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Magnetofluidodinamica. —  On the boundary layer function in 
M .H .D . flows over a fla t plate d . Nota I (**> di L u cian o  de S o c io  e 
P a sq u a le  R enno, presentata dal Socio G. R ig h in e

R iassunto. — Con riferimento ad un problema di perturbazione singolare che si 
pone per una classe di moti magnetoidrodinamici viscosi, si determina la funzione di strato 
limite e si perviene ad una rappresentazione asintotica uniformemente valida in ogni punto 
del campo d’integrazione.

Introduction

The boundary layer (B.L.) concept and related techniques are of fore
most importance in several branches of mathematical physics and engineer
ing. Even though B.L. procedures have been used for m any years now, 
only in comparatively recent times an increasing effort has been devoted 
to a rigorous approach to the development of the B.L. theory. This note deals 
with a classic problem of magneto-hydrodynamics (M.H.D.), a field where 
B.L. methods have very often been applied in a somehow mechanically 
heuristic way. The unsteady onedimensional M.H.D. flow over a flat plate 
will be considered. The goal is an exact formulation of the B.L. function in 
the case of a small magnetic Prandtl number. Last one has been the para
meter on which to rely in dealing with otherwise almost untractable situations, 
by means of the singular perturbation method [i, 2].

I. Let an indefinite flat plate “ ££ ” correspond to the plane x' ÿ  of a 
right-handed system of Cartesian coordinates T 0 =  Ox' y' z', whose unit 
vectors are ey , e2 and ez . A homogeneous, incompressible, electrically con
ducting fluid jU ” of density p and kinematic viscosity v is in the semi
space il Sf ” defined by z ' >  o. The magnetic permeability and the magnetic 
diffusivity of are p. and rj respectively, and the magnetic Prandtl number 
is s2 =  v/t). If t is the time and V and .H  represent the velocity vector and 
the magnetic field, the following dimensionless quantities can be defined: 
T =  t (pJT2/pv) ; s =  s ' (v/Jf) (p/jjl) ; i> =  V (p/ji)*/^ ; h =  H/JT, where is the 
modulus of a reference magnetic field. Let be the onedimensional M .H.D 
motion of in Sf subject to the conditions:

i) at t =  o , ^  is at rest in the presence of a uniform magnetic field
j ?  =  ,

ii) at each point of and for any t , v and h assume the assigned values 
v* (r) and h* (r) respectively, while they become infinitesimal as z -> 00.

(*) Lavoro eseguito nell’ambito del G.N.F.M.-C.N.R.
(**) Pervenuta alPAccademia il 14 ottobre 1977.



254 Lincei -  Rend. Se. lis. mat. e nat. -  Vol. LXIII -  Ferie 1977

Therefore J t z is determined by the solution (vz , hz) of the following problem
“ •*« ” [6, 7]

( dhjdT =  32 hjdz2 +  dvjdz
(1.1) \ Vz > o , V t >  o

( 3vs/9 t  =  £2 d2 Vsldz2 +  dhjdz

I hs (z , o) =  o ; vz (z , o) =  o V z >  o

(1.2) < hs (o , t) =  h* ( t)  ; v s (o , t) =  v* ( t) V t >  o

( lim I hs (z , t) I =  o ; lim | vs (z , t) | =  o Vt >  o
Z-> OO Z-> OO

where hz*e3 =  1 and vz -e3 =  0.
Let now “ ^  ” be a perfect fluid for which v — o, whereas all the re

maining properties are equal to those of Let “ ” be the onedimensional
M .H.D. motion of ^ 0  in ^  subject to the conditions (i) of J i z and to the 
following boundary conditions:

i' i') at each point of and for any t , h assumes the assigned value 
h* fi) and it becomes infinitesimal as z  -> 00.

J t o is then determined by the solution (i>0 , h0) of the following problem
“ ^ 0  ”

( x-3) j
dhQ/dx — 32 h0/dz2 

3 u0/3 t =  dh0ldz

+  dvjdz
\/z >  0 , Vt >  0

( i - 4 )  j
h0 (z , 0) =  O ; V0 (Z , O) =  O Vz >  0

(

where hQ*e3 =

K  (0 , t) =  /&* ( t) 

I and v 0 *e3 =  0.

; lim 1 h0 (z , t) |
24 OO

=  0 V t >  0

D efin ition  1.1. “ Let Q be the set SP X [o , T], with T >  o arbitrary but 
bounded. A motion (v , h) is regular provided that v and h are continuous 
in Q while they are of class C(1) in Q — 9Q and there their second derivatives 
with respect to z  are also continuous. A solution to séz [or ja/0] is any regular 
motion which identically satisfies (i.i)-(i.2 ) [or (i.3)-(i.4)] ” .

I t’s well known [10] that there exists only one J f z which is regular 
in the sense of Definition 1.1.

In this note the following assumptions will be made:

j) v* (fi) and h* fi) are generally continuous in [o , 00 [ and sum- 
mable in any bounded interval,

jj) v* fi) and h* fi) are bounded in ] o ,T ] .

In [7] P. Renno has shown that, Vs >  o, there exists only one solution 
of s/z and this solution was explicitly evaluated. On the other hand, several
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formulations of the solution to sé0 are known (see, for instance, [3] and [5]). 
By comparison of séz and sé0 some interesting questions arise which will be 
investigated, namely ist) if J l  z —> as s —► o, 2 nd) the error in approxi
mating by means of ^#0. One should note that this last approximation 
can not be uniformely valid \lz, due to the lack of an adherence condition 
for ^0 on The second question is a classic singular perturbation problem 
which can be solved only after a suitable boundary layer function is found 
which approximates J i e also in the layer adjacent to ST.

The main result of this paper is the theorem that follows which will be 
demonstrated after determining suitable majorant functions of the solution 
(vs i he) to ség and after the demonstration of a lemma.

T heorem  1.1. In  each point of Q the relations

(1.5) vs =  v 0 +  b +  er , hs =  h0 +  es

hold, where (v0 , h0) is the solution to problem sé0 , r and s are boundedf unctions, 
Vs >  o, vanishing at z =  0, whereas b is a boundary layer function such that

(1.6) lim [v0 (z , t) +  b (z , T ; s)] =  v* (t) , Vs >  o .
z-> 0

Furthermore, i f  v* (t) and h* (t) are bounded fo r  t  —> 00 . then> V t >  o, the 
following bound to r and s holds

(1.7) J r (z , t  ; e) | +  | « (* , t  ; s) | <  cr (z , e) , V t >  o

where a (z , s) is bounded Vs >  d and such that a (o , e) =  o ’ ’.

The paper ertds with an application where the case v* and h* both con
stants is considered, and with a discussion of the B.L. thickness.

Comment i . l .  Nardini [4] shows that, as y) —> o , «/#0 tends to a wavy 
motion propagating with the Alfven speed (f/,/p)*H0. The more regular are 
the boundary values, the better is the approximation of by means of the 
mentioned wave propagation as 7) -*'o. This result, together with Theorem 
1 . 1  y enables one to rigorousl y approximate J i z in all the region of the so 
called viscous-magnetic B.L.

2. The solution to sét as given in [7] can be re-arranged in the form

(2.1) vs =  F2 * v* — F1 * h* , hs — F3 * h* — e¥ 1 * u*

where the symbol * stays for the usual convolution integral and the functions 
F* (z , t  ; s) , (i =  I , 2 , 3 ) ,  are defined by

2

(2.2) F , (* , T ; t) =  f (« u  +  Y) * -*«+ *)* /*  Io{^  [u (2  _ ^ ) ] à }  Au
4  £ v1 ~r £) T J

17. — RENDICONTI 1977, voi. LXIII, fase. 3-4.
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( 2-3)  F". O , t  ; s )
_  (2 0. + y )  2 e St (tct) * ^-<aa+Y)M/4r l,z %e 8 t(tct) * _

2 T 4 T

2

f  (a« +  Y) [*/(2 -  O)]* Il {Ç* [» (2 -  «)]*} d*

(2.4) F, («,-,;«) ■= + y  b * „  +  T)
2 T 4  T J 0

• [(2  — « ) /« ] *  {Ç* [ *  (2  —  « )]* }  d »

Here Î  , (i =  o , i , 2 , • • •) are the modified Bessel function of the first kind 
and of order i and the constants are: a =  ] 1 — s I/2 e ; ß =  (1 +  s)/2 e ; 
y =  ß _ a ; 8  =  (i +  s)-2 ; £ =  (S/s)è .

As far as problem stf0 is concerned, its solution has been given different 
formulations. Here the solution of will be expressed by means of definite 
integrals. In particular, let

(2.5) Gx (z , t) —
z2 e T (tut)  ̂

2 T
j  e z2u /4t {2 z  (u — 1)*} d^

(2.6) G3 (z  t )  =
- t- 22/4t (tut) ” * , z2 e - T(nT)~i

2 T + -Z2M2/4t
2 T

: (u — 1) * Ix {2 z (u —  '1)*} d^ ;

then, under the assumptions (j) and (jj) for h* ( t )  the unique solution to is 

(2.7) t>0 (* ,. t )  =  — G5 (z , t )  * ä*  ( t )  ; hg =  Gg (# , t )  * ( t )  .

Comment 2.1. Observe that from (2.7) the following equation can be 
obtained

(2 .8 ) * lim v 0 (z , t )  — -—e T (7ct) 2 * h* ( t )  ►
2->0

Some useful relations will now be given. If y  is a positive real variable, 
then [8] *

(2.9) Ir,(2 y) <  y n l 0 (2 y ) <  y n e*” .

Furthermore, let p  and q be two parameters and u — (j>2 — ç*)K If  one 
considers the principal determination of the radicals, the following relations
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can be obtained from the properties of Bessel functions [9] with a little 
manipulation 

2

(2.10) j  e~pv I0 {q [v (2 — v)]*} dv — (2ju) e~p sink u
0

2

(2.11) j  e~pv [vj(2 — v)Ÿ  li {ç [v (2 — v)Ÿ} dv <  (2lq) (1 — p\u) e~v sink u
0

2

(2.12) j e~pv v ï 0 {q [v (2 —  v)Ÿ} dv <  (2 e~p\u ) [(p sin^ u)\u eu (u —  p ) l2 ]
0"

2

(2.13) j  é?“2™ v [v/(2 — v)Ÿ  Ii {ç \p (2 — ^)]^} dv <  
ô

<  (2 e~p+u/q) (q2/2 uz — plu  — q2!2 u2 1) .
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