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Analisi funzionale. —  Stabilization and controllability fo r  a class 
of control systems <*>. Nota di Luciano P a n d o lf i, presentata <**> dal 
Socio G. S an son e.

R iassunto . — Si considera un processo di controllo in uno spazio di Hilbert, descritto 
da una coppia (E ( t , s ) , B (/)). E ( / ,  s) è un operatore di evoluzione invertibile. Si prova che 
questo processo di controllo è stabilizzabile se e solo se esso è uniformemente controllabile.

i .  In t r o d u c t io n

Let X be an H ilbert space. E (/ , s) is defined to be an evolution operator 
on X if it is defined when t > s  >  t0 for some t0 >  — 00 and

i) E ( t , f) =  I V/ >  t0 (I is the identity operator on X).

ii) E (/ , s) is a bounded operator on X and ( t , s) —> E ( t , s) is strongly 
continuous for t  >  s >  t0.

iii) E ( t , s) E (s , r) =  E ( t , r) t  >  s >  r  > t 0 .

We focus our attention on those evolution operators which have the 
following properties:

d) E (t , s) is defined for every t , s t >  t0 ,  ̂ >  t0 .

b) E ( t , s) E (s , t) =  I t >  t0 , s >  t0 .

c) There exist constants M , a >  o such that

Il E ( t , s) Il <  M exp (a 11 — s\)  ,

Observe that property (b) is a consequence of the properties (a) and (iii).
In [4] E ( t , s) is called exponentially stable (or simply stable) when 

we can find t0 , ol , M'  such that

Il E ( t , s) Il <  M' exp {— a' (t — i*)} / >  j  >  to

and a ' is positive.
Let U be another Hilbert space and let B (t) e ££ (U , X) (the space of 

linear continuous operators from U in X), F (X. , U) be strongly mea­
surable and bounded on |/0 , +  00).

(*) Lavoro svolto secondo i programmi del Gruppo Nazionale per l’Analisi Funzionale 
e le sue Applicazioni del Consiglio Nazionale delle Ricerche.

(**) Nella seduta dell’n  febbraio 1978.
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W ith the evolution operator E ( t , s) we associate the evolution operator 
Ep (t , s) which is the solution of the Volterra equation

t

(1) E F ( # , J) =  E ( ^ , f )  +  j * E ( r , r ) B ( r ) F ( r ) E F ( r , j ) d r

E f (t , s) satisfies conditions (a), (ß), (c).
The function F (/) will be called a feedback. We say that the couple 

(E ( t , s) , B (/)) is stabilizable if we can find a feedback F (/) such that Ep (V , s) 
is stable.

We say that (E ( t , i*) , B (/)) is /# //y  stabilizable if (exp (fi. (t — s)) 
E ( / ,  s) B (t)) is stabilizable for each jx >  o.

If P , Q are linear operators on X which are symmetric and positive, 
we say that P > Q  when P — Q is (symmetric) and positive ([3]).

From [4] we recall the following result:

T h e o r e m  i . Let t  —>■ Q (t) be a function from  a half line [t0 , +  00) in 
3 ? (X) = J S? (X , X), which is bounded and strongly measurable. Assume that 
there exists a constant c >  o such that fo r  each t  >  t0 , Q (/) >  cl (I is the identity 
operator on X). Then E ( t , s') is stable i f  and only i f  the equation

t

(2) L ( t )  =  E ( * , t ) * L ( O E ( * , t ) + J  E (s , t)* Q (s) E (s  , t)  di'
T

has a positive symmetric solution L (f) which is bounded fo r  t >_ t0.
The couple (E ( t , s') , B (if)) is stabilizable i f  and only i f  the equation

(3) P(T) =  E( / , T) *P( f ) E( f , T )  +
t

+  J  E O , t ) *  [ I - P  (s) B (s) B* (s) P (j)] E ( s , t) ds
i T

has a positive symmetric solution which is bounded fo r  t  >_ t0.
Now we want to prove that full stabilization of (E ( t , s) , B (/)) is related 

to the following property of the pair (E ( t , s) , B (/)):

We say that the pair (E ( t , s) , B (t)) is uniformly zero controllable if we 
can find y >  o , g >  o such that

t+a

(4) y l <  J  E (* , s) B (s) B* (s') E* ( t , s) ds =  H ( t , t +  a)
t

for each if, at least if t  >  t0) for some t0 >  — 00.
The main result of this paper is the following theorem:

T h e o r e m  2. Under the hypothesis a , b , c, the couple (E ( t , s) , B (t)) 
is fu lly  stabilizable i f  and only i f  it is uniformly zero controllable.
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Remark. If X is a finite dimensional space, this result is well known 
and it has been proved by R. Kalman. A proof may be found in [1 ]. If 
E ( t , s) — E (/ — s) and if B (fi — B (a constant operator), see [6], [7]. 

The next section is devoted to the proof of Theorem 2.

2. T h e  P roof of T h eo r e m  2

The proof that we are going to give is a generalization of the proof found 
in [1] for finite dimensional spaces.

We need the following lemmas:

LEMMA i . Let E (t  ̂ s') be an evolution operator which satisfies conditions 
a, b, c. Let P (fi) be a positive symmetric solution of E q . (3) fo r  t  >  t0.

Then P-1 (fi exists in  E? (X) and t -> P“1 (fi is bounded on [t0 , +  00).

Proof. Let E ^  ( t , t) =  Ep (t , t) with F (fi =  — B* (fi P (fi.
Then we can prove that

P ( t) =  E * ( / , t) P ( 0 E oo( / , t) +
t

+  J E* (s , t )  [P (J) B (s) B* (s) P (s) +  I] Eto (s , t)
T

([2]), so that, by condition c,

t t

( * , P ( t)*> >  J  K (  ̂ , -r) Ar ||2 >  J h EooCt ^ )  M M P d * .

Since:

Il Eoo (T > Il >  M' exp [a' (t :— j )]

(it is not resti ioti ve to assume that a '>  0), then

*

(* , P (t) * ) >  M 'j  exp [a' (r  — s)] ds \\x  ||2 >  |  (M '/a ') || x  ||2 ,

at least for large t. This completes the proof of the Lemma.

Lemma 2. I f  P (fi is a positive symmetric solution of Eq. (3), then P"1 (fi 
is a solution of the equation

P"1 (t) =  E ( t , 0 P - 1(0 E * ( 't >0 +
t

I+  E ( t  , s) [B (s) B* (j) — P“2 (s)] E* ( t  , s) ds .
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Proof. From Eq. (3) it is clear that

t~+ E* (/ , t) P (Z) E (/ , t) 

is differentiable. We have

- P ( ; , t ) P  (/) E ( t , t )  =  E* ( t , t )  [P ( t )  B (/) B* (*) P (0 -  I] E (/ , T) 

so that

(E* (* , t) P (t) E ( t , t) ) - i  —  (E* (/ , t)  P (*) E ( t , t)) (E* ( /, t)  P (f) E (*, t))-* =

=  E ( T , 0 [ B( 0 B*(0 - P - a (0 ] E * ( T , / ) .

Equation (6) follows by integrating both members of this equality.
Now we can prove that full stabilizability implies uniform controllability. 
We assume that E ( t , t )  exp (ja (t — t ) )  is stabilizable for every y*. 
Then from Theorem 1 and Lemma 2 we can find a solution (/) of the 

equation
— exp (2 [A ( t — t)) E ( t , /) Zjx (t) E* ( t , t) +  Z^ ( t) =

t

=  j  exp ((a ( t — s)) E ( t , s) [B (s) B* (s) — Zji (s)] E* ( t , s) exp Qa ( t — s)) d̂ *
X

at least if t >  tQ, for some t0 >  — oo which does not depend on p. Then
IIZn (Oil < Y „ .

Now we can write

— exp (2 (a ( t — /)) E ( t , t) Z„ (Z) E* ( t , 0  +  (t) <
t

<  J  exp (p ( t  — s)) E ( t  , s) B (s) B* (s) E* ( t  , s) exp (p ( t  — s)) d j  <
X

t

<  j E ( t , s) B (s) B* (s) E* ( t , s) d^

T

i e. Z*  ( t )  <  H ( t  , t )  +  exp (2 p  ( t  — /) )  E  ( t  , t )  Z„ (t )  E* ( t  , t )  .

Assume now that (E ( t , s) , B (t)) is not uniformly controllable.
Then for each a >  o , p >  o and some r , y  , y  e  X (depending on g  , p) 

we have
( z i*0 0  x  > y )  <  ( h  ( t  , t  4 - <*)y , y )  +

+  exp (— 2 pu) ( E ( t , T +  a) Z» ( t  +  a) E* ( t , t  +  <y) y  , y)  .

If Mu =  sup II Z^ (t) II and P^ (t) x=  y  (|| P^ (t)  || <  M u. for some constant 
Mja) we have

[x , Pj* (t) x)  <  M u  [p  +  M2 exp (—  2 p o )  M„, exp (2 acr)] || x  ||2,
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because ( t) “ 1 =  ( t). Let [x >  o be fixed. If p - > o , c r —̂ +  00 we
find that for 8 >  o there is t s such that || ( ts) || <  s, which contradicts 
Lemma 1.

This proves the first part of the Theorem.
Now we prove the sufficiency part. We want to prove that for every 

(x >  o we can stabilize (exp ([x (t — s)) E (/ , s) , B (/)).
We begin to show that if (E ( t , s) , B (/)) is uniformly zero controllable, 

then also (exp ([x (t — s)) E ( t , s) , B (fj) has the same property. This is shown 
by the following inequality:

£-f-oJ  exp ([x (t — s)) E ( t , s) B (s) B* (s) E* ( t , s) exp (fx (t — s)) di* >
t

>  exp (— 2 fxo) H ( t , t +  <y) >  exp (— 2 [xcr) y I .

Now we define the operator (̂  , / +  ct) by:

£+a

Hjx ( t , t +  o) =  exp (2 fx (t — s)) E (t, s) B (s) B* (s) E* ( t , s) exp (2 (x (t .— s)) d^ .
t

Then for some a >  o we can find h >  o which satisfies hi  <  ( t , t  +  a) 

Now we consider the function L (f) =  H -1 { t , t  +  a). Clearly

Il L (/) II <  i/A
for each /.

We prove that L (t) is a bounded solution of Eq. (2) written for 
(exp ([x (t — s)) E ( t , s))_ b*l with

Q (£) =  E (s , +  <7)  B (s +  a) B* (s +  a) E* (j , s +  a) exp (— 2 fxa) -f 

4~ 2 [xHy, (s , s -f- cr) -(- B (s) B* (.?) >  2 [xHjx (i* , s 4- a) .

For simplicity we call E 0(/,«*•) the evolution operator exp (jx(/ — s)) E ( / ,  s). 
So we can write

[Eo (  ̂, t) L (/) E ( t , t ) ] -1 =
t + Q

E ( t  , t) exp (|j. ( t  — /)) /  exp (2 (x (/ — j)) E (/ , 5-) B (,$*) B* (j) E* (/ , s) •
t

• exp (2 [x (/ — ^)) d^ E* ( t , t) exp (fx ( t  — t)) =
H-oJ  exp ((x ( t  — s)) E ( t  , s) B (s) B* (s) E ( t  , s) •

t

• exp ([x ( t  — s)) exp (2 (x (£ — j)) di’ .
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Taking the derivatives

[Eo (/ , t)  L (t) E0 ( t , t ) ] “1 =

E ( t  , t  +  <t) exp (2 [X ( t  — t  — er)) B (t +  <7)  B* (t +  <7) E* ( t  , t  +  a) •

• exP <— 2 jag) — E ( t , t) exp (2 (a ( t  — t)) B (t) B* (t) E* (t , t) +
£ + 0

+  2 [A j  E ( t  , s) exp ([A ( t  — s)) B (s) B* (s) E* (r , s) •
t

• exp ([I ( t  —■ s)) exp (2 (t — s)) ds

so that, as in the proof of Lemma 1,

—  [E? ( / ,  t) L ( /)  E 0 (* , t) ]  =  -  [EÎ ( / ,  t) L ( 0  E 0 ( /  , t) ]  •

• {exp (2 (x ( t  — t — a) E ( t  , /  +  <7)  B (t -f- a) B* (t +  a) E* ( t  , t  +  <x) •

• exp (— 2 ^a) — E ( t , t  ) B (t) B* (t) E* ( t  , t) exp (2 (jl ( t  — /)) +
t+a

+  2 [x j  E 0 ( t  , s) B (s) B* (s) Eo ( t  , s) exp (2 fj, (t — s)) ds •
t

E : ( M ) L ( / ) E 0 ( L t) ,

i.e.

A  [E* (/ , t )  L (0 E 0 (/ , t)] =  E? (/ , t)  L (t) {B (/) B* (/) -

—  exp (— 4 pur) E 0 ( t , t +  a) B (t +  a) B* (t +  a) E* ( t , t  +  a)—

— ■ L“1 '(V)} L (t) E 0 ( t , t) .

Taking the primitives we have
t

L ( t )  =  E o * ( ì , t ) L  (t )  E„ ( t , t )  +  J E 0 ( i ,  t )  L (s)  ■
T

(7) * {— exP (— 4 f*<*) E 0 ( s  , +  cr) B (s +  a) B* ( s  +  a) Eo (s , s +  a) +

+  B (s) B* ( s ) — 2 ii L '1 ( s ) } L ( s ) E 0 (s , t) d* .

Now it is easy to prove that E ( t , ^), the evolution operator solution of the 
Volterra equation

t

Ë ( t , s) =  E 0 (/ , s) +  J  E 0 (/ , r) [— B if) B* (f) L (r)] Ë  (r , s) ds
8

is stable.

10. — RENDICONTI 1978, voi. LXIV, fase. 2.
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We observe that (7) m ay be written as

t

L ( t ) = Ë * ( ^ t ) L ( / ) È ( / , t ) +  J Ë  (s , t ) *  L  (s)  {B (s)  B* (s)  +
T

+  2 L“1 (s) +  exp (— 4 (j.a) E 0 (s , +  g) B (s +  g) B* (s +  g) Eo (s , s +  g) }  • 

• L (V) E (s , t )  ds

as a consequence of Lemma 1 in [2] (see also [5]).
This concludes the proof of Theorem 2.

Remark: Observe that the sufficiency part of Theorem 2 has been proved 
without using hypothesis c.
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