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Equazioni differenziali ordinarie. — On the existence o f a perio
dic solution o f n~th order nonlinear differential equations. N ota di B. 
M e h r i  e H . A.  E m a m i r a d , p re se n ta ta ^  dal Socio G. S a n s o n e .

R iassunto. — Gli Autori provano un Teorema di esistenza di una soluzione periodica 
di una classe di equazioni differenziali nonlineari ordinarie.

1. In a previous paper with the same title [i], the authors announced 
some results concerning the existence of a periodic solution a for certain class 
of n-th order non-autonomous nonlinear differential equations. The object 
of the paper is to obtain similar results in some different setting.

Consider the following nonlinear n-Xki order differential equation

(1) x in) + /  ( t , x  , x ' , • * •, :r(n-1)) =  e (t)

where /  and e are continuous and periodic with respect to t of period co, and
CO

(2)
0

Further, we suppose that all the solutions of (i) with n initial conditions are 
unique (so it would suffice to take /  to be C1 in each variable).

It will be shown that under some conditions on / ,  there exists at least 
one solution of (i) satisfying the periodic boundary conditions

(3) x (i) (o) =  x (i) (co) , 2 =  0 , I , 2 , • • •, n — I .

The method used here is similar to that employed by Lazer [2]. Finally 
we give applications in forcing Van der Pol equation and also certain typical 
third-order nonlinear equations. The results obtained are in fact a generali- 
zation of [3], [4] and [5].

2. We define the Green’s function of the equation x ^  — — with periodic

for x  <  t  <  s <  co 

for o <  s <  t  <  co

boundary condition (3) as follows:

”l > + ^
G i!) '

tn
CO

n—1
bhfi- tn

n ! co

(*) Nella seduta del 14 giugno 1979.
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where we have the following relations between the coefficients ak and bk :

(4) * _  (—«»-* K-k -  ^  _  k ) , /è =  I , 2 , • • •, n —-I

the relations show that G ( /, s) is continuous as well as its derivatives up to 
the order n — 2. For k =  1 , we have

(5) (» — 0  ! K - i  — U  =  I

which establishes easily

(6)
gn-l
a«-1 G (*>*—) a/"-1 G (7, /  + )  = I .

We also need to have

dk dk
(7) G ( /, j) |(.o =  G (*, j) , k =  o , I ,• • • , ft I

thus, (bx , b%, • • ■, bn .j) ought to be the solution of the following linear system

£] +  cûÆ2 M------- b (ùn~2 bn_x =  ß0

2 «^2 H------- b {n — 1) cd"-* bn_x =  ßi

(» — 1) ! nn_x =  ßB_2

where

_  (— i)«-4 (» — * -b 1) J* - *  — Cd»“4 
* (?«---- » +  i) ! <d ’

I .

For k =  n —  I , the equation (7) leads us again to the relation (5). Thus, 
the 2 n  coefficients ak , bk can be determined by 2 n  — 1 equations and the 
solution always exists.

3. Main Theorem. Assume /  satisfies the following conditions

i) For some non-negative real number b and for all t e  [o , to]

*2 >•••>*a ) > °
(8)

i  =  I , 2 , • • •, n 

when all x x >  b or all x i <  — b

ii) There exists a constant D, such that

(9) b +  3 <  D.

where

m =  M ax {M , M 0 (M +  E) , • • -, coM ,^ (M +  E)}



S l8  Lincei -  Rend. Sc. fis. mat. e nat. -  Vol. LXVI -  giugno 1979

and
M =  M ax { |/(Y  , % x j  I ; , 6 [o ,.*>], | *« | <  D} ,

i =  i , 2 , • • •, n
E =  M ax { I ê (t) I , t e  [o , co]}

=  M ax

Then equation (i) has at least one solution a: (t) satisfying the periodic boun
dary condition (3).

Proof. Let us consider the following integral equation
CO

(10) x  (t) =  [  G ( t , j) { /  (s , X  (s) , • ■ ■, x ^ - v  (s)) —  e  (j)} di-.
0

Obviously, the solution of the above integral equation satisfies not only the 
periodic boundary conditions (3) but also

CO

x (n) - ! - / ( * , # , • • • ,  x ^ vy). =  e (t) +  — I f  (s , x  (s) ,•• •, x (n~1} (s)) d^ ..
CO J 

0

dtll  G ( t , i) , ( t , s) e [ o , <o] X [ o , co]

In what follows, we shall prove our principal integral equation (io) has a 
solution a; (t) satisfying

CO

( l ì )  J / ( s  , x( s )  , x ' ( s ) , - -  (s)) ds =  o .
0

Let Ch [ o , co] be the space of all k-th. differentiable, functions on [o , co] 
equipped with the following norm

11 * 11* =  2  sup I *(i) ( 0 1i —0 t e [0,co]

normand let B =  ( H  C* [o , co]) XR , with the 
\*=o /

\ (x  , x ’,- ■ , a) I =  II a: !!„_! +  I a \ .

W ith this definition B is a complete normed linear space. 
Now let us dehne the following operator on B.

T  (x , x ',- ■ -, x (n~i:> , a) =  (x*, x ’* , - ■ - ,x  a*)

where, for each i  =  o , I , 2 , • • •, n — 1
CO

(12) x ^ * ( t)  =  a + f  P - G  ( t , s )  { / ( s , x ( s )  ,• • ( » — «(/)} ds
0
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and
CO

(13) a* =  a —  — I /  (s , x* (s) , • • •, x in~1)¥r (s)) di*..CO J 
0

The operator T is a continuous mapping from B into B. Now, let us define 
a closed convex and bounded subset of B as follows

K =  {(pc ,#' ,•*•> , a) e B ;

II x  H* <  D ,yê =  o ,  I y 2 , ••• ,  n -— 1 , \ a \ < b +  2 m]

Now, if we show T has a fixed point in K, then from (13) we can deduce (11), 
which ends the proof of our main theorem. In order to prove this fact we 
apply Schauders fixed point theorem. In fact we have, for (x , x \  • • - , x ^ 1)i 
d) g K

I x (i)* (t) I <: \ a \ +  Mi (E +  M)' < H 2 ^ + w < D .

On the other hand if | a j <  b +  m
«

J f  (s y x* (s) ', x r* (s) , • • •, x^V * (s) di*
0

<  M <  m

which leads to a a* | <  b +  2 m.
Now, we consider the two other cases, first b [ m <C a <  b 2 m , in 

which (12) implies

sup I x  (t) — a I <  (E +  M) <  m

t 6 [O , Co]

the above estimate together with b -|- m  a leads to sup x ii}* (t) >  b , t  e [o , co] 

f  ( t , x* (t) , x f* (/),*•*, x  (/)) >  o

for all t e [o , co]. Taking (13) into account we obtain b <  a* <  b +  2 m.
And second —■ (b +  2 m) <  a <  — (b +  ni) with a similar argument we 

will have
f  ( t , x * (t) , x'* (t) , • • •, (V)) <  o

for all t e [o , co] , which leads to — (b +  2 m) <  <2* <  — b , thus in any case 
I <2* I <  b +  2 m  and therefore T (B) xz B.

Finally T is a compact operator, since for any infinite sequence in T (B) 
one can extract a convergent subsequence, by remarking that the norm of 
the functions

CO

v< ^  =  /  W  G ^  ’ J) [ /  (f  > * (J) > • • • » *(n-1) 0)) — « (J)]
0

are bounded for i  =  o , 1 , 2 , • • - , n and applying the Ascoli’s lemma.

34. _  RENDICONTI 1979, voi. LXVl, fase. 6.
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4. Applications

In this section, we shall consider some applications of the main theorem 

(A 1) First consider the forced Van der Pol’s equation 

(14) x"  +  ex' (x2, — 1) ~j- ax =  yi cos 7i t

where s, a and fjt, are convienent real positive constants. In order to prove 
the existence of a 2-periodic solution for (14), we define the correspondent 
Green’s function

/  co \ 2
i s —  t — - —  I O <  t  <  <  CO

/  CO \ 2
I ^  —  s --------— I O < .  S  <  /  <  CO

choose b — 1 in the main theorem and

M =  Max {I zxf (x2, — 1) +  ax | ; | x  | <  D , | x  | <  D}

<  s (D3 — D) +  dD

obviously M 0 =  M ± =  1 and therefore m  =  sD3 — sD +  dD +  [jl , thus foro
establishing (9) we ought to have

1 + 3  (sD3 — sD +  dD + )  <  D 

which is valid if one takes £ , a and fj1 sufficiently small and D >  1.

G ( t , s) =
I

2 CO

(A 2) In the paper [6] Reissig proved the existence of at least one 
periodic solution of period co for the equation

(15) " +  <!> O') *" +  K2 x ' + f ( x )  =  M  (t)

and in [1] authors have obtained the similar result when \\p\\ — 1 .
In this regard we can establish the following theorem which is the direct 

consequence of the main theorem.

T h eo r em  i. Equation (15) admits at least \-periodic solution i f
1

a) p  (t +  1) =  p  (f) and j  p  (f) dt =  o
0

b) <j) (x )  is a non-negative bounded C1 function

c) /  is a C1 and x f ( x )  >  o , for all x

d) for some D >  o

(16) (L +  K2) + /(D )
D

lf*l
D

where L is an upper bound of (j>.
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Proof. Here we define the Green’s function as:

G i f , s) =

fi_

~6

fi-
6

I s —  — ) + / ( — — — +. — ) +  — 2 \  2 /  \  2 2 1 2 / 2
for O <  /  <  J <  I

( j  +  — ) +  * ( — +  — +  — ) \  2 /  \ 2 2 12 /
for o <  j  <  /  <  I

obviously M 0 =  -J-, M, =  , M2 =  — and M =  (L +  K2) D +  / (D ) , therefore

by taking b =  o , m  =  — ((L +  K2) D +  / (D )  +  | [i. |). Thus, condition

(i) of the main theorem will be satisfied if (i6) holds and by virtue 
of c) the condition (i) is also guaranteed

(A 3) An existence theorem for the following equation is studied by 
Reissig [7] and Ezeilo [8]

(1 7) X " +  (J) (xf) x"  +  (x) x ' +  0 (t , X , X , x") =  (Jip (t) .

The following theorem insures the existence of 1-periodic solution for (17), 
assuming somme different conditions

THEOREM 2. Assumption a) and b) of the previous theorem hold on the 
functions p  and  (j), furthermore

c)  <j/ is a non-negative ^-bounded  C1 function

d') For some D >  o

(L +  K) +  / + i t ! < j t

e) Q ( t , x  , x', x n) is \-periodic function in t and  C1 in  x  , x  ) x n 

' 0 ( t , x  , x'yXn) sign x >  o for all  ̂ — 0 , 1 , 2  and finally  

F =  M ax {I 0 ( /,  x  , x \  x n) I : | x  (i) | <  D , i =  o , 1 , 2} .

The proof of the previous theorem can be adapted for this one.
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