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Analisi funzionale. — Stabdilization and controllability for a class
of control systems ™. Nota di Luciano PaNporri, presentata ¢ dal
Socio G. SANSONE.

RIASSUNTO. — Si considera un processo di controllo in uno spazio di Hilbert, descritto
da una coppia (E (¢, s), B(#)). E (#,s) & un operatore di evoluzione invertibile. Si prova che

Y

questo processo di controllo & stabilizzabile se e solo se esso & uniformemente controllabile.

1. INTRODUCTION

Let X be an Hilbert space. E (¢, s) is defined to be an evolution operator
on X if it is defined when # = s > ¢, for some ¢, = — co and
iy E¢,p)=1 V¢ >1t, (I is the identity operator on X).

ii) E (¢, ) is a bounded operator on X and (¢, 5) — E (¢, s) is strongly
continuous for £ > s > ¢,.

i) E¢,9HEG,n)=EE,») t=>s=r>4,.
We focus our attention on those evolution operators which have the
following properties:
@) E(,s) is defined for every ¢,s # >ty, 5 =1
o) E@,9E(s,H)=1 E>2,8 =4 .
¢) There exist constants M ,-oc >0 such that
TE@, )l <Mexp (a|t—s]).

Observe that property (4) is a consequence of the properties () and (iii).
In [4] E(z,s) is called exponentially stable (or simply stable) when
we can find % , ¢, M such that

IE¢, | < Mexp{—a'(t—s)} t=s>4

and « is positive.

Let U be another Hilbert space and let B (!)e # (U, X) (the space of
linear continuous operators from U in X), F (#)e Z (X, U) be strongly mea-
surable and bounded on [7,, + o0).

(*) Lavoro svolto secondo i programmi del Gruppo Nazionale per I’Analisi Funzionale
e le sue Applicazioni del Consiglio Nazionale delle Ricerche.
(**) Nella seduta dell’11 febbraio 1978.
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With the evolution operator E (¢, 5) we associate the-evolution operator
Egr (¢,s) which is the solution of the Volterra equation

® B, 9=E¢,9+[ECABOFOEC,5dr

Er (¢, ) satisfies conditions (a), (8), (¢).

The function F (¢) will be called a feedback. We say that the couple
(E@,s), B () is stabilizable if we can find a feedback F (¢) such that Eg (2, 5)
is stable.

We say that (E(¢,s),B (%) is fully stabilizable if (exp (u (z—5))
E (z,5) B (¢)) is stabilizable for each p > o.

If P,Q are linear operators on X which are symmetric and positive,
we say that P > Q when P -—Q is (symmetric) and positive ([3]).

From [4] we recall the following result:

THEOREM 1. Let t —Q (¢) be a function from a half line [t,, 4 o0) in
ZX) =2 (X, X), which is bounded and strongly measurable. Assume that
there exists a constant ¢ > O such that for cack t =ty , Q () = ¢l (1 is the identity
operator on X). Then E (¢,5) is stable if and only if the equation

t

) LE@=E@¢, O*LEECE, +J E(s, 9*Q () E(s, 7) ds

T

kas a positive symmetric solution L (f) whick is bounded for t > t,.
The couple (E(¢,5), B () is stabilizable if and only if the equation

(3) P@O=E¢, *POEC, »+

+JE(s,1)*[I—P(:)B(5)B*(s)P(s)]E(s,r)ds

kas a positive symmetric solution whick is bounded for t = Z.
Now we want to prove that full stabilization of (E (¢, s5) , B (#)) is related
to the following property of the pair (E (¢,s), B (¥): :

We say that the pair (E (¢, s), B (¥)) is wniformly zero controllable if we
can find ¥ > 0,06 >0 such that
t+o
@ YISfE(t,s)B(s)B*(s)E*(t,s)ds:H(t,t—l—G)
13

for each ¢, at least if # > ¢, for some £y = — 0.
The main result of this paper is the following theorem:

THEOREM 2. Under the hypothesis a,b ¢, the couple (E(¢,5s), B ()
is fully stabilizable if and only if it is uniformly zero controllable.
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Remark. 1f X is a finite dimensional space, this result is well known
and it has been proved by R. Kalman. A proof may be found in [1]. If
E@#,s)=E(@—s) and if B() = B (a constant operator), see [6], [7].

The next section is devoted to the proof of Theorem 2. '

2. THE PROOF OF THEOREM 2

The proof that we are going to give is a generalization of the proof found
in [1] for finite dimensional spaces.
We need the following lemmas:

LEMMA 1. Let E (¢, 5) be an evolution operator which satisfies conditions
a, b, ¢. Let P(t) be a positive symmetric solution of Eq. (3) for t = #,.

Then P (2) exists in £ (X) and t — P71 () is bounded on [t,, + o0).

Proof. Let Eo(#,t) =Er(z,7) with F()=—B*® P (®.
Then we can prove that

P()=EL(¢, )P Es(, ) +

+[EL6 P OBOB PO+ Eals, 9 ds
([2]), so that, by condition ¢,

(v, P @) = [I1Bas, 9l ds = (1B (e, 91 21P ds.

Since:
Ew (7,5 = M exp [& (1 — )]
(it is not restiictive to assume that «' > 0), then
£
(x,P()x) = M | exp [ (c— 9] szl = M) | 2P,

T

at least for large z#. This completes the proof of the Lemma.

LemMMA 2. If P (¢) is a positive symmetrzc solution of Egq. (3), then P~ (2)
is a solution of the equation

P-1(1) =E(r,?) P-1(§) E* (=, 4) +

+fE(¢,s> [B (s) B* (s) — P2 (s)] E* (v, 5) ds .
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Proof. From Eq. (3) it is clear that
t—>E*@z, )P E(@, )
is differentiable. We have

%E*(x,r)P(t)E(t,r)=E*(t,r) [PEABEB*®PE —I1]E(,

so that
(E*¢, D P@OE@E, )™ 71(-1; E*EDPOEC DEEDPHEE, D)=
— E (5,4 [B(®)B* () — P2 ()] E* ().

Equation (6) follows by integrating both members of this equality.
Now we can prove that full stabilizability implies uniform controllability.
We assume that E (¢, 7) exp (u (¢ — 1)) is stabilizable for every w.
Then from Theorem 1 and Lemma 2 we can find a solution Z, (#) of the
equation

—exp (2p(r—H)E(x,HZy O E* (v, + Z, (5) =

= fexp (w(x—E(,s)[B@)B () —Zi () E* (r,s) exp (u (v —s)) ds

at least if # > ¢,, for some #, > — oo which does not depend on w. Then
1Ze DN < v
Now we can write

—expu(t—NE @, HZ, O E (r,8) +Z,(7) <

SJeXp‘(H (r—sHE(,s) BEB*()E*(r,s)exp (p(v—ys)ds <

SfE(T,;)B(s)B*(s)E*(r,s)ds

ie. Z,(v) <H (7,8 +exp Cu@r—0)EG,HZ, () EX(r,?).

Assume now that (E (¢, s), B (#¥)) is not uniformly controllable.
Then for each ¢ >0, p > 0 and some t,y,y€ X (depending on o, p)
we have

(Z,(Wy,y) < (H(G, = +0)y,y)+
-l—exp(—z-y.o‘)(E(T,~r+G)Zu(T+G)E*(T’T+G>y,y)‘

I My=supl|Z,®lland Py(x)x =y (| Py ()| £ M, for some constant
M,) we have

(2, Pu (D) x) < M, [p + M2exp (— 2 po) My exp (2 a0)] || # [,
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because P, (r)?=17Z,(zr). Let wu>o0 be fixed. If p>0,0— } c0 we
find that for € > o there is 1¢ such that || P, (z.) || < ¢, which contradicts
Lemma 1.

This proves the first part of the Theorem.

Now we prove the sufficiency part. We want to prove that for every
@ > 0 we can stabilize (exp (u (¢ — ) E (2, 5), B (®)).

We begin to show that if (E (¢, 5), B (¢)) is uniformly zero controllable,
then also (exp (w (¢ —s)) E (¢, 5), B (¢)) has the same property. This is shown
by the following inequality:

t+o
fexp @ ¢E—NEE,)BE) B E)E* (¢, ) exp (¢ —9) ds >

Zexp(—2po)H(#, 24 06)=exp(—2uo)yI.

Now we define the operator H, (#, ¢ 4+ o) by:
t4o
H, @, ¢t4+0)= (exp Cu@—s) E@, s)B()B*(s) EX(¢, 5) exp (2 (# —)) ds.

t

Then for some ¢ > o we can find £ > o which satisfies 21 < H, (¢, ¢ + o)
t>4,.
Now we consider the function L (/) = H-*(¢#,# + ¢). Clearly
IL@I < 1/4
for each z.
We prove that L (#) is a bounded solution of Eq. (2) written for
(exp (¢ — ) E (¢, 5))_per. with ’
QW) =E(G¢,s+6)B(s +0)B*(s +06)E*(s,s + ¢) exp (— 2 po) +
+2uH, G,s +o)+BE)B*() =2uH,. (5,5 +0).
For simplicity we call E, (¢, s) the evolution operator exp (u (¢ —s)) E (¢, ).
So we can write
[Es ¢, DLOEE, D] =
) i+o
E (7, 2) exp (M(T~‘¢))fexp<2u(t—~8))E(t,x)B(S) B* () E* (¢, 5)-
i

cexp (2 (t — ) ds B* (v, 2) exp (i (v — 1)) =
t+o

=fexp(p.(1:~—s))E('r,s)B(s)B*(s)E(‘r,s)-

t

cexp (1 (v —s)) exp (2 n (z‘—s)) ds.
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Taking the derivatives
d
vrs [Ea G, YL@ E(¢, )] =
E(,2+oexpu(r—¢—0a)B{E+6)B*(¢+6)E*(r,2+0)-

rexp(—2uc) —E(r,Hexp(zu(v—))B ) B*(#) E*(r,?) +
t+o

tau B, ep@GE—)BOB@OE(,9-

cexp (v —s)exp (2 ¢ —9))ds

so that, as in the proof of Lemma 1,
—%[E:(Z,T)L(K)Eo(t,r)] =—[E ¢, )L () E, (¢, ®]-
dexpeu(r—t—)E(x,t+6)BE¢+06)B*#+0)E*(v,t4+0) -
cexp(—2pe) —E(r,2)BOB*OE* (v, Hexp2u(r—5) +

i+o

+2p.on(*c,s)B(J)B*(s)Eff(T,s)'exp(z @ (t—s)ds-
o ,
Es ¢, DL@®E(t, 1),

i.e.
*dd? [Es(¢, DL @®OE (2, )] =Es ¢, )L (& {B® B*, ® —
_‘eXP(—M’*G)Eo(l‘J+6)B(¢+G)B*(t+c)E*(z,z+G>_

— L1 @} LOE(@E, .

Taking the primitives we have
t

L(:):Eﬁ(z,f)L(;)Eo(z,«.-)+J E,(s, DL (s) -
() {—exp(—4us)Eo(s,5 +0) B +0) B G+ ENG, s +o)+

+B(@)B*() —2p Lt ()} L(s)Ey (s, v)ds.

Now it is easy to prove that E (z,s), the evolution operator solution of the
Volterra equation

¢
E@,s)=E (¢, -I—on(t,r) [—B @) B*(r)L(f’)]E(r,s)ds
is stable. |

10. — RENDICONTT 1978, vol. LXIV, fasc. 2.
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We observe that (7) may be written as

L('r)=E*(I,T)L(t)ﬁ(z‘,T)'—}—fﬁ(&,T)*L(s){B(s)B*(s) +

+2L71(s) + exp (—4uo) Eg(s, s+ ) B(s + 0) B*(s+6)Eo(s,s+a)}-
‘L()E(s,7)ds

as a consequence of Lemma 1 in [2] (see also [5]).
This concludes the proof of Theorem 2.

Remark: Observe that the sufficiency part of Theorem 2 has been proved
without using hypothesis c.
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