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Equazioni differenziali ordinarie. — Nonoscillatory generating 
delay terms in functional differential inequalities(#). Nota<**> di L u -  
San C hen e C h eh -C h ih  Y eh, presentata dal Socio G. S ansone.

RIASSUNTO. — Questa Nota estende precedenti risultati di altri e degli stessi Autori 
ad alcune classi di disequazioni differenziali.

In t r o d u c t io n

This note extends and improves the results of the authors [iVonosdilation 
generating delay terms in odd order differential equations, “ Rend. Accad. Sci. 
Fis. Mat. Napoli ” 43 (1976), 189-198] and Dahiya’s \Nonos dilation genera
ting delay terms in even order differential equations, “ Hiroshima M ath. J. ” , 
5 (4975), 385-394] to the more general differential inequalities of the form

* (0 | l „  * 00 +  8 22 Pi if) f i  (x [gtl (/)] , - - - , x  [gik it)]) — k(t)  I <  o , n : odd 

and

* 00 | l „  * 00 +  § 2  pi if) f i  (x [gu (/)] -,•••,* [ga  (if)]) — h (f) j >  o , n : even

where Ln is an operator defined by

L 0 x (t) = x  {t) , Lx x it) =  ~  (Lx_! x it))', rn it) =  i ,
rx W

S =  di 1 ) x =  I , 2 , • •• ,  n .

Recently] Dahiya [2] and the authors [1] discussed the non-oscillatory 
property of solutions of the following equations

m
x Un) (j) — Y Àp i it) x [gi (if)] =  h i t ) ,

i=l
m

x (2n+l) (,) +  % Pi if) x [gi ( f ) \ = h  it) .
i=1

The purpose of this note is to improve and extend their results to the more 
general differential inequalities of the form:

(A) x (f) M [x (t) , 8] <  o , for n odd

(B) x 00 M [x 00 > $] >  o , for n even ,

(*) This research was supported by the National Science Council.
(**) Pervenuta all’Accademia il 6 luglio 1977.
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where

M [x (t) , S] =  L„ * (0 +  8 (t) f t (x [gil (* )] ,• • • ,*  [ga (f) ]) -  ■h 00 •
i = 1

Here Ln is an operator defined by

Lo x (f) — x (f) , Lx # (f) —  ̂  ̂ (Lx—1 # (/)) , (f) =  I , 8 dz I

for x =  I , 2 , • • - , n.
Throughout this note, we assume that the following conditions always 

hold:

and

0 ) Pi>gu > & >r*eC  [R+ =  [o , oo) , R+\{o}] >gu (f) < t ,

lim ^  (t) =  oo , ^  (̂ f) ^  nondecreasing, g  if) — max (0 >
t —> oo 1 <i<m

1 <j<k

oo

J r x (t) dt =  oo for  i — I , 2 , • • • , m \  j  =  1 , 2 , ••• ,  k\  x =  1 ,2  • , n  — I.

ib) f i e C [R*, R =  (— 00,00)] A nondecreasing and fo r  each

y } >  o (y =  I , 2 , • • •, Æ)

o < / i  (j'i ,^2 ,• • -,yh) <  —f ( — y i . — >• • - , — yì) ■

Moreover,
/  O i , . • • •. Vt) =  min f i  (y, , y2 , • • •, y k)

l<i<m

lim in f / ( y ,  ,y 2 ,■ ■ -, y k) >  o and lim sup /  (y, , y2 , • • •, y k) <  o
(min yj)-> 00 (max yß->oo

where (y, , y 2 , • • •, y*) e R* .

A function is called oscillatory for t  >  tQ( >  o )  if it has arbitrary large 
zeros. Otherwise it is called nonosdilatory.

The following lemma is an analog of a result due to Lovelady [4], so we 
omit the details.

Lemma 1. I f  u( t )  is a bounded positive function for t >  t0 such that 
Ln u(f)  > 0  fo r  n even or Ln u (t) <  o for n odd, then (— i)x Lx u if) >  o for  
x == o , I , • • •, n.

T h eo r e m  i . Suppose that

(O )

t t t

lim sup
t-> 00

/» i* r m
J rx (sn- f  J • • • J g  Pi (s) ds dr,
0(0 S„_! si

dj*n_!

;> lim sup
z—>00

Z
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Then, i f  8 =  +  L every bounded nonoscillatory solution of (A) is eventually 
positive, while i f  8 =  — i , every bounded nonoscillatory solution of (B) is even- 
tually negative.

Proof. The proof will only be given for (A). Suppose to the contrary 
that x (t) is an eventually negative solution of (A) for t >  t0. Then

(1) M [x (t) , i] >  o .

Let tx >  t0 be large enough so that * [gi (7)] <  o for t  >  tx , 
i — I , 2 , • • - , m. By (i) and conditions (a) , (b) we have L nx (t) >  o.
By Lemma i for x =  o , i , • • •, »

(2) (— i)x+1 Lk x (f) >  o for t >  ^  .

If s < t ,  then gi (s) < g { (t) < g ( t ) .  By (2)

x [ g t (s)] < x [ g i ( t ) ]  < x [ g ( t ) \ .

From (1),

L n (— * (7)) — 2  A  (*) /< (* [^1 (01 .
i — 1

O a ( 0 ]) <  — A (7) <  O,

which by condition (b) implies

(3) Ln (— X 00) +  Pi (f) f i  ( x \.Sii (/)i y * * *> ^  001) ^  0 *

Let y  (f) =  —-#(/). Integrating (3) /z-times we have

t

y  OO — y te  CO] +  (— 0  Li y  (0 J f l (.sw) d jn_i H-----

+  (— I)»-1 Lre„! y  ( t )  j  rx (v -0  J • • • J rn_! (j,) dj» • • • dj*_,
flr(i) s»-l s2

t t t

0~ f ( x  \g  (*)] i * * * > x [g COI) j  rl C^n-l) J  ‘ ' f  S  (0  ^  ^ 1  * * ’ < 0 ,

s«-i n

which implies
t t

(4) y  [g (7)] > y ( t )  + / ( y  |>00] r - - , y  [g 0)]) J  rx 0„_i) [ • • •
0(f) *»-l

t
r mIspi  (s) ds d ^  • • • d ^ i .

«1
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Since ÿ  (t) <  o and y  (t) > 0  for t > t l9 it follows that y  (t) and y[g( f ) ]  
decrease to a limit c ( >  o) as t ->  00. From (4) we have c =  o, and

(5) y  [g (*)]
t t

rl(sn-1)
0(t) sn_ 1

t

Pi 0 ) d j • • • d j^ j

for t >  tx . Taking the limit superior as t —>• 00 of both sides of (5), we obtain 
a contradiction to condition (Q).

COROLLARY i . £2/ condition (Q )  bounded nonoscillatory
solution of M [x (t) , I ] = 0  Zs* eventually positive, and every bounded nonoscil
latory solution of M [x (t) , — 1] = 0  is eventually negative.

Remark i. Let r^(f) =  1 , x =  1 , 2 , • • - , n. Then condition (Q) implies
t
f m z

(6) lim sup [s — g  (V)]““1 2  Pi (J) d j >  (» — 1)! lim sup ------   •
t—> 0 0  J i —1 z—> 0 0  J  \~ y * * *> "y

0(0

Remark 2. Let rx (*) =  1, x =  1 , 2 , • • - , n. If 
«r m

(7) lim sup 2  CO — 0 )]nA  (0  di' >  »!
£ - > 0 0  */ Ì —1

0(0

Then, by the Authors [1] and Dahiya [2], the conclusion of Theorem 1 holds. 
The following example shows that in some cases (6) is better than (7).

Exam ple . Consider the delay differential equation

(8) x^ ( t ) - - ^ - x { p )  =  e-i .

where òc is a positive constant. It has no eventually positive solution, as 
follows from Theorem 1, since

lim sup I —  [s — )/ /  ]3 dt —
t-> 00 J $

ft

00 .

On the other hand

lim sup / —  \f t  — f s ] 3 ds =  — , 
t.—̂ 00 1 s 3

f t

so that the criterion (7) is applicable to (8) only when a > 1 8 .

Lemma 2. (Kusano and Onose [3]). Let

u  ( f ) p'oo
poo

u (f) + p' (0 
p (0

<i> 60 =  o ,(9)
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where

<K*)eC [[T , o o ) ,R ]  , p (V) e C1 [[T , oo) , R]

and
p (t) >  o  , p' (t) >  °  , lim  p (t) =  oo .

t—>oo

Suppose that u if) is a solution of (9) on [T , 00) satisfying u  (T) =  0. I f  
lim  I (j) (t) I =  (j>* (f) exists in the extended real line R*, then lim  | u (f) | =  u* (f)
t—> 00 t~̂~ 00
exists in R*. In particular, ([)* if) =  00 implies u* (/) =  00.

T h eo r e m  2. condition (C ,) and lim  (t) =  0 0 , x  =  1 , 2  , n — 1
t—>oo

00
/ m

w n-x 0 0  2  Pi  0 0  cl^ =  0 0
Î=1

OO

(Cg) I (if) (if) d* <  00

holds, where w n_1 (f) is defined by
t

® o  (*) =  I ,Wy.(f) =  j  ( s )wx_t (s) ds , k =  I , 2  ■ - , n  —  I .

«0

Then every bounded nonoscillatory solution of (A) or (B) approaches zero 
as t —► 00.

Proof \ We only consider the case (A). Let # (/) be a bounded nonoscillatory 
solution of (A). By Theorem 1, x (f) and # [gy  (V)] , i =  1 , 2 ,•••,?& ; j  =  1 , 
2 , • • •, £ are positive for f > t 0. But for t > t 0 the inequality (A) implies

m
(1 0) L„ X if) +  2  Pi (0 / i  (* Lfii (0] , ••• ,* l>«- (0]) <  h 00 •

i= l

We put
t

^n—y (f) ^n—y CO ^  O , I , • * • , n I .

An integration by parts yields

My 0 0  ^  ^n—y 0 0  ( 0  ^n—y (ßo) x ^  ( /o )

t

J T'n—y CO (0  L w_x -T (0  di'
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“ v-x 00
rn - x  ( t )  00

"li-'n-v.—l (f) -Cn—x—1 X (f)

-w
V

i—x (^ 0 )  x  (fo) I  w n-x—1 C O  L n _ x _ 1 #  (j* ) d i “

voir f A  Ux ^  ( 0  w n - x  ( fo )  L w- x  #  (^0)  J
w n—x {*)

which shows that ux (V) satisfies the differential equation

/ ' t t N  w n—x 00 / a  I w n—x 00 » / a

( , , )  “ w  -  ” w  +  ( )  '

where <j>x it) =  — uK_x (t) — wn_x (t0) Ln_x (t0) .
Since Ux (t0) =  0 , w n_y_ (t) >  o , w'n_:K (t) >  and lim w n̂  (t) =  00 by

t-^oo
Lemma 2, we conclude that lim | ux (V) | exists in R* whenever lim | Uy^ (t) |

t—> 00 t->  00

exists in R*.
M ultiplying (10) by w n_x (t) and integrating from /0 to ^ we have

t t
r m r

(12) J 0) L'_x^(j) dj- +  2  J w n_fs)  Pi(s)fi (x  [^u(j)], • ■ ■iXlgikts)]) d.r
*0 to 

t

< J w n - \  (-0 h  0) dj •
to

Suppose

03)

00 
m r

«S J »»-1 00 Pi 00 Pi (x VSix [giic (/)]) dt =  00.
to

From (12) and condition (C3) we have lim u0(t) — — 00. From Lemma 2
t —>  00

applied to (11) with x =  1 it follows that linci | ux (t) \ =  00. Applying Lemma 2
t->OQ

again to (11) with x — 2, we have lim | u2 (?) | =  00. Repeating in the same
£—>00

way, we arrive at lim | un_x (t) | =  00, which implies lim # (t) = 00, a contra-
£->00 £—>00

diction to the boundedness of x (t). Hence (13) is impossible. Thus
00

m t*
^  j  Wn-\  00 Pi  (?) f i  (X [ g ü  (0 ] , • • •, *  [gik (01) d t <  OO .

to

Letting t — 00 in (8), we see that lim u0 (t) is finite. From Lemma 2 it follows
£->00

that lim ux (?) exists in R*. This limit must be finite, since otherwise we would
£->00
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be led to a contradiction to be boundedness of x it) as before. Continuing 
in this way, we find that lim un- x (f) exists and is finite. This shows that

£-» oo
lim x (t) exists and is finite. On the other hand, using (b) and condition (C2),

t-> oo
we have

lim inf x (f) — lim inf y  [gió (/)] =  o i == i , 2 , • • •, m ; j  =  1 , 2 , • • •, k .
t-> 0 0  t—> 00

Therefore lim y  (t) =  o .
£ - > 0 0
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