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Analisi funzionale. —- Kannan maps in normed spaces <*>. Nota 
di D e l f i n a  R o u x  e C l e m e n t e  Z a n c o  <**>, presentata <***> dal Socio 
L . A m e r i o .

R iassunto. — Si introduce la nozione di « struttura quasi-normale relativa » per i sotto­
insiemi chiusi (non necessariamente convessi) di uno spazio normato. Si prova quindi che 
ogni mappa di Kannan (generalizzata) che muta in sè un sottoinsieme dotato di tale struttura 
e debolmente compatto di uno spazio normato ha un punto fisso. Analogo risultato vale per 
i sottoinsiemi dotati di tale struttura e debolmente* chiusi di uno spazio duale; in particolare 
ogni mappa di Kannan che muta in sè l 1 o LA i <  p  <  oo, (o una sua bolla chiusa) ha un 
punto fisso.

i .  In t r o d u c t io n

Let X be a norm ed space and K a weakly com pact convex subset of X.
It is known ([5], theorem  II) that, if K has quasi-norm al structure, any  

K annan m ap which leaves K invarian t has one (and only one!) fixed point. 
In this Paper we prove th a t the quoted result holds, more generally, for 
the weakly com pact (not necessarily convex) subsets K of X satisfying a 
weaker condition than  the one of quasi-normal structure, which here will 
be called 44 quasi-norm al relative structure

M oreover, if X is a dual space, we prove th a t a K annan m ap, which 
leaves a weak* closed, with quasi-norm al relative structure, subset of X in­
variant, has one fixed point.

In  particular, the results stating that a K annan self-m apping of 
l y  (X , S , [l) (or of a closed ball in U> (X , S , p)), if  1 <  p  < 0 0 ,  has neces­
sarily a fixed point (1), are thus extended to I1 and L°° (X , S , p) (p, cr-finite 
measure).

2. Q u a s i -no rm al  r e l a t iv e  st r u c t u r e

Here and in w hat follows, let X be a norm ed space, K  a nonem pty 
closed subset of X , T  : K  —> K a K annan  m ap, i.e. a m ap satisfying the 
following condition.

For every x  , y e  K

\ \ T x - Ty|| < b ( x yy) || * - T x  || +  b {y , x) \ \ y - T >  ||

(*) Lavoro eseguito nell’ambito del G.N.A.F.A. (C.N.R.).
(**) Indirizzo degli Autori: Istituto Matematico, Università, via C. Saldini 50, 20133 

Milano, Italia.
(***) Nella seduta del 16 dicembre 1978.
(i) See [5], Cor. IL
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with b : K X K -> [o , 1) such th a t b (x , y)  +  b (y  , x) <  1 and b (x , y) -> 1 =» 
=> M ax (Il x .—• T x  (I , Il y  — T y ||) or oo,

The following proposition holds 

P r o p o s i t io n  i . The following condition on K:

(C) fo r  every bounded non singleton subset B P 0 of K

3z g K : Il z — # || <  diam  B V# 6 B ,

is a necessary condition to ensure that every Kannan map (2) T  : K —> K  has 
a fixed  point.

It is obvious th a t spaces (and sets) with norm al, quasi-normal, norm al 
relative (3) structure satisfy this condition.

There exist, however, some spaces, even reflexive, which don’t satisfy 
it (4); in those spaces (and in their closed balls) some K annan self-mappings 
w ithout fixed points m ust exist.

The validity of (C), however, is not enough, in the general case, to ensure 
the existence of fixed points, as the following example shows.

Let K be the subset of R2 defined as follows:

K =  { x e R2 , x  s= (u , v) : u >  o , v — ±  J u}.

It is easy to see that K satisfies (C). 
Let T : K -> K defined as follows:

( M )

Tx  =  T {u , v) — I ( 1 ,— isgnz/)

( (* +  u Lï ’ - [

if X — (o , o)
if x  =j= (° , °) x & S 

if x e S

where S is the intersection of the strip (1/5) <  u <  1 and K.
It is obvious that T has no fixed point and T can be verified to be a Kannan map; indeed

I Tx — Ty  ]we can assume (Supposing \\x — Tx\\ >  |) JK —- Tj/1| ) b(x ,y)  

>  I y  — Ty  II and x  or y  e S , b (x , y)  =  otherwise.
■Txl if -Tx\\ >

The possibility to construct a counterexam ple depends on the existence 
of a non singleton subset B of K every point of which is diam etral and such 
th a t for every z e  K, satisfying (C), there exists a ball with radius greater 
than  the diam etei of B containing B but not containing z  (5).

This leads to the following definition.
We say th a t K  has quasi-normal relative structure (in w hat follows q.n.r. 

structure) if for every bounded non singleton subset B #  0  of K  there

(2) Also restricting to the class of Kannan maps with b(x fy)  =
(3) See [2], § 4.
(4) Such is, for example, the space Y of [5] pag. 107, as easily verified.
(5) In the above example, the subset B consists of the two points (1 , ±  J)-
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exists K  such th a t

i) II sB — x\\ < r B =  diam  B B
ii) if  y e  K and p > rB , then

l b — * I I < P  V^e B =>\\y— zB\\ <  p <6> .
Remarks'.
1) A  subset with q.n.r. structure is not necessarily convex. It is enough 

to consider in R 2 the set of the points of the form (o ', x) or (x , o) , o < x  < 1.

2) The validity  if i) does not im ply tha t of ii) (see the exam ple preceding 
the definition).

3) The following spaces have q.n.r. structure:
a) spaces with quasi-norm al structure (in particular uniform ly convex 

Banach' spaces 6 (7) and separable Banach spaces (8);
b) the dual spaces of (complex) AL-spaces (9).

Hence (X , S , 4) spaces, 1 <  7) <0o, (separable for p  =  1 and with 4 
a-finite m easure for p  =  00) have q.n.r. structure.

4) A ny closed ball of the above spaces has q.n.r. structure.
5) The closed and convex subsets of the spaces with norm al or quasi­

norm al structure have q.n.r. structure. This in general is not true for 
closed convex subsets of the dual spaces of A L-spaces. Indeed the following 
proposition holds.

PROPOSITION 2. I f  L°° (X , S , p,) (10) is not separable, there exists a 
weak* compact convex subset K such that

\ f x e  K 3z e K : \ \ x — ^ || =  d ia m K .

COROLLARY i . I f  L°° (X , S , f )  (10) is not separable, there exists a closed 
convex subset which has not q.n.r. structure.

COROLLARY 2. L°° (X , S , (z) (10) has not quasi-normal structure, unless
it  is separable.

Also this rem ark seems to be new.

3. F ix e d  p o in t  r e su lt s

T h e o r e m  i .  I f  K is a weakly compact subset w ith q.n.r. structure of 
a normed space X, every K  annan map T : K  —>■ K  has one f ix e d  point.

(6) Which is equivalent to
y e K , p > rB A \y  — x\\ <  p \/x e B =>\y  — % || <  P .

(7) See [1], th. 4.1.
(8) See [5], Lemma I.
(9) See [6], Lemma and related remark and [4].
(10) The measure in L°° (X , S , jz) is supposed to be cj-finite.
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Remarks'.
1) Theorem  1 contains theorem  II of [5] and extends it in various 

directions.
2) If  X is a dual space, the weak compactness assum ption on K m ay 

be replaced by weak* compactness hypothesis,
3) Theorem  1 can be applied to the closed balls of I1 and IP  (X , S , fx), 

I < p  <00 (10) (see § 2 rem ark  4).
4) Theorem  1 can be applied to weak (weak*) com pact convex subsets 

of IP  (X , S , fx) , I < p  <00 (with L 1 separable). In the case p  — 00, the 
result is not, generally, true. Indeed from propositions 1 and 2 we have

PROPOSITION 3. I f  L°° (X , S , (X) (10) is not separable, there exists a 
weak* compact convex subset K w ith  a Karm an self-mapping without fix ed  
points.

If  X is a dual space, the assum ption on weak* com pactness (see 
rem ark 2) of K can be weakened. Indeed the more general following theorem  
holds.

THEOREM 2. I f  K is a zveak* closed subset w ith  q.n.r. structure o f a dual 
space X, every K  annan m ap T : K  -> K  has one fix ed  point.

This theorem  contains some known results ([5], cor. I and II). M oreover, 
after rem ark 3 in § 2, the following corollaries can be obtained.

COROLLARY 3. I f  Ik is a separable dua l space, every K annan  map  
T  : X —> X has one fix e d  point.

COROLLARY 4. I f  X is the dual space o f a (complex) AL-space, every 
K annan  m ap T : X —> X has one fix e d  point.

In particu lar

C o r o l l a r e  5. I f  X =  I1 or X =  IP  (X , S , [x) (1 <  p  < o o ) (10), every 
K annan  map T : X —> X has one fix e d  point.

4. P r o o f s

P r o p o s i t io n  i .  Suppose (C) not be satisfied. T hen there exists a 
bounded non singleton subset B* 7̂  .0 of K  such th a t

\ /x e  K 3sxe B* : || ^ — zx || >  diam  B* >  0 .

Let us consider the self-mapping of K defined by

T  : x  -> zx .

For every x  , y e  K  we have

Il T x  T y  II =  \\zx — zy \\ <  diam  B* <  J  || * — Tx  || +  l \ \ y — Ty\\ . 

Hence T is a K annan  self-mapping of K w ithout fixed points.
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P r o p o s i t io n  2. I f  L°°(X  , S , p.) is not separable, it is always possible 
to find an infinite sequence of disjoint subsets of X w ith posi­
tive finite m easure (13). '

Let H be the (uncountable) subset of L°° (X , S , p.) represented by 
functions x  =  x  it) such th a t

i I a.e. in E (Ji := 1 > 2 , * • •) 
x  (t) =  < s , .

I o a.e. in X \ ( J  Enh

where {n%$h=1,2... is a sequence of positive integers such that

nh+1 > 2  nh Vh .

Let K  be the weak* closure of the convex hull of H. We shall prove tha t K 
satisfies the required conditions.

R em ark th a t K is convex (12), weak* compact (13) and that

diam  K =  diam  H — 1 .

If  x  6 K, we have

x n >  o a.e. in E w (« =  1 , 2 , • • •) 

o a.e. in X \ ( J  E n .

Now we shall prove tha t

(4.1) In f x n =  o .

Indeed, if  not so, a positive integer N should exist such that x n > i j N  Vn. 
T h en \ y e  coH (14) should exk t,

p p
y  — 2  z ik) > w ith >  0 > z ik) e H k .=  I , • • •, P and 2  ^  — 1 >

1 1

such th a t

y  00 =  S  \  z {h) 00 >  I /N a.e. in (J E„ .
1 N

N
(11) If not so, we might write X =  \j  , Ew such that, for every n, does riot contain

n= 1
subsets of positive measure less than the measure of En , and we should have L°°(X , S , p) ~  
~  L00 (*, , x2 , ■ • - , *N) .

(12) Indeed, weak* topology is compatible with the linear structure.
(13) Indeed, K is bounded.
(14) coH convex hull of H.
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But this is absurd, because for every K there exists at most a set E n , 
with N <  n <  2 N, a.e. in which z {k) (t) > 0 .

Hence for every x e  K  (4.1) holds. Then it is certainly possible to 
exhibit z e  H such th a t \\x — z  || =  1 and proposition 2 is proved.

T he proofs of theorem s 1 and 2 are based on the Lem m a of [3] 
and on the following Lem m a.

LEMMA. For every r  e R+ let A r =  {x  e K : || x  — Tx  || <  r} . Let Br be 
the weak (weak*) closure o f T A r. I f  Br is nonempty and  non singleton, then

(4.2) diam  Br <  r  ,

(4 -3) IU b,  —  T ^ bJ I  <  r .

Indeed for every x  , y e  Br and for every s >  o there exist u , v e  A r such 
th a t

\\x — y  II — s <  Il T u  — Tv  II <  b (u , v) r +  b (v , u) r <.r  ,

whence we have (4.2).
Now let us suppose, by contradiction, \\zBr —■ T ^B̂ tl =  p > r  
Let b =  Sup b (zbt , %)• Br being bounded, we have b <  1.

xe Br
For every x e B r and for every £ > 0  there exists u e  A r such th a t 

II T zBr — x  II — £ < | |  T z Br — Tu  II <  bp +  (1 — b) r <  p , 

whence, from ii),

II *Br —  T z Br II <  kp +  (1 — b)r  < p

which is absurd. (4.3) follows.

T heorem  i. Let  ̂ — In f \ \ x — Tx\\. By the Lem m a of [3] we have
x e K

B, #  0 . If  we had ^ > 0 ,  from  (4.3) , \ \zBs— II —  ̂ would follow, 
whence T^b, s  Bs (15) 16 which is absurd  by i) and (4.2). H ence  ̂ =  0 and 
T heorem  1 is proved.

T heorem  2. L et r  such th a t A r ^  0 ; by (4.2) Br is weak* com pact. 
M oreover T B f c B / 16) and s =  Inf\\ x — Tx  || =  In f ||^ r—-Tx\\. F rom  the

xeK.  x e Br
L em m a of [3] applied to Br it follows Bs #  0  and the proof is to be 
com pleted w ith the sam e reasoning as in Theorem  1.

(15) Observe that || Tx  — T2 x  || <  || x ■— Tx | \ fx e K.
(16) Indeed Byc A r : see proof of the Lemma of [3].
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