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Funzioni di variabile complessa. — The radius o f convexity 
and starlikeness fo r  certain classes of analytic functions with negative 
coefficients I I .  Nota <*> di S a n g a p p a  M. S a r a n g i  (**} e B a s a p p a  A. 
U r a l e g a d d i  <**>, presentata dal Socio G. S a n s o n e .

R i a s s u n t o . — Vengono considerate particolari classi di funzioni analitiche e, sotto 
opportune ipotesi, vengono determinati i raggi dei campi ove esse sono convesse o di tipo 
stellato.

i .  I n t r o d u c t i o n

00 00
L e t/ (z) — z  — 2  I an \zn be analytic for \ z  | <  i and g (z) =  z  — 2  \bn \zn

n—a n=%
be analytic and univalent on {z : \ z \  <  1}. In' [3] we have determined coef 
ficient estimates and comparable results for functions f  (z) which satisfy 
Re ( f  (z)/z) >  oc and Re f  Çz) >  oc for \z | <  1. Also we have obtained the 
radius of convexity for functions /  (z) which satisfy Re f  (z) >  a for \ z \  <  1, 
and the radius of starlikeness for functions /(# ) , which satisfy Re ( f  (z)jz) >  oc 
for \z \ <  I. Further we have determined the radius of starlikeness for 
functions f  (z) which satisfy R e / (f)fg (z) >  o for \z \ < 1 ,  when g  (z) is either 
starlike of order a or convex of order a.

In this paper we determine the distortion Theorems for functions f  (z) 
which satisfy Re { f  {z)/g (z)) >  a or Re ( z f  (z)l(z)) >  a for \z  | <  1, 
o <  a <  I. Also we find the radius of convexity for functions f  (z) which 
satisfy Re ( z f  (z)jg (z)) >  a for \z\  < 1 .  Further wre find the radius of star 
likeness for functions /(V ) which satisfy R e ( I  (z) lg (z)) >  & for | ^ | < i ,  
where g  (z) is either starlike or convex.

2. W e  n e e d  t h e  f o l l o w i n g  L e m m a

L em m a. Let f  (f) =  2 — ^  I a n I be analytic fo r  \ z  | <  1 and
h=2

g  (z) ■= z  — 2  I bn I zn be analyitc and univalent on {z : \ z \  <  1}.
n—2

Then
ou

(i) S  I an I — a 2  I K  I ^  1 — a provided R,e (f (z ) \g  (2)) >  a fo r
* <  I- n=2

(*) Pervenuta all’Accademia il 27 giugno 1979.
(**) Department of Mathematics, Karnatak University, Dharwad 580003 (India).
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(ii) 2  n I an I — a 2  I bn \ <  I — a provided R,e ( z f  (z)jg (zj) >  a f o r  
U | <  I . > 2 n=2

Part (i) of the lemma is proved in  [3] and similarly (ii) follows.
OO

Th e o r e m  i . Let f  (z) =  z  — 2  I an I be analytic fo r  | z  | <  i and
oo n=2

g  (z) =  z  — 2  I bn I zn be analytic and univalent on {z : | z  | <  I }. I f
n=2

Re ( f(z) lg  (#)) >  a fo r  | # | <  i

r -------— r2 <  1/ I <  r  +  ———— r2 fo r  \z  \ =  r.
2  2

2  ----- OC 2 '2Equality holds fo r  f  (z) — z —------   z2 with g  (z) =  z  — —  fo r  z  =  ^  r.

Proof. From the lemma we obtain

oo oo
(0  2  I a n I <  1 — a  +  a  2  I bn I •w=2 w=2

Since g  (z) is univalent on u  : u  I <  1} > 2  n I i <  1 [4]. Hence
00 ~
2  I*» I < i -  (I) yields

%=2

(2)

Also

2 —  a
2  I I  — 9n=2 ^

\ f ( z )  \ < u H u , k "
w=2

00
<  r +  r% 2  I «i

<  r  +

»=2 

2 —  a
r 5.

Similarly

! y  (-s-) I > ' ' - 2 u » k 8%=2

>  r  — r 2 2  I an

>  r  ■ 2 —  a
• rv

2. — RENDICONTI 1979, voi. LXVII, fase. 1-2.
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00

Th e o r e m  2. Let  / ( # ) = £ — 2  \an \zn be analytic fo r  | z  | <  1 and
00 n= 2

g  (z) =  z  — 2  I I zn be analytic and univalent on {z  : | z  | <  1}.
n= 2

I f  Re (3/' (z)/g (z)} >  a f o r  | 2* | <  1

r -----?-----r 2 <  1 / 1 < r  +  —— —  r 2 f o r  \ z  \ ~ r .
4 4

2 ___■
Equality holds fo r  f  (z) — z  — ---------- z2 with g  (z) =  z -------- fo r  z  =  zk r.

4 2

Proof. From the lemma we obtain.

00 00

(3) S  n I an I <  1 — a +  a S  I I •tt=2

n=2
As seen before 2  I bn | <  (3) yields

(4)
2 — a

2  '» I <*n I <  n=2 2

Since 2 2  I an | <  2  ^ I I > from the above inequality we obtain
00

n—2 n—2
2 — a

2  U  J  <  —------- • The remaining part of the proof is similar to that of
n=2 4
Theorem 1.

THEOREM 3. Let f ( z )  =  z  — 2  \ an I zn be analytic fo r  I z  I <  1 and
n=2

g  (y) =  z — 2  I bn I zn be analytic and satisfy Re (zg (z)lg (z)) >  0 fo r
n= 2

Iz  I <  I. Also let

fo r  \ z \  < r  — r  (a)

z  I <  I. Also let Re ( z f  (z)/g (z)) >  a fo r  \z  | <  1. Then f  (z) is convex
I

2 — a

some n.

Proof. Since g  (z) is univalent, 2  n I I <  1 and it follows that

° °  T
(5 )  S  l ^ » l  < -  f or

n= 2 ^

Using the lemma, we get from (5),

V i  n —  iZ j  n \a n I <  I — --------- a .
n=2(6) n
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Hence Re f  0 ) > a and f ( z )  is convex for

1/n-i

1̂ 1 <  r  =  r  (a) =  inf I
n \ I

n —  I 

n

for ^ =  2 , 3 , 4 , . . .  [3]

2 — a

We have r  (d) =  — and r  K ' 2
— . The estimate is sharp for the

function f ( z )  =  z  —  2 -- z2 with g  (z) — z ---- —

Theorem 3 is comparable to the following sharp result of Pad- 
m anabhan [2]. Let f  (z) — z' +  a2z2 +  • • • be analytic fo r  | z  | <  1 and  
g  (z) =  z  +  b2jr z2 • • • be analytic and satisfy Re (zg (d)jg(z)) < o fo r  | z  | <  1. 
Also let Re (zf' (2) I g  (z)) >  \  fo r  \ z \  <  1. Then f  (z) is convex fo r
M <i[(2y^_i)i_(yr-i)].

Remark. The functions /  (z) satisfying the hypothesis of Theorem 3 are 
close-to-convex of order a and type zero, according to the defination 
Libera [1].

0°
T h e o r e m  4. Let f  (z) '=  z  — ^  | an | zn be analytic fo r  | z  | <  1 and

00 %—2
g  (2) =  2 — E  I K  I ^  analytic and univalent on {z : \ 2 \ <  1}. I f  2
Re ( f  (z)lg (2)) >  a fo r  \ 2 | <  1 Afe« / (* )  univalent^ and starlike fo r

1*1 < r  =  r (a )  =  _ i _ r .

Proof. Using the lemma, we get from (5)

(7)
00
2 1 I
n=2

< a .

^  —--- j
Hence Re ( f  (2) jz) >  — ——  a for | £ | <  1 and f  (z) is starlike in

I .s I <  r  =  r  (a) =  inf
n n \  I

7Z —  I 

n

l /n - l

I

2 — a

a
for n =  2 , 3 , 4  , • • • [3]



20 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LXVII -  Ferie 1979

The estimate is sharp for the function

f ( z )  = z  —  2 g with g ( z ) = z  —  —  •
£ 2

00

THEOREM 5. Let f  (2) — 2 — 2  \ an \ zU be analytic fo r  \ 2 \ <  1 and
00 h = 2

g  (f) == 2 — 2  I I zU~ be analytic, univalent and convex fo r  \2 \ <  1.
W= 2

I f  Re ( /  (V) /g (2)) > a  /<9r | # | <  1 then f  (2) is univalent and star like fo r  
/  n \ 1/B-1

I ' l  =  ^ =  2 , 3 , 4 , • • • •
OO

Proof. Since £■(#) is convex for M  <  I , 2  »*1**1 <  I [4]. It 
follows that n 2

00 I
(8) 2  I bn I <  ~ y  f°r some n.

n=2 ri

Using the lemma, we get from (8)

(9) 2  I «« I <
n= 2

7T a .

72“ —  I I
Hence Re ( / (.s')/#) >  — ——- a and the result follows. We have r  (o) =  —

(
^2   J \

1 -----------—  a l  ^

with g  (2) =  2 ■—■ —r zn for some n.
0 N y nz
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