorem 2.7 of [1] we have for # >z, =T (¢)
G b o) e S W 2, 3 (o By o) 50 o o V) S 7 2 2 1)

However,

o= K, 0 lio 00'd o llo oo_\ﬁ'a——————
u (tor T ([ dollo + s llo) and [l dglly + || doll <2K(Z‘0,T)M(t0,*r)
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The assumption on the solutions

. o4
with 2, =T (), hence %, < 2M @, 1)

of (4) implies

r(t,ty, 1) <€ for t=t, =T ().
Hence
lve (s os bo)l] < for = =T

provided | dollo + | dollo <

on solutions of (4)

”J’t(to;d’o, ‘l’o) o <7 (.8, %) <M, 7) K@, 1) W dollo + 11 ‘I’ouo) +¢ @),
' t=>t,.

€ . ‘
2K (f, DM (%,7) Finally by assumption

Moreover,
vt 0,0 <¢ ), =1

so that the set ¢ = 0, ¢ = 0 is $-ASI with respect to the perturbed system
(2) [cf. 1] and is partlally equistable or equ1stable with respect to the
y-component.

THEOREM 3.2. Let the assumptions of Theorem 3.1 hold. Then the AST
set w=0 of (4) is equi-exponentially asymptotically stable implies that the
$-AST set b = o, Y = 0 of the perturbed system (2 is partially equi-exponential
asympitotically stable

Progf. By hypothesis # = o of (4) is. equi-exponential asymptotically
stable, hence for #, > o0 and u (¢,¢,, %, any solution of (4)

w(t,ty, ue) <M (ty, Dtge ™ L H(z, 1), t=1
where « >0, HeC(R* X R*, R*) , H(z,£) =0,H (¢,4) <¢(¢) for some

geZ and lim [supH(#.4)] =0 for Ty >o0.

7 t>co  1>Ty
Clearly, | A

(e, u) SM (G, Do+ g ), 121
hence Theorem 3.1 implies- that

ly: o5 os bolle < K (2, M (%, %) (I Pollo + 1l dollo) +‘9‘ (te), t=t .

where ¥, (5 ; $o, Yo)» 21 (o5 o, Po) is any solution of the perturbed system
(2). Hence, using arguments similar to that of Theorem 3.1,

|y, (to ; o s q’o) lo <7 (,%,u) <M ("‘0» T) (22 gm0 + H @, to)
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for ¢ >1¢,, where 7»(¢,¢ ,u,) is the maximal solution of (4) such that

#y =K (%, ©) (| dollo + 1 $ollo). Hence,

I 7e (o Bor Yo) llo <M (2, ©) K (o, © (I dollo + | Yollo) e ¢ + H (2, 2,)
t>t,.
Moreover,

Hy: ;0,0 e <H(, 1) <g ()

for some g€ & and # > ¢, , so that the set $ = o0, ¢ = ois $-ASI with respect

to the perturbed system (2) and it is partially equi-exponential asymptotically
stable.

THEOREM 3.3. Assume that the hypothesis of Theorem 2.8 of [1] hkold.
In addition, let the hypothesis

(i) of Theorem 3.I also hold. Then the ASI set u = o of

) S P Du k) FRE D0,

is gemeralized equi-exponential asymptotically stable implies that the $-ASIT
set & =0, = 0 of the perturbed system (2) is generalized partially equi-expo-
nential asymptotically stable.

Proof. In view of Theorem 2.8 of [1], arguments similar to that of
Theorem 3.2 yield the required result. We omit details.

COROLLARY 3.4. The $-AS/ set =0, =0 of (2) is generalized
equi-exponential asymptotically stable with respect to the y-component, if
w(t,u) =N u where

) [4
P —2 O+ [ F©O1@ F () ds>—oo a5 toroo.
i to
Proof. The general solution of (5) is
' ¢
u(t,ty,u) = uexp(p () —2 @) +J E@ONES +n)ds), 224,
t

By Theorem 3.3 the result follows.

REFERENCES

[1]1 O. ARINYELE (1979) = Necessary conditions for the non-uniform partial stability for delay
systems, in « Atti Accad. Naz. dei Lincei Rendiconti», 66, 509-515.

[2] C. CORDUNEANU (1975) — On partial stability for delay systems, «Ann. Polon Math. »
29, 357-362.

[3] V-LAKSHMIKANTHAM and S. LEELA (1969) — Differential and Integral inequalities,
«Theory and Appl. », Vol. I, Academic Press. New York.



