ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

CORRADO BOHM, GIOVANNA SONTACCHI

On the existence of cycles of given length in integer
sequences like z,, .1 = z,/2 if =, even, and
Ln+l = 3x, +1

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 64 (1978), n.3, p. 260-264.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1978_8_64_3_260_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1978_8_64_3_260_0
http://www.bdim.eu/

260 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LXIV -~ marzo 1978

Teoria dei numeri. — On the existence of cycles of given length
in integer sequences like x,,, = x,[2 of x, even, and Xy, = 3%, + 1
otherwise . Nota di Corrapo BOHM e GIovaNNA SONTACCHI, pre-
sentata ™ dal Corrisp. B. D& FineTTI.

R1ASSUNTO. — Fino ad ora non & stato possibile provare la validitd della seguente
nota congettura: dato un qualsiasi intero positivo #,, la sequenza relativa ad esso definita
nel titolo contiene il valore 1. Un primo passo in direzione della dimostrazione della validita
della congettura potrebbe consistere nello stabilire che non esiste nessun ciclo eccetto
1,4,2,1,.... Nella prima parte gli autori forniscono una procedura effettiva per decidere
se esistono cicli di lunghezza data relativamente alle sequenze di razionali cosi definite:
Zp = axp,+ & se p (x,) & vera, Tyl = Xy +d altrimenti, dove x,,a,%,c,d sono razio-
nali ¢ » & un predicato ricorsivo. In particolare, riguardo alla congettura, propongono
una nuova formulazione, pit generale, e derivano, nella seconda parte, una limitazione
sul valore assoluto dei termini appartenenti ad un ciclo di lunghezza data.

INTRODUCTION

A conjecture, erroneously attributed to S.Ulam [6], says that, starting
from any positive integer x, and computing the integer sequence

Znl2 if x, even
X1 =

3%, +1 if x, odd

there exists an integer / such that x; = 1.

The conjecture has been verified for some millions integers [1], [3], but,
to our' knowledge, nobody settled it up to the present.

The content of the conjecture may be also presented in a number of other
ways [2], [4].

The conjecture circulated among computer scientists some years ago as
a hard statement to prove by some induction arguments inside fixed point
theory of recursive functions. It would be interesting to see how much number
theory is relevant to that statement.

An algebraic version of the conjecture is: any positive integer p is obtai-
nable starting from 1 and applying a finite numbers of times the unary ope-
rators Ax.2x and Ax.(x —1)/3. Similar results for slightly different operators
have been found [3], but the conjecture remained unproved.

(*) This research was supported by «Centro Linceo Interdisciplinare di Scienze Mate-
matiche e loro Applicazioni» and by CNR.
(**) Nella seduta dell’t1 marzo 1978.
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The Authors’ research followed two directions:

i) What can be proved by splitting the conjecture in two parts and
focusing only one part of it.

ii) How should the conjecture be modified if we change the basic
domain from the set of positives P to the full set Z of integers.

Relatively to i) we notice that the conjecture is equivalent to the simul-
taneous veritying of two conditions for every initial value of x4:

I) The only positive cyclic sequence is 1, 4, 2, I,---.

IT) Every sequence is bounded.

Relatively to ii) we remark that taking into account zero and negative
numbers some more cyclic sequences occur:

0,0,0, -
__I,——-Z,_—.4,-—-—I’u--
—5,—14,—7,—20,—10,—5,--

—17,—50,—25,—74,—37,— 110, — 55,—-164,———82,
—41,—122,—61,—182,—091 ,—272, — 136,

—68’_34)_17)"'

The Authors think that the conjecture should be consequently modified
into:
Iy No cycle occurs for x, << — 272 and x4 > 4.

I1") Every sequence is bounded in absolute value.

The fact ithat by the natural generalization from P to Z automatically
the joined sequence (for x, > 0)

Xpy1 = Xpul2 if %, even and =x,,, = 3%, — 1 otherwise

comes into consideration, suggested us a further generalization, even by limi-
ting us to consider property I or I’ only.

We limited us therefore to study the sequences of rational numbers @
(the set of which is denoted by Q) defined by

(0) xpu=oax,+b6 if p(x,) istrue and x,, = cx, + & otherwise

where p is any recursive predicate, and x4,a,6,c,d€ Q.

(1) The extension from Q to R could also be taken into account by applying to the
intuitionistic theory of real numbers without losing the constructive character (as remarked
by W. Gross).
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In order to acquire a better insight of the conjecture I or I’, we present
here a constructive result about the existence of cycles of given length in the
original sequence deduced almost exclusively from the study of (0). Itis to
be hoped that further results could be achieved by a more profound usage of
number theory.

1 — Let us consider the class L of the functions from Q to Q which con-
tains all and only the functions 7 (x) thus defined:

Sf@) =ax 46 if p(x) is true

[(x) =
g@) =cx+d otherwise
where @, 6,c¢,d are rationals and p is any recursive predicate,

Once ne€ P has been fixed, it is possible to determine in correspondence
to each /e L, the set {/; (*)}1<j<s» of all the functions defined by the appli-
cation, iterated » times, of f and g (we have, obviously, for each /e L,
A COLRUTC) PTIOX ,

For the generic composition of f and g, the following is wvalid:

PROPOSITION 1. Vx€ Qand V¥ (ny, n, ,+ -, n,)€ N™Y(N = set of naturals)
we have:
frmefimtge . ffegf"(x) =
Tm ___ m gfl«g 2
cmatmy 46 L -1 + ; a=i m-j (6c e —1 + a’)
a—1 =1 a—1
where
m
n =m -} Z n; .
=0

(the proof by induction on m is substantially obvious).

From the preceding definitions and from Proposition 1 it then follows:

PROPOSITION 2. V/;€ {{h<jcon, N x€ Q, such that I;(x) = x; therefore
Vrne P and Vi€ L, there exists at most 2™ rationals such that I* (x) = x.

PROPOSITION 3. Vxe Q,V/eL and VneP, if I"(x) =x we have
P < x < po,where py and p, are elements of Q depending froma b, ¢c,d,n®.

From the preceding propositions we obtain:

1) an effective procedure is given to construct the rationals which
can belong to cycles of a defined length for a fixed /e L;

(2) The explicit dependence of p; and p, from @, ,c,d,» is here omitted, while in
the particular case of the sequence of the title will expressed in the Proposition 6.
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1) since the overmentioned rationals are in finite number (at most 27%),
it is possible to proceed to an effective test of their belonging to
such cycles;

1) the absolute value of such rationals is bounded.

The Proposition 3 (and, consequently, observation llI) achieves a parti-
cularly simple form when a,¢ > o. In fact, if we consider the interval

. b d b d .. .
min , , max , , it is possible to prove
1—a ' 1—c¢ I—a 1—c¢
that if @,c> 1 or @, c < 1 the rationals belonging to a cycle are necessarily
internal to it while if 2 > 1 and ¢ < 1 are external to it.

2 — Let us now particularize what has been observed with respect to
the generic /e L to the case of the function # from Z to Z so defined:

x/2 if x is even
% (x) =

Bz + 12 otherwise

(it is to be noticed that it is equivalent to consider the function # or the sequence
of the conjecture). If in Proposition 1 f(x) = x/2 and g () = (3 x +1)/2,
we obtain for the function # the following formula of iteration:

PROPOSITION 4. Vxe Z and ¥ (ng,ny, -, n,)€ N™ we Lave:

m—1
m m—k—1 2 vk
™ x + % 3

u (%) = s

where

i
vizz'—l—;nj and n=v,.
=0

The following is also valid:

PROPOSITION 5. Vxe Z we have: 3ne P.|ur(x) ==x if and only if

ovg, vy, Up)E N with v,y <v; for 1<i<m oand vy,=n
stuch that

m—1

kz 3m—k—l zvk

=0
®) e

Progf. It may be observed firstly that f (x) is an integer only if x is even
and g (x) is an integer only when x is odd: thus if an alternance of f and ¢
gives an integer (in our case the integer x into itself) then this is precisely
that alternance envisaged by the function #. Now if x belongs to a cycle it is
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necessarily of the form (*) (for Proposition 4) and, viceversa, if x is a integer
of the form (*) it presents, with respect to the iterated application of #, exactly
that alternance of f and g that is implicitly defined by the formula ().

It may be observed that the Proposition 5 constitutes an effective refine-
ment of Proposition 2, since it enables the search for integers belonging to
a cycle of length 7 (or a submultiple of %) to be brought back to the search
for integers in the set of the 2” rationals of the form (), corresponding to the 27
functions #; defined in analogy to the functions ;. It is moreover possible to
find a simple limitation on the absolute value of the integers belonging to cycles
of fixed length. The following in fact is valid:

PROPOSITION 6. Vxe Z |u™(x) =x we have le < 3"
Proof. From Proposition s it follows |z | < kz 3™ *=1 2% where the v;

satisfy the usual conditions. Then we have:

m—1

lx l < kgﬂ 3m-—k—1 =k — pn-—m <3m_2m) < 3"

Finally let U={xe Z |3ne P:u"(x) = 1}; it is possible by analogy
with Proposition 5 to prove:

PROPOSITION 7. Vxe€ Z we have: x€ U if and only if
3 {vg, vy, -, vy,)€ NP1 with v, <v;, for 1<i<m such that

m—1 i
" __ ; 3m— —1 2%
=0
31’1

(%) x =

The verification of former Ulam’s conjecture can thus be brought back
to the proof that each natural can be expressed in the form (**).

In particular the naturals 1,4X1 4+ 1 =175, 4X5 41 =21, 4X2I +
+ 1 = 85 etc., verify, for example, the condition envisaged by the conjecture,
since it is possible to write them in the form ¥ — 1)/3.
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