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Analisi funzionale. — On Infinite Products of Resolvents. Nota 
di S i m e o n  R e i c h ,  presentata <*> dal Socio G. S a n s o n e .

R ia ssu n t o . — Si dimostrano tre risultati sui prodotti infiniti di risolventi di opera
tori « m-accretive » negli spazi di Banach.

Let E be a real Banach space and let I denote the identity operator. 
Recall that a subset A of E x E  with domain D (A) and range R (A) is said 
to be m-accretive if for all D (A) , y t-6 A x i , i  =  1 , 2 , and r  >  o, 
\ x1 — x 2 I <  \ x i — ^2 +  r  ( y i  — y%) |, and R (I +  rA) — E. The resolvent 
Jr : E -> D (A) and the Yosida approximation Af : E - > R  (A) of A are defined 
by Jr ~  (I +  rA )"1 and A r =  (I — J r)jr. We denote the closure and convex 
hull of D c: E by cl (D) and co (D) respectively. We also define || D || =  
=  inf { \ x  \ : x e  D}.

Let {rf\ be a positive sequence. For x  in E we define {xn} cz E by 
x n+1 =  Jrnx n , x ! — x. The behavior of {x^J when o e  R(A) has been recently 
considered by Rockafellar [4], Brézis and Lions [1], and Bruck and Reich 
[2]. In this note we present three new results which are of interest when 
O R (A). For the case rn =  r  for all 72, see [2, Theorem 2.4] where the argu
ment is different.

THEOREM i . Suppose that the norm of E is uniformly Gâteaux differen-
0 0

tiable and that the norm of E* is Frèchet differentiable. I f  2  r % ~  °°> then
i =1

the strong lim x n+1
n ->  0 0

=  — v, where v is the point of least norm in  cl (R(A)).

Proof. Since the norm of E is uniformly Gâteaux differentiable, cl (R (A)) 
is convex and v exists. Let e be positive. There are y e  D (A) and z e  A y

n

such that j 2 I <  I v | +  e. Let y n+1 =  n Ju y- We have
i = l

— x <  Ix n + i  —y n+11 + 1yn+i y  I +  \y  ~ x  I < 2 V ~ y  ! + 2  n  | a , . y< \i=l

< 2  lx  — y  I +  ^  r II Ay II <  2 I * — y  | +  ^ J J  (| v | +  s) ,

so that

lim sup I x n+1
n ~> 0 0

< M  •

(*) Nella seduta del 18 novembre 1977.
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Since

(* X n+i)l ( s r )  ~  ( s r i K i  x ) l ( k r )

belongs to co(R(A ))> we also have \ x — %n+i\ j |  S r ij  >  \ v \ for all n - Thus 

\ j  —> I v |, and the result follows because the norm of E*x ---- X,

is Fréchet differentiable.
The conclusion of Theorem i can be strengthened if additional hypo

theses are made.

THEOREM 2. Suppose that the norm of E  is uniformly Gâteaux differentiable 
and that E  is uniformly convex. I f  either

(a) {frò A bounded away from  zero,

or
(b) the modulus of convexity of E satisfies 8 (s) '> C é) fo r  some p  >  2

00
and  C >  o, and  =  00, then the strong lim A fn x n =  v.

i = 1 n->  0 0

Proof. Since { \ A rnx n\} is decreasing, b =  lim | A rn x n | exists. If
n —̂ co

b >  I v |, let z e  A y  satisfy | z  | <  (b +  [ v |)/2. Denoting \ x  — y  \ by M, 
we have

I Xn+l —  Sn-H ! <  2 I *«+l —  Sn+1 +  ~  S n  \ <  \ ~  S n  I ~

— s ( I X n —  x n+1 — ( y n — y n+1) |/M) M , 

so that 00
2 8 I ~  K*n y» 1/M) < 00 •

Since

\ K „ X n — K „ y n  I >  I X n I — I A rny n \ > ( Ò — \v  |)/2,

this leads to a contradiction in both cases. Thus b =  \ v  |, and the result 
follows because A fnxne R (A) and E is uniformly convex.

Remark 1. U nder the assumptions of Theorem 1, the conclusion of Theo
rem 2 does not always hold.

THEOREM 3. In  the setting o f Theorem 2, lim  | x n | =  00 i f  and only i f  
O $ R (A). ^ ° °

Proof. It is clear that if O e R (A), then {xn} is bounded. Conversely, 
suppose {.xnJ  is bounded. Then v =  o by Theorem 1 and A Tn ^ - > - o b y  Theo
rem 2. Hence \ x nk —  ]1x nk | <  || A x nk || -> o  and the asymptotic center of 
{xnk} is a zero of A.
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Remark 2 . These results are also valid for certain accretive operators 
which are not necessarily ^-accretive.

Remark 3. Applying similar ideas to the sequence {zn} defined by znil — 
=  (1 — en) sn +  cn Tzn , where T : E -> E is nonexpansive and o <  cn <  1, 
we can in certain cases improve upon the results of [3].

Remark 4. In Theorem 2, (a) can be replaced by {a) {rn} does not 
converge to zero.
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