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Analisi m atem atica. —  A  class of weakly decomposable unbounded 
operators. Nota di Iv a n  E r d e l y i ,  presentata <*> dal Socio G. S a n s o n e .

Riassunto. — Si estendono dei risultati ottenuti in una precedente Nota [4] sulla decom­
posizione spettrale di una classe di operatori non-limitati. Si ottiene una caratterizzazione per 
certi sottospazi invarianti e per un operatore con lo spettro compatto risulta una decompo­
sizione spettrale di tipo debole.

The class of decomposable operators, introduced by Foias [5] and deve­
loped in the monograph [2], possesses a rich spectral theory. In a previous 
paper [4], the class of decomposable operators has been extended to the un­
bounded case. We shall draw heavily from [4] to obtain some further spectral 
properties for that class of unbounded operators.

For a Banach space X , S (X) denotes the collection of all subspaces 
(closed linear manifolds) of X. For an operator T, by which is meant a closed 
linear mapping with domain D t ^ X  into X , a (T) expresses the spectrum 
and the restriction of T to a subspace Y c: D t is written as T | Y. For the 
definitions of the local spectrum g? (x)  and local resolvent set pT (x) of an 
operator T having the single valued extension property, see e.g. [3, XV]. 
As referred to the complex plane tz , F and K represent the family of all closed 
and of all compact subsets of tc, respectively.

We recall the definitions and the basic properties which are needed to 
explain the new results.

I. DEFINITION [4]. A strong spectral capacity in X is an application

E :  F - * S ( X )

that satisfies the following conditions'.

(i) E (0 )  =  {0} , E (7 t) =  X ;

fo r  every {Fw} c= F ;

n
(iii) E (F) — J  E ( F D  Gf) , fo r  every F G F and every finite open

i= 1
cover {G J i  of F ;

(iv) fo r  every F G F , the linear manifold

E 0 (F) =  {xe  E (K) : K g  K and  K c  F}

is dense in  E (F).

(*) Nella seduta delTu febbraio 1978.
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For F == 71, (iii) becomes 

(iii') X =  i :  E (GO ,
i=l

where {GJÎ is an arbitrary finite open cover of n.
Also, for F =  tv, (iv) asserts that

(iv') E 0 (tu) -  { x e  E (K) : K e K}

is dense in X.

2. DEFINITION [4]. A  closed linear operator T : D t (c= X) —> X with a 
nonvoid resolvent set is said to have a strong spectral capacity E i f  the following  
conditions hold\

(v) E (K) c= Dt  , f o r a l i  K e K ;

(vi) T [E (F) D D t ] c E  (F) , fo r  all F e F

(vii) the restriction T F =  T | E (F) D D t has the spectrum

g (Tf) <= F , fo r  each F e F .

The following two definitions introduce some special type of invariant 
subspaces and a related spectral decomposition.

3. DEFINITION [5]. A  subspace Y c: D t invariant under T is said to be 
spectral maximal fo r  T i f  any invariant subspace Z with a (T | Z) <= <7 (T | Y) 
is contained in Y.

T is said to be decomposable on X i f  fo r  every finite open cover {G J Ï  of 
g (T), there is a system {Y Ji of spectral maximal spaces of T which perform 
the spectral decomposition

(1) x  =  i v  i;1

(2) ® (T I Yj)c: G{ , (or , ct(T I Y{) c  Gj),

If (1) is weakened by _____
n

X =  £  Y«
Ì — 1

i.e. if every vector in X is a norm-limit of sums of vectors from the spectral 
maximal spaces Y  ̂then T is referred to as a weakly decomposable operator on X.

4. D e f in i t io n  [7]. A  subspace Y c D t , invariant under T, is called 
analytically invariant under T i f  fo r  every function f  : D̂ - —> D t analytic on 
some open D^c: tc) the condition

(X — T ) /  (X) e Y on Df

implies that /  (X) € Y on D f .
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For a bounded linear operator T which has the single valued extension 
property, every spectral maximal space is analytically invariant [7]. The 
opposite implication does not hold in general.

If T has a strong spectral capacity E then (iv') and (v) imply that the 
domain Dt is dense in X. It was proved in [4] that T at most has one strong 
spectral capacity. As a global type of characterization, an operator T with 
a strong spectral capacity has the single valued extension property [4]. Among 
the “ locally com pact” properties of such an operator, we recall from [4] 
that for every K e K , E (K) is a spectral maximal space and T  | E (K) is 
a bounded decomposable operator on E (K).

In what will follow we shall need the following

5. LEMMA [6, IV]. Let Y 1 , Y2 be subspaces of X such that

X — Yx +  Y2

and let f  : Dy X be analytic on an open Dy<= 7c. Then fo r  every Xe Dy 
there is a neighborhood Y  ( c  D;) of X and there are analytic functions

such that
/ i ’V ^ Y j ,

/  (v) = A  ( »  + A  (tO . H- e V

I , 2

Now we give a characterization of some invariant subspaces E (F) for 
F not necessarily compact.

6. THEOREM. Given T with the strong spectral capacity E, let G c  tu be 
open such that E (G) <= D t . Then E (G) is an analytically invariant subs pace 
under T.

Proof ‘ Denote Gx =  G and let /  : Dy (c= Gj) -> D t be analytic and
satisfy condition

(3) ( X - T ) / ( X ) e  E (G 0  on D , .

Choose an open G2 such that

Tc =  Gj U G2 and Dy O G2 =  0  .

By (in') of Definition 1,
X =  E (GO +  E (G2) .

In view of Lemma 5, for every Xe Dy there is a neighborhood V (c  Dy) of X 
and there are analytic functions

f i i V - >  E (G ,) ,
such that

(4) / ( tO  = / i O )  +  A  ( A for all p, e V .

1= 1,2
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Since the ranges of both /  and / ,  are contained in DT, we have

A  ( V )c  E (G2) n  d t .

By condition (3),

(5) G*— T ) / G 0 = * n

where for every pt. e V , ^  6 E (G7). W ith the help of (4), relation (5) can be 
written as

— T ) f i  ( f)  =  ([I — T ) / a (fx) e E (Gx) D E (G2) =  E (G3 D G2) .

Therefore
g  ((J.) =  ([X — T )A  (jx) 6 E (Gl n  G2) on V .

Since
cr [T I E (Gx O G2)] c  Gx O G2 c: G2 ,

(ie p [T I E (Gx D G2)] Hence the function

h (ix) =  R [(X ; T I E (G ^ G O te C tO e  E (G jH G ,) 

is analytic on V and

(fx -T) \h (jx) —/ 2 ((x)] =  o on V .

Since T has the single valued extension property it follows that 

h (fx) = / 2 (fi.) g E (Gx D G2) <= E (GO on V

and hence
/ W - / i W + / 2W e E ( G 3) on V

and on all of 'D/  by analytic continuation. Thus E (G) — E (GO is analytically 
invariant. □

It was shown [4] that every operator T with a strong spectral capacity 
E has decomposable restrictions T | E (K), for all K g K. When T has a 
compact spectrum we can obtain a spectral decomposition for T itself. This, 
however, needs some preparation. First we extend a concept introduced by 
Apostol [1]. W ith the original concept of spectral capacity E, Apostol defi­
ned the support of E by

supp E =  n { F e F : E ( F )  =  X}.

7. L emma. Let T possess the strong spectral capacity E. I f  G is any open 
set such that G D supp E 7^ 0 then E (G) ^  {o}.

Proof. There exists a second open set H such that G and H cover n and

H -— supp E f  = 0 .
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Then, by (Hi') of Definition 1,

X -  E (G) +  E (H) .

If E (G) =  {o}, then E (H) =  X and consequently

(6) X =  E ( s u p p E n H ) .

But (6) contradicts the definition of supp E. Thus E (G) 7^ {o}. □

8. L emma. I f  T has a strong spectral capacity E then

X =  E [cr (T)] .

Proof. We have to show that supp E c  er (T). Assume to the contrary that 
there is a Xe supp E — g (T). Then there is a closed disk F with center at X 
and disjoint from g (T). By Lemma 7, E (F) 7^ {0} and then by (vii) Defi­
nition 2,

cr [T I E (F) D Dt ] O a (T) c  F O a (T) =  0 

but this is impossible. Hence supp E c  a (T) and it follows that 

X =  E (supp E) <= E [cr (T)] <= X. □

9. Proposition . I f  T has a strong spectral capacity E then

(7) c [T I E (F) n  Dt ] c  (j (T) , f o ra l i  F e F .

Proof’. Lemma 8, (ii) Definition 1 and (vii) Definition 2 imply

g [ T  | E ( F ) O D t ] =  g [T | E (F) O E (a (T)) O Dx] =

=  a [T ! E (F O a (T)) H Dt ] c F f l ( j  (T) ,

and hence property (7) follows. □
Now all pieces are assembled for the spectral decomposition of T.

10. Theorem . I f  T has a strong spectral capacity and 00 e p (T), then 
T is weakly decomposable.

Proof. Let { G J i be a finite open cover of cr (T). Since by hypothesis, 
a (T) is compact, there is a relatively compact open neighborhood H of cr (T). 
The sets

H* =  H O G i ,  i =  I , 2 ,• • -, n

form a relatively compact open cover of ff(T). Let H 0 be an open set such 
that {HJq covers n and H 0f i o ( T )  =  0 . Let E be the strong spectral 
capacity possessed by T. By (vii) and Proposition 9, we have
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and hence

(8) E ( H 0) n D T = { o } .

By (hi') Definition i, we have
n

(9) X =  X E ( H ;) .i—0

Relations (8), (9) imply

d t c  S E ( H 0 ,
i=l

and since DT is dense in X, we have

n 

i =  1

Furthermore, (vii) Definition 2 implies

a [T I E (H*)] c  , z =  I , 2 , n .

Since, for every I , H i is compact, E (H$) is spectral maximal for T. □
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