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Equazioni differenziali ordinarie. —■ On the Boundedness and 
the Existence of a Periodic Solution of Some Nonlinear Third Order 
Delay Differential Equation. Nota di E t h e l b e r t  N. C h u k w u ,  

presentata^ dal Socio G. S a n s o n e .

RIASSUNTO. — L’Autore utilizzando alcuni risultati di T. Yoshizawa prova che le solu
zioni di una equazione differenziale non lineare del terzo ordine con argomento ritardato, sotto 
opportuna ipotesi sono uniformemente limitate e asintoticamente uniformente limitate e ne 
deduce l’esistenza di una soluzione periodica.

i .  In t r o d u c t io n

In this paper we study the real third order delay differential equation 
of the form

(1) x (/) + f ( x ( t )  , x 00 x (t) + g ( x ( t  — h ) , x  { t — h)) +

+  i  (x (t — h)) =  p  ( t , # 00 > *  (0 > x {t — h) , x (t — h) , x 00)

in which f  y g  , i and p  depend only on the arguments displayed explicitly 
and h >  o. Here the dots denote differentiation with respect to t. I t is assumed 
as basic that i* (x) , g  (x , y)  and p  ( t , x (t) , y  (t) , ^  (t —■ h) , y  (t — ^)), are

djr 2g
continuous in their respective arguments and that — (x , y)  , (x , y)

dx dy

---- (x , y  , z) and ----- (x , y  , z) are continuous for all # , y,  and z. We shalldz
use the following notations. Ew is an ^-dimensional linear real vector space 
with norm | • |, and C =  C ([— h , o ] , En) is the space of continuous functions 
mapping [— h , o] into Ew with || <|> || =  sup | <J> (o) | for <j> e  C. Ch will

-A <0 <0
denote the set of <J> e C such that | |( |) | |< H . For any continuous function 
x (u) defined on — h < . u  <  A , A > o  and any fixed t , o < t  <  A, the 
symbol x t will denote the function in C defined by x t (0) , — h <  0 <  o.

Let f ( t , i j>) be a function defined on [t0 oo)x Ch with / ( ^ , ( j ) ) e E w, 
and let % (t) denote the right-hand derivative of x (u) at u == t  consider the 
functional differential equation

(2) £ ( t ) = f ( t , x t) .

D e f i n i t i o n  i. A function x ( t Q, <j>) is called a solution of (2) with initial 
condition cj> e Ch at time t0 if there is an A >  o such that x  (V0, cj>) is a function

(*) Nella seduta del 13 maggio 1978.
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from I/o — h , t0 +  A] into En such that x t (t0 , <|>) e Ch for t0 <  t  <  t0 +
+  A , x tQ (;t0 , (j>) == <j> and # (/0 , <j>) satisfies (2) for /0 <  I <  A> +  A.

D e fin it io n  2. Let V (/,<]>) be a continuous functional defined for 
t  >o,<j>eC H . The derivative of V along solutions of (2) will be denoted 
by V (2) and is defined by the following relation

(3) V(3) i t , <j>) =  lim sup (1 /S') {V 0  +  S , * t+8 (*0 . <t>)) — v  i f . x t (A) > <!>))8^0

where x (t0 , (j>) is the solution of (2) with xtQ (tQ , <j>) =■ c|).

D e fin it io n  3. We say that the solutions of (2) are uniformly bounded 
if for each a >  o there exists (3(a) such that if \\§\\ <  a then ||x t (tQ, <j>) || <  ß(a). 
We say that the solutions of (2) are uniform ultimately bounded for bound ß 
if there exists ß >  o and for each a >  o there exists T (a) such that if
II c|) II <  a we have || x t (/0 , cj>) || <  ß for t  >  t0 +  T (a).

Let S be the set of all (J>eC such that || <j> || >  R where R > o  is a 
constant which m aybe large. To study the boundedness of solutions of (2) 
we state the following theorems of Yoshizawa [1].

Theorem i . i .  Suppose there exists a continuous functional V( ,̂<j>) on 
[o , 00) xS which satisfies the following conditions'.

(i) a (Il § II) <  V ( t , (j>) <1 b (If c|> (I), where a (r), is continuously increasing, 
positive fo r  r  >  R , a (r) -> cxd as r  -> 00 and b (f) is continuous increasing

(ii) V(2) i t , <j>) <  — c (Il (|) II), where c (f) is continuous and positive 
for r  >  R.

Then the solutions of (2) are uniformly bounded and uniform ultimately 
bounded.

Theorem 1.2. Suppose for any compact set K <  C, there exists a constant 
L (K) >  o su^h that

I/ ( / ,  ci))- . / ( / ,  «j,) I <  L (K) II <1» — <J, II, <j), * e K

and that f ( t , <j>) is periodic in t of period w ,w ^  h i.e. f i t  -\-w , (j>) = / ( /  , §). 
I f  the solutions of (2) are uniform—bounded and uniform—ultimately bounded 
fo r  bound ß, there exists a periodic solution of (2) of period which is bounded 
by ß.

The equation (1) can be rewritten as

(4) 00

ÿ  (0 =  *  (0
z  (t) =  —/  (x (t) , y ( t )  , z  (t)) z  (0 — g  (x (f) , y  (t)) — i (x (?)) ■ +

0

+  f  gx (l +  6) » y  (f +  6)) y  (t +  0) d0 +
j-h
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0

+  J Sv (x O' +  0) > y  {* +  0) ) z- 0“ +  0) d0  +
— A 

O

+  J ix (x (t +  0) y  (t +  0) d0 +
-h

+  P (f) >x(f) , y  (t) , x ( t  — h) , y  {t — h) , z(t))  . 

We shall investigate (1) in this form.

2. St a t e m e n t s  of R e su l t

Theorem 2.1. Suppose that g  {x > o) —  i (o) =  o and that 

(i) there are constants a , a', b and b' such that

and

a >  /  (x , y  , z) >  a >  o fo r  all x  , y  , z  ,

b' >  & iZL  >  b >  o fo r  yfi=o  and all x  ;
y

(ii) i {x ) \x >  8 (x fi=- o) and t (x) <  c fo r  all x where 8 >  o , c , 
o <  c <  ab are constants',

(Hi) y { — ( x , y , o ) ^ < o  , y { —^ - ( x , y , z ) ^ >  o ,

dg
— L <  — (x , y)  <  o for  all x  , y  , s  , L >  o ,9x

(iv) \ p  ( t , x (t) , y  (t) , x (t — h) , y  (t — h) , 2 (t)\ <  M for  all t , x (t), 
y  (t) , x (t — h) , y  (t — h) , z (f) where M is a finite constant.

Then for sufficiently small h >  0 every solution (x t , y t r z of (4) is 
uniformly bounded and uniform ultimately bounded

Theorem 2.2. Assume all the conditions of Theorem 2.1. Suppose

p ( t  +  w y x{ t )  , y  (/) , x ( t  — h) , y  (t — h) , 2 (/))

=  P ( t  , x{ f )  , y ( t )  , x ( t  — h) , y ( t  — h) ,* (/))

where w >  h. Then there exists a periodic solution of (4) of period w.
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3. Proof of Theorem 2.1.

We now construct the following functional

(5) V (xt , y t , z t) =  V, ( x , y  , z) +  V2 O , y , 2) +  V 3 ( x , y  , z) 4 -  V4 (xt , y t , z t)

where

(6) 2 V X =  2

X

I' i (Ì) ds 2
y

j  sf  (x , s , o) ds +  2
0 0

+  2 Sj z2 +  2 y z  +  2 y i  (x) ;
X

(7) 2 V2 =  S2 &r2 4- 2 a j i  (s) di' +  (a2 — S2) y2 +
0

y
2 j g  (x , s') ds +  z2 -j- 2 xy +  2 S2 ^  +

0

+  2 tfys' +  2 yz' (#) ; 

y
(8) 2 V 3 — 2 a J  s / ( x  , s , o) di* — cP y 2

0

and >  o , S2 >  0 are two constants chosen (as is possible since ab >  c >  o)
such that

(9)
i/a <  <  b\c , ab — c >  <z§2 ■> 0 > 

K > { ( b ’ ~ b )  +  ( a > - a ) \  82/4 ;

(10)

0 0

V4 =  /  { 1 [*2 (* +  6) +  T2 (* +  6)] de j de, +
-h Oi

0 0

+  —  /  { /* * ( *  +  0 )d 0 } d0i
—h Oi

where v >  o (chosen subsequently).
Observe that

w ^ v 1 + v2 + v 3

is the Lyapunov function defined by Harrow in [2] and utilized by Tejumola 
[3] when dealing with the ordinary scalar differential equation

(11) X ( t )  + f ( x  , *  , x )  X +  g  ( x  , x )  +  i  (x) =  p  ( / ,  X  , * , x )  .
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Because of the analysis in [2] and [3] the following properties of V are 
easily deduced.

Lemma 3.1. Subject to the conditions of Theorem 2.1. there are constants 
D1 >  o , D2 >  o , D3 >  o , D4 >  o such that for all x t , y t , z t ,

(12) V4 +  D, (** (*) +  y* (t) +  (*)) < V ( x t i y t , zf) <

<  V4 +  D2 (*» (t) +  y* (t) +  (t))

and

(13) V(4) (x t , y t , z t)  <  — 4 D4 (x2 (t) +  y 2 (t) +  z2 (#)) +
0

+  [I x  (t) I +  I y  if) I +  J z (t) I] ^p +  j  (x (f +  6) y  (f +  0) d0 +
-h

0

+  j gx (x (f +  9) > y  (f +  6)) y  (f +  0) d0 +
-h

0

+  j gy (x (f +  0) » y  (f +  0)) Z (f +  6) d 0 Jj +
-h

0

+  J  [*2 00 — (P +  0) +  y *  ( f )  — y 2 ( f  +  0)] d.0 +
-h

0

+  f  [*■(*)— **(*+6)1 d 6 .
—h

Tj'he estimate of V(4) is sharpened in the next Lemma. 

Lemma 3.2. Subject to the conditions of Theorem 2 .1 .

provided

Proof. Let

V(4) <  — D« <  o ,

*2 od +  y  (x ) +  (t) >  Dj >  o ,

and define v as

k =  max [D3 M , D 3 (c -f L) , D 3 bf)
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Observe that this inequality will be satisfied as h -* o. It is clear from 
(12) that

(15) < - 4 d 4 [*• (o +  y  c o +  *•(*)] +

+  B 3 [ \ x ( t ) \  +  \ y ( t ) \  +  | * ( / ) | ]  •

0 0

• [m + ( ,  + L)J | .y (/ + 0 ) |d 0 + ^ / I  * (t +  6) I de] +
—h —h

0

+  —  J  {** ^ + 0) +  ^ 2 o ) — y  ( * + e) i de +
- A

0

+  J {z2 00 — (/f +  0)} d e .
4

This inequality can in turn be improved and recast in the following form

(16) V (4) <  -  2 D 4 (a;2 (0  +  y 2 (t)) -  D 4 z2(t) +  1L[\x( t ) \  +  \ y ( f ) \ + *  (t) |] +
0

— —  J X2 (t +  6) de — 2 t̂ 2 (*) +
—h
0

~  \  J {[IX2 (t) +  vy2 (t +  $) — k h \ x ( t ) \ y  (t +  6) |} d6 +
- h 

0

— X f  ^  (̂  + ®) — k h \ x  (t) II z  (t + 0) 1} d0 +
—A

0

— - J  J i w 2 (0  +  vy* (t +  6) — k h \ y  (t) || y  ( y  +  6) |} de +
-h

0

— -j- j + v z 2(t + V ) — M \ y ( t ) \ \ z ( t  +  Q)\} dû +
-h

0

— X f  ^  ^  + 0) ~  kh 12 (0IIs (f +  0) 1} de
—h

V- = D 4
2

+
| P 4  2 — k2 h2 >  o .

where
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Each of the five integrands enclosed in the curvly bracket ' {•} is positive 
semi definite. Hence

0

(17) V(4) <  — D< (X2 (t) +  r* (0 +  z2(0 — J *2 it +  6) +
-h

+  k [ \ x ( t )  \ +  \ y ( t )  \ +  \ z  it) I] .

Now set

I it) =  max [I x it) I , I y  it) | , | z it) [] . 

If \  (t) =  I # (t) I then (at least)

2 v
V (4) < - D 4^ ( / )  +  3 k ( 0 l ------y  I x2 (? +  0) d0 <

<  — —  *2 i t ) -----—  C *2 (* +  6) d6
-Ä

provided \ x (t) \ ’> T ) 6 >  o where D6 depends on D4 and k. 
Thus in case \  (f) — \ x  (t) | we have

v (4)< - ^ - d ; < o

provided

I x (t) I >  D5 >  o .

The same conclusion is true for

£(*)=!*(*) I and  ̂CO = I  ̂CO I
Hence

provided

V(4) <5 D7 <  o ,

*2 00 +  y 2 (0 +  s2 00 >  R »

for some Dj >  o and some R >  o.
This proves the Lemma.
We now make use of (12) and Lemma 3.2 to complete the proof of Theo

rem 2.1. Indeed by (12) and Lemma 3.2 it is true that conditions (i) and (ii) 
of Theorem 1.1 are satisfied for the functional defined for (4) in (5). Uniform 
boundedness and uniform ultimate boundedness now follow for the solutions 
of 14. Theorem 2.2 follows immediately from Theorem 1.2.
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