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Equazioni differenziali J ordinarie. — Periodic solutions of a 
certain fourth order differential equation. Nota di James O. C. E zeilo 
e H aroon O. T ejumola, presentata dal Socio G. S ansone.

R iassunto. — Gli Autori danno un teorema di esistenza di almeno una soluzione 
periodica per un’equazione differenziale non lineare del quarto ordine.

i .  In t r o d u c t io n

Consider the fourth order constant—coefficient differential equation

(1.1) x u)+ a 4x +  a2x +  az x  +  a4x  == o .

Its corresponding auxiliary equation

(1.2) r 4 +  ax r3 +  a% r 2 +  a3r  +  a4 =  o

has no purely imaginary roots r  =  tk  (X ^  o) if

(1.3) Xi =  X4 — tf2X2 +  a4 ï  o ,

or if

(1.4) Xa =  «J.X2 — a3 ^  O .

Note that Xi may be rearranged in the form

Xi =  (X2 — J  a f f  +  æ4 — \  

so that (1.3) holds if, for example,

(1.5) a4 > 1 4 .

It is also easy to see that (1.4) will hold if

(1.6) a4 a3 <  o , a4 ^  o

the condition on a4 here being necessary in order to ensure that X ^o . Now 
we know from the general theory that if (1.2) has no purely imaginary roots 
then the equation

(1.7) 4;(4)+  ax x  +  a2 x  +  a3x  +  a^x  =  p  (t) (*)

(*) Nella seduta del 12 maggio 1979.
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with ax , • • •, ^4 as before but with p  dependent on and co-periodic in t (for 
some 00 >  o) necessarily has an co-periodic solution; and therefore (1,7) has 
an co-periodic solution subject to (1.5) for arbitrary ax and a% or subject to 
(1.6) for arbitrary There are now in the literature some extensions of (1.6) 
in one form or other of the existence result for equations (1.7) in which ax , • • •, 
are not necessarily constants (see for example, [1, Theorem 1], [2]), but no 
similar extension exists, as far as we are aware, for (1.7) subject to (1.5).

The present paper is concerned solely with this outstanding case (1.5), 
but in the context of the equation

(1.8) x u) +  axx + f ( x  , x  , x , x) x +  g  (x) x  +  h (x) =  p  ( t , x  , % , x , x)

where ax is a constant as before but f  , g  , h  and p  are continuous in their 
respective arguments, with p  co-periodic in t (that is p (t +  co , x  , y  , z , u) =  
P  (ß > % , y  , z  , u) for arbitrary t , x  , y  , z and u). Our object is to establish 
the following result:

T h e o r e m . Suppose that

(i) there exists a constant a2 >  o such that

(1.9) f or x  y y  , z  , u ,

(1.10) . ß =  inf x " 1 h (x) > \  a\
M > i 4

(ii) there are constants A 0 >  o , Ax >  o such that

(1.11) I P ( t , x  , y  , z , u) I <  A 0 +  Al (I x  I +  I y  | +  | z  |)

fo r  ail t, x  , y  , z and u.
Then there exists a constant e0 >  °  such that> i f  A1 <  e0 then (1.8) admits 

of at least one co-periodic solution.

Note that there are no conditions on ax and g.

2. S ome p r e l im in a r ie s .

As in [1] and [2] the proof of the theorem rests on the Leray-Schauder 
technique, a convenient starting point of which shall be the parameter ([in
dependent equation:

(2.1) x U)-\- ax x  +  {(1 —1 |x) ^2 +  V*f(x  , % , $ > 5)} x +  [ig (x) x  +

+  (1 — [x) $x  +  [ih (x) == \Lp (t , X , X , X , x) , (o <  [X <  1) .

Note that when [x =  1 (2.1) reduces to the original equation (1.1). Also, when 
[x =  o it reduces to the linear equation

x u)Jr ax x  +  az x +  fix — o
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which, in view of the condition: ß >  |  a\ (from (1.10), has no non-trivial
co-periodic solution. The equation (2.1) thus has the base features expected 
of param eter—dependent equations for the application of the usual Leray- 
Schauder fixed point technique, and hence, in order to establish the theorem, 
it remains only for us to show that there is a constant D >  o independent 
of fx such that

(2.2) I x  (?) | <  D , I x  (?) I <  D , I x  (?) I <  D , I x  (?) I <  D (o <  ? <  co)

for any co-periodic solution x  (t) of (2.1).
Before proceeding to the actual verification of (2.2) we shall introduce 

some notations. Throughout what follows the D , D 0 , D3 , • • • whenever 
they occur are positive constants whose magnitude depend only on the con
stants aj , a2 , ß , co , A 0 as well as on the fu n c tio n s / ,^  and h, but not on [x. 
The numbered D ’s: D 0 , D 1 , D 2 ,---  retain the same identity throughout 
while the unnumbered D ’s are not necessarily the same each time they occur.

3. V erification of the bounds for \ x ( t ) \  and \ x ( t ) \  in (2.2). 

We shall take (2.1) in the more compact form:

(3.1) x U)+  Æj x  + / ( ,  O  , i r , x , x ) x  +  y g (x )*  + hß (x) =  pp ( t , x  , 2  ,X ,x),.

(o <  [X <  1)
by setting

f[K ~  ( l  ’ [̂ ) 2̂ Vtf (% y X ,  X')

K  =  (1 — \ ü ß x  +  \ih(x)
Note here that

(3.2) IA  ( x , * , x , x )  I <  a2 always , 

by (1.9). Also

x~x (.x) >  ß for | * | >  1

by (i.io ), which in turn can be shown to lead to:

(3.3) xh^ix)  >  ßxz — D 0 for all x.

Throughout what follows in this paper let % =  x (?) be an arbitrary co- 
periodic solution of (3.1) and V =  V (?) the function correspondigly defined by

X

V =  % (x +  J  £ ) —■ x  (x +  x) —■ [x j sg (s) d^.

An elementary differentiation gives that

(3.4) V =  Ui \LXp

0
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where

(3.5) U x =  tf2 +  XXfv.  + x A tl(x) .

> x 2 —■ a% \ x  \ \ x \ +  ßx2 — D 0

by (3.2) and (3.3). Subject to the condition (1.10) it is possible to obtain the 
following more refined estimate for U x :

(3.6) Uj. >  Dj (x2 +  x 2) — D 0

for some suitably fixed Dx. Indeed by (3.5),'

U x — {Dx ([x2 +  x 2) — D 0} >  (1 — Dj) x2 —  a2 \ x \  \ x | +  (ß —• Dx) x 2 

=  (I - D x) { \ x \ ~ l a 2 ( i  —  D J -1 I *  |}2 +  I  (I - D O " 1

[(4 ß — at) — 4 Df (1 +  ß) +  4 Di] *2 > o ,

in Dx is fixed such that

(3-7) Di <  min {1 , 1 (4 ß _  a22)  (i +  ß)-i} .

The term (4 ß a2) here is positive by (1.10), so that the choice of a positive 
Di satisfying (3.7) is possible. We can therefore assume (3.6) subject to (3.7) 
on D j. Hence, by (3.4) and (3.6)

V — Di (x2 +  x 2) -— \ x  \ \ p  \ — D 0 always;

from which, on integration, we obtain (V (t) being «-periodic) that

(3-8) o > D

CO

■ / ( *

CO

+  x * ) d t — j  \ x \  \ p \ à t  — D 0 «  . 
0

But, by (1.11!),

I X I I $  I — ^0  I X I 4- 1 Al (Jc2 +  x2 +  4 x 2)
Also

CO
«  CO

^ • 9) I 44 di  <; 1 —- 2  f  3:2 d/.

since * is «-periodic. Thus (3.8) impUes at once that

CO
f* CO

(3.10) J {Dj — è At (1 +  ^  -2 dt  +  f  (,Di _  2 Ax) ^  dt  <

CO

~ J  A 0 I X I dt  +  D 0 «  .
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Now assume Ax fixed such that

(3.11) Dj — Ai (1 +  co2 7T-2) > 0  , Dx —' 4 Ax >  o .

Then, by (3.10),
CO

T>1 J  (%2 +  x 2) dt  <  2 A 0
0 0

from which it follows that

J I x. I dt  +  2 D 0 a)

(3.12) J*x 2 dt  <  D2 , J  x2 dzf <  D 3
0 0

for some D2 , D 3. We also have, in view of (3.9) that
co

(3.13) J x 2 dt  <  D 4
0

for some D 4.
It is easy to see from (3.12) that | x  ( t 0) | <  (co-1 D2)1/2 for some t 0g [o , co];

CO

for otherwise, that is if x 2 (f) >  co-1 D2 for all t e  [o , co], then j  x 2 dt  >  D2
0

which would contradict the first inequality in (3.12). We thus have from 
the identity

that

x  (t) =  x  ( t 0) +  J x  (s) di*
- 0.

T0+W

max I x  (t) I <  (co-1 D2)1/2 +  J | x  (s) | ds 
0<t<(ù J

T 0

T q +  CO

<  D +  co1/2 I [  i:2 (s) Cbj
1/2

T0
by Schwarz’s inequality. It follows then from (3.13) that

(3-14) max j # (t) j <  D .
0<£<co

Analogously, the fact that x  (t,) — o for some t xg [o , co] combined with the
CO

fact that x2 dt <  D 3 (in 3.12) yields the result

(3-15)
0

max \ x  (t) \ <  D .
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4. Completion of proof: bounds for | x( t )  [ and | x( t )  | .

To estimate a bound for | x (t) | reset (3.1) in the form

(4.1) x U) +  ar x — T*

where XF =  \xp — h^{x) — [ig (x)% — xf^,  and note that, by (1.11), (3.2), (3.14) 
and (3.15),

(4.2) I Y  | <  D5 +  D6 | * | ,

since Aj is now fixed as a D by (3.11). Now multiply both sides of (4.1) by 
x u) and integrate from t  — 0 to t =  co. We will then have, in view of the 
(assumed) oo-periodicity of x  and the result (4.2), that

CO CO CO

j  {*4 (0 )2 à t < D òj  I (t) I dt +  De f  I * (t) I I *<« (t) I di
0 0 ô

from which, on applying the Schwarz’s inequality to the terms on the right 
hand side and using the second result in (3.12) as applicable, we obtain that

J {*<*> (t)Y dt <  d 7 [ j  {^(4) (/)}* d / j 1/2

Hence

(4.3)

which in turn, since 

also gives that

(4.4)

W 4) (t) } 2 d£ <  Dg =  D7

CO

nr* f  {x w y d t ,

COj 00 dt  <  D0 .

The fact that x ( t )  — o at some t  6 [o , c o ] # (f) being co-periodic, combines 
with (4.4) in the usual m anner to give that

max I * (j?) I <  D .
0 <t<<*

Likewise the fact that x  ( t )  =  o at some i e  [o , co] combines with (4.3) to 
yield the remaining estimate:

max I *00 I <  D . 
o<£<*>
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The verification of (2.2) is thus completed subject to the restriction (3.11) 
on Ay. The theorem then follows.
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