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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Algebra. — On Groups Having Exactly 2 Conjugacy Classes of
Maximal Subgroups. Nota di Saap ADNAN, presentata® dal Socio
G. ZaPpPa.

RIASSUNTO. — Si apportano alcuni contributi diretti a provare una congettura relativa
ai gruppi finiti dotati di due sole classi di coniugio di sottogruppi massimali.

CONJECTURE. If the finite group G has exactly 2 conjugaacy classes of
maximal subgroups, then G = PQ where P and Q are S, and S, subgroups
of G,P < G and Q is cyclic. Further, Q acts irreducibly on P/ (P).

INTRODUCTION. Among the known finite simple groups there is no group
which has exactly 2 conjugacy classes of maximal subgroups. As we shall
see later, the main difficulty of the conjecture is to prove non-simplicity. The
simple group of order 168 comes nearly as a counterexample to the conjecture
since it has exactly 3 conjugacy classes of maximal subgroups two of which
are interchanged by an outer automorphism of order 2.

We have not been able to prove the conjecture as it stands. However,
if the maximal subgroups behave nicely, we have the following main
results:

THEOREM A. Let G be a finite group having exactly 2 conjugacy classes
of maximal subgroups. If all the maximal subgroups of G are Hall subgroups,
then G = PQ where P is an elementary abelian normal S,-subgroup of G and
Q #s a cyclic Ssubgroup of G of prime order. Further, Q acts irreducibly on P.

(*) Nella seduta del 13 gennaio 1979.

12. — RENDICONTI 1979, vol. LXVI, fasc. 3.
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THEOREM B. Let G be a finite group in which every maximal subgroup
has index a power of a prime. If G has exactly 2 conjugacy classes of maximal
subgroups, then G = PQ where P and Q are Sy-and S subgroups of G, P < G
and Q is cyclic. Further, Q acts irreducibly on P (P).

Symbols and Notations. The symbols and notations conform to [2].

LEMMA 1. Let G be a finite group and let H be a subgroup of G. If P is
an Sy-subgroup of G such that P = H and Ng (P) < g~'Hg, some ge G, then
ge H.

Progf. We have P, P? < H?. By Sylow’s theorems, there is an element
xe H? such that P* = P? i.e. gx'e Ng(P)< H? i.e. ge H? and so ge H.

LeMMA 2. Let G be a finite group with exactly 2 conjugacy classes of maximal
subgroups. I[f M and N are non-conjugate maximal subgroups of G, then
G =MN.

Proof. Let pe m(G) and let P be an S-subgroup of G. Let L be a maximal
subgroup of G containing P. By hypothesis L = N9 or . =M¢9, some ge G.
Thus MN contains an S,-subgroup of G for each pe © (G). The lemma fol-
lows. .

LEMMA 3. Let G be a findte group having exactly 2 conjugacy classes of
maximal subgroups. If G is not simple then G has a non-trivial nilpotent novmal
subgroup.

Proof. Let M and N, be non-conjugate maximal subgroups of G and
let H be a non-trivial normal subgroup of G. Clearly we may assume that
H<cM. IfH< N, then H € ¢ (G) and we are done. Hence, we may assume
1==[H:HNON]. Let p be a prime divisor of [H: HNN] and P be an S,-
subgroup of H. Since G = HNg (P), Ng (P) does not lie in any conjugate
of M. Also, since |[HOAN | =|HNON?]|, Ng (P) does not lie in any conjugate
of N. We conclude that Ng (P) = G and so the lemma follows.

LEMMA 4. Let G be a finite soluble group having exactly 2 conjugacy classes
of maximal subgroups. Then G = PQ where P and Q are S,—and S -subgroups
of G, P G,Q s cyclic. Further, Q acts irreducibly on Pl (P).

Progf. 1) G =PQ,P < G and Q is cyclic: Since G has exactly 2 conju-
gacy classes of maximal subgroups, the solubility of G implies G = PQ. Let
L be a normal subgroup of G of prime index, ¢ say. Itis claimed that P < G.
For if P is an S,-subgroup of G contained in L, then G = LN (P). If P 4G,
then choose: maximal subgroups U,V of G such that N¢(P)c U ,Q < V.
Clearly no two of U,V and L are conjugate in G contrary to hypothesis.
Thus P < G.

Now let Ty, T, be maximal subgroups of Q. Since G possesses exactly 2
conjugacy classes of maximal subgroups and PT; < G ,7=1,2, we must
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have M = PT, = PT; and T is an S;-subgroup of M. However, T, € Ny (T})
and we conclude that T; = T, i.e. Q has a unique maximal subgroup and so
Q is cyclic.

(#2) Q acts irreducibly on P/$ (P): We proceed by induction on | G |.
" If 1==¢ (P), then the assertion holds for G/¢ (P), thatis Qb (P)/o (P)~ Q
acts irreducibly on P/¢ (P).

Therefore we may assume that P is elementary abelian. By Maschke’s

)
theorem ([2], p. 66), P = H M, where M; is a minimal normal subgroup of G.
But then for 1 < 4, 7, <] Q I_IMz , Q II M, are maximal subgroups of G

'l/ i i ]
which are conjugate in G if and gnly if 7, ijo If T is the unique maximal
subgroup of Q, then PT is the unique maximal subgroup of G containing P.
Thus G has exactly j 4+ 1 conjugacy classes of maximal subgroups forcmg
7 =1 and proving the lemma. /

Remark. Before proceeding to lemma 5, we note that lemmas 3 and 4
show that a minimal counterexample G to the conjecture stated at the begin-
ning of the present paper is simple.

LEMMA 5. Let G be a finite simple group possessing exactly 2 conjugacy
classes of maximal subgroups. Let M and N be non-conjugate maximal sub-
groups of G. If p is a prime such that pe £ (M) — = (N), then M is p-strongly
embedded in G. )

Proof. Let P be an S,-subgroup of G and let M be a maximal subgroup
of G containing Ng (P). Choose g G —M such that PNM? = P, is of ma-
ximal order. By lemma 1, Py < P. It is claimed that P, = 1. For suppose
by way of contradiction that Po==1. Then Ng (P, = M?, some xe G. If
x¢M, then PNM? = PN Ng (P, > P, a contradiction to the maximality
of Po. On thé other hand if xe M, then PN P, = P, for some S,-subgroup P,
of M?. Thus P, N Ng (Py) € P, for some S;-subgroup P, of M. By Sylow’s
theorems P, = P®, for some me M. Therefore | POMo™ | =|PrM?| >
=N, (Py) | > | Py|. By maximality of Py, we conclude that gme-te M i.e.
g€M a final contradiction. Lemma 5 is proved.

We are now in a position to prove both theorems A and B. We start by
theorem B.

Proof of Theorem B. Let G be a minimal counterexample to the theorem.
By lemma 5 of [1], G is not simple. By lemma 3 above, G has a non-trivial
nilpotent normal subgroup H say. By minimality of G, G/H is soluble. Since
H is nilpotent, G is soluble. The conclusion now follows from lemma 4 above.

Proof of Theorem A. We introduce the following sets of primes:

p={plpen(M},r ={p|pen )}
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and
v=pNA Clearly v=nMNN).
Now let G be a minimal counterexample to the theorem.
(zl) G is not simple: Since M is a Hall subgroup of G we have
|IM|= E . ﬁqi" where ;€ —v gii v and p§’ is the order of an S, -sub-
group of G. Similarly [N | = i___]_—-_[;r{" Elqi" where 7,6 A —v.

If G is not simple, then by lemma g5, p; does not divide | M NM?| for all
g€ G—M. Hence for ge G —M, we have:

M |2 . .

| MM/ | = |1\!I—(\|MT[ > (L p%)* T 4% and for ge G —N we have:
N |2 . .

NN = ST = A g

| N NN

Since by lemma 2, G = MN, we have:

IM{IN|
=M _———
|G I = IMN| = 13731

> |G| or |[ NN?| > | G|, a contradiction. We conclude that G is not simple.

= II p7* I g3 I1{%. It is clear now that | MN?| >

(#) Theorem A holds: By lemma 3 and the minimality of G, G is
soluble. By lemma 4, G =PQ,PAG and Q is cyclic. Since a maximal
subgroup of G containing Q¢ (P) cannnot be a Hall subgroup of G, ¢(P) =1
and so P is elementary abelian and Q acts irreducibly on P. Finally since a
maximal subgroup of G containing PT,T subgroup of Q, cannot be a
Hall subgroup of G, Q must be cyclic of prime order.

|
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