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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — On the non linear vibrating rod equation.
Nota Il di Grovanni Prousk, presentata® dal Socio L. AMERIO.

RIASSUNTO. — Si da la dimostrazione del teorema enunciato nella nota I e di un teorema
ausiliario.

4. — Let us begin by proving the following auxiliary theorem.

THEOREM 2. — If the assumptions made in Theovem I are verzﬁed there
exists, ﬁxed € >0, a function u(t) suck that

“aj) u(z‘)eL (O,T;HODH),u (z‘)eKo,u(o)=zo;

b1) % (2) saz‘zsﬁes Vo(H)eKo, with ¢ (e L*(o,T;Hs NnHY,
o () eL?(,T; L%, the inequality :
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(*) Nella seduta del 14 giugno 1979.

1. — RENDICONTI 1979, vol. LXVII, fasc. 1-2,
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> — Lla lle — (H (Do), Ds — § 11 G Do) [l —
— — lleolfinsg + (21, ¢ (O)2

a.e in [0,T]. '
Let {g;} be a basis in HZN H* and set

(4-2) ) uy (x,8) = 7_21 Xjn (t)gj @) ;

let, moreover, v be a penalisation operator associated to K,. By the definition
given we can set (see, for instance, [1] ch. 3, § 5)

(4-3) v(v) =v—Po,

where P is the projection operator from L2 (Q) to K,. The operator v is mono-
tone and hemicontinuous from L2 (Q) to itself and \

(44) Ko={v:0el?(Q),v(®) =0} .

Consider now the system of ordinary differential equations in the unkn-
own functions a;, (¢)

4-5) (n () + 79 (n () —f (0) , g2 + € (un(2) , g5 uPrm2 + @ (un (9) , £5) = O
(] =1,

satisfying the initial conditions
(46> 2, (0) = 29 = 20, . n (0) =z =2,

where II, denotes the projection operator on the subspace defined by
g1, gn- As it can be immediately verified, (4.5), (4.6) admit a solution in a
conveniently small neéighbourhood of # = 0; we shall show, by means of a
priori estimates, that this solution exists in [o,T].

Multiplying (4.5) by aj, , adding and integrating between o and z € [0, T],
we obtain, in exactly the same way as (3.8) and bearing in mind that
(V (u’;t) ’ ”;L)Lz =0,

@7 3w @ e+ (H @ua (@), D+ 31 G Oy (8) s} +
¢

Sl O g < [ () dn + Flaalls + (H s, s +

]

+ 311G Ozo,0) i + — 20,0 [t -
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" From (4.7) it follows, by the assumptions made, that, Vze[o,T],
(4.8) Lo @le <My, Vel (D llntnnl < M,

with M; independent of # and ; consequently, denoting, as we shall always
do in the sequel, again by {#,} an appropriate subsequence selected from {,} ,

4.9 un (&) > @) ug (&) > u@

respectlvely in the weak .star topologies of L% (o T ;L% and of L®(0,T;
H3N Ho) Moreover, since

(4.10) L*(,T;H)NH (0, T;LY<HY (0, T; H"

and the embedding of this space in L%(o, T ; H? is completely continuous,
it follows from (4.9) that

dut,, u 2w, P
—_ —_—
dx ox ’ ox? a2

(4.11)

. du, (%, 2) N du(x,¢) ’ Ru,(x,?) _
2x ox ox?

in the strong topology of L2(Q), i

= RPulx,d)
ox®

The a priori estimates obtained assure us that a solution of (1.5), (4.6)

exists on the whole of [0, T]; we must now prove that, when » — 0o, the
limit function # (¢) satisfies ay), by).

Observe that, by (4.7), (4.8),

ae. in Q.

T

(4:12) : n. f ¥ (n (2) , 0 D)2 dz < M,
! 0

and, consequently,

(4.13) lim | (v, 2 dt=o.

=00

Using a standard procedure (see, for instace, [2], ch. 3, § 5) @ we can then
prove that «’ () € K,; hence, by (4.6), (4.9), u (£) satisfies condition ay).

S 32 12

Denoting by K, the set {v (HeH'(0,T;L%: | —| <Ny, —%% < Ny,
3q o

2; 3 < Ng ae. in Qf, let cp(t)‘ be a function GKOOH1 (O,T;H§DH4)

(1) The bibliography is given at the end of note I.
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»4
with ¢” (fyeL?(o, T ;L% and set
(4.14) (x,8) = ZIY;' Begix , epE,n= j;l ¥ (@) 0; (%)
]_—— =
S Y J=P
with ’?j':
N o V1> P

Assuming that » > p, multiplying (4.5) by ¥; — o}, adding and inte-

grating between o and z€ [0, T], we obtain
t
(4-15) f [(oen ~+ 729 () = » ®p— )i + € (4, Gp — )P H2 +
0

+ a(ty, op—un)ldn=o0.

Integrating (4.15) by parts and bearing in mind that, since v (¢p) = 0,®
13 ¢
(4.16) J (v (ttn) , pp— tm2 d = f(v (ttn) — (@) » Op — Uz dn =0,
0

1]

we have, Vze[o,T] ’
@417) — 3w () Il — (H (D, (), Die — 3| G Dy (8)) ”2‘*3 —

— = lln @ o + (O, @, e +

14

| o Genr 03 — s @+ € (o, @)ooy — (f  9p — 2ahes] dy =

0
— bl ennllis — (H D200, Die — 1| G Dz, st —

€ 2 I4
5 llzo,n “H30H(2, + (GLn s p (O))1e .

Observe that, by (4.9), (4.11), Vvse [0, T],

oL ; ,
(4.18) lim f @ (1, @p) dn = lim f (¢ (Dwz) D 24, D (g D,) Dp))ra dy =
© A—>o0 n~>00
. 0 H

(2) 'Smce ?p () O udy  ® (%) implies % ) —Serioy® (#), it is obvious that,
for sufficiently large 2, g, (#) € K, , with 9p (0) = T1, ¢ (0). Hence by observation I in note I,

QQ(’)GR0=>V(¢;>=0-
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l. t
=f<g<Du>D2u,D<g<Du>D<p;)>mdn———fa(u,cp;)dn,
0 [
t

t
@9 tim [ Gun, patomtdn = [ o, apputang an,
0

n—>o0

14

lim | [(sn, Pp)re— (f » op—tep)i2] dy = J [, @p)ra—(f rop— )] dy.

n—»o0

Moreover, if ¢ (#) is an arbitrary function € C° [0, T] with ¢ (#) = o, we have,
again by (4.9), (4.11),

T

~

(420) tim [ § () [(H @), Dus + 31 G Do) i — G, s de =

= J b (@) [(H (Du), Des + 311G Do) I — (', opns] de

0

and also, by well known properties of the weak limit,

T
(4.21)°  lim inf f 40 [% lotn () e + — I un(t)HzHannﬁ]dtz

T
= [0 [10 O+ 2 1 o] .

.Letting | therefore % — 00 in (4.17) and taking the inferior limits we
obtain, by (4.18), (4.19), (4.20), (4.21), (4.6), o

) .
(4.22) f 10 {— 3% Oll: — (H ©u @), e — 311G @ @ it —
—— e @ liean + (), @p (Dre + f [ (e, gp) —
— (@, op)s A< (x, eo)usnmz — (f @y — )] d’)} dt >
T ' .
2[%‘) {—%Ila s — (H (Dz0) , 1)ie —

— 311G (Dzy) ‘ﬁ*; - % 1l 2 3% ud + (21, 9p (0))1;2} dt
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Hence, « (¢) satisfies by) a.e. in [0, T] V test function ¢, defined by the second
of (4.14) and also, letting p — co, Vo given by the first of (4.14).

Since, on the other hand, the space 10{0 NH,T; H3N HY N H2(o,T;L?
is dense in KM H!' (o, T ; HiN H3»NH2(0,T; L%, relation (4.1) holds a.e.
in [o,T]. This completes the proof of Theorem 2. :

5. — We now give the p;i*oof of Theorem 1.

Let # () be a solution of a;), by) corresponding to the coefficient .
Setting in (4.1) ¢ = 0, we obtain, by the assumptions made,

(5.1) Nze@®lhe <M, ae. in [0, T]
and also, since . (¥) € K,,

e

<N, |,
x

(5.2)

a.e. in Q. Since the embedding on L2*(o,T;H3NH(0o,T;L? in
I12(o,T; H? is completely continuous, we have, by (5.1), (5.2),

(5-3) 1{3 ws (t) = ' ()

in the weak-star topology of L* (0o, T;L? and

2 2
(5.4) lim 2% 2% gy T % T

>0 X o e>0 A% x?

a.e. in Q.

Since %, (0) =29 and #. (#)eL?(0,T; Hp), it follows from (5.2), (5.3),
(5-4) that « (#) satisfies condition a’).

By (5.3), (5.4) we have also, ch(t)eK ﬂHl (0,T; Ho H% .0
NH20©,T; LZ)

¢ t .
(5.5) lin}) a (ue , @) dy = [d(u,cp) dy
0 0

and, denoting by ¢ () an arbitrary function € C®[o, T] with 4;(:) >o,

56 tim [ 40 [ D), D+ 116 Do) — (e, s df =

= [ 4O 1 Du), s + 416 O iy — ', s
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(5.7 lim inf [ 4011 O e = [ @ 1w 0.

Moreover, by (5.2),
T t

69 tim [ 40| S lw@lian + [, $utang anf ar =o.
0 0 :

Letting ¢ — o0 in (4.1) we then obtain
o) =3I @l —H Ou(), Dz — G Ou @)} +
+ @ @, ¢ e +

+ [l 9) @ e — 7 ¢ — sl dn =

> — LIz lite — (H (Dzy) , iz — 311 G (Do) 52 + (21, 9’ (O)re

ae. in [0,T], Vo eK,NnH' (0, T; H;NHNH2(o, T;L2.
Since the space of such test functions is dense in K, H! (o, T ; Hgy) N
N H%(,T;L?, condition b") is satisfied and the theorem is proved.



