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Geometria differenziale. —  On concircular B ianchi and Veblen 
identities. N ota(*) di C handra M ani Prasad e R a v in d ra  Kumar 
S r iv a s ta v a , presentata dal Socio B. S eg re .

RIASSUNTO. — Si ottengono delle identità fra le componenti del tensore di curvatura 
concircolare (introdotto in [i] da K. Vano).

i . Introduction

L et V n be a R iem annian space of class of any  required order. T he 
dim ension n  is g reater than  two, unless specifically m entioned. L et , 
R^* and R denote the curvature tensor, Ricci tensor and scalar curvature 
respectively. T he concircular curvature tensor 7l\jk is given by

(1. 1) zhtjk =  RS* -  n t t g i i  -  $ g i ò  •

This tensor Z m a y  be contracted in two ways giving

(l*2) 'Z'hjk G ,

and

0 -3) =  — — g u  •n

Let us call =  7l\.jh the concircular Ricci tensor.

2 . Concircular Bianchi Id en tity  

T he Bianchi identities in a V n are defined by

(2-0  A \jU =  R ^ j  +  R m j  +  R iij,k — °

where, com m a (,) denotes the covariant differentiation w ith respect to x*s. 
D ifferentiating (1.1) covariantly  with respect to x l we have

(2 .2) z \m  =  r U.i -  A —  (&gn -  ■

On the analogy of the Bianchi identities for the curvature tensor of V n , 
we define the corresponding expression for the concircular curvature tensor 
of V n as follows

(2 -3) K ìjkl =  Zhijk,l +  ZÌklJ +  Züj,k •

(*) Pervenuta all’Accademia il 6 luglio 1977.
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W ith the help of (2.1) and (2.2), equation (2.3) becomes

(2.4) ^■ijkl -ft-iïMijkl n ' K„ .  C8* S a  — «5 g n )  +

+  ( ß l g i k -- ^ k g i ì )  +  R.i (ß h} g i l  ■ $  g i j ) }  •

Contracting (2.4) for h and I and then m ultiplying the resulting expression 
by g 1? and on some simplifications, we have

0 -5) R,* — (n ■— 2)

Substituting (2.5) in (2.4) and replacing 8̂  ^Y  g hm g mk etc- m  equation 
obtained, we have

(2.6) Khm
gVq ghm
_ \)(n< 2) ^ ^ m 7 c £ ik̂  ^ vqlr

 ̂( g m lg ik  g m k g i l) ̂ -pq jr ( g m j g i l  " g  ml g i j )  ^-pqkri

'■ jki d
gpq ghm

/    \ / _ \* { ( g m k g  i j  g j m g i k )  Apqlr d~( Ÿb I ) { rb " 2 )

d~ ( g m l g i k  g m k g i l )  ^ p q j r  ~t~ ( g m j g i l  g  ml g i j )  ^ p q k r i •

Since the Bianchi identities in a V n are satisfied, the righ t-hand  side of 
the equation (2.6) is identically zero. We, therefore, have

(2-7)
-pq p-hm, CfryL pr‘Kh I s sijkl "T -7-------T 7 {(gmk g  ij gmj g  ik) Kpqlr d~( n -— I )(n  — 2)

d~ (gmlgik ' gmkgil) R pqjr d~ (.gmjgil gmlgij) ^pqkr) O .

Consequently, this equation can be w ritten as

p-hm ppq
(2.8) T hiikl =  Zhijktl +  Z*H>i +  Z*y>i; +  (7 ' 2) ^-Smkgij— gmjgil) '

' fë'pql-r ~~t"~ Z*ftq “)“ g-prq,l) “1“ (gmlgik gmkgil) Ĉ -pqj,r ^pjr ,q 7 " Zprq,j) ~"1~

+  (g m jg il  gmlgij) (Zpqk,r +  ^pkr ,q +  ^ prq, k)} — °  •

W e call (2.8), the concircular Bianchi identity  and the tensor T \jkl the 
concircular Bianchi Tensor.

LEMMA (2.1). I f  the covariant derivative of the Ricci tensor is symmetric, 
the scalar curvature R  is constant.

Proof. F rom  the given condition, we have,
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M ultiplying this equation by g %\  we have

But

so

g i} R ij.k =  g ij R«,* or R tk =  .

1 T, I 3R
2 2 3^

R ,* =  o .

T h eo rem  (2.1). 7%£ concircular Bianchi identities and the Bianchi
identities in a V n identical, i f  the covariant derivative of the Ricci tensor
is symmetric.

Proof. F rom  the Lem m a (2.1) and the equation (2.4), the proof follows.

3. C o n c i r c u la r  V e b le n  i d e n t i t y  

T he Veblen identities in a V n are given by 

(3.1) V hm  =  R?,M +  RhkiU +  R?,jVi +  R*»,,* =  O .

Sim ilarly, we dehne the concircular Veblen identities for the concircular 
curvature tensor of V n as follows

(3*2) ^ ì jk l  =  Zhijk,l +  'Z'ìihj +  +  Zhjli,k •

From  the equation (2.2) substitu ting the values of Zhijkfi etc., we have

(3-3) W =  V hm  -  {R,i ( A i a  -  f o r i  +  R j  ( $ g *  -  $ g k ù  +

+  R ,i (ß lg lk   àtglj) +  R ,i (&igjl $gji)} ■
Contracting for h and /  and on some simplifications, we have

(3-4) R,* =  {gij w \m  - g »  v him ) .

Substituting from (3.4) in (3.3) and replacing 8  ̂ by g hmg mjc etc. and 
considering (1.2) whe have

. , . _ p-Äw ppq.
(3*5) Zijkti +  z w u  +  Zikj,i +  ZjUih +  -i)(n  —2)

Smjgik) (Zpql,r "f“ Z lpr,q H” Zqrp,l) H"

(gml g  hi gmighl) (Zpqj,r ~i“ Zjpfjq V  ZqrPif) H- (gmjglk g  mie g  I j) '

* (Zpqi,r “b Z ipr,q T  Z qrP}i) -j- (,gmigjl gml&ji) ^Zpqk,r Zkpf)q T  ZqTp)k)}

h gVq ghm r \== V ijjci +  -  ~  {(gmkHij gmj g ile) ^pqlr “I- (gmlglci gmiSW
{ n  —  I )  ( n  —  2 )

*̂ pqjr (gmjglk gmkglj) ^pqir ~f~ (êmiêjl SwXSji) ^pqkri
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Since the Veblen identities in a V n are satisfied, the righ t hand side of 
the above equation is identically zero. Let us put the left hand side of (3.5) 
equal to BhijU, thus

(3-6) P « h = Z ?i jk , l +  Zl u j  +  Zikj'i +  ZfjU'k
g p q  g lm

( n -— i)(f l '— 2)

{.(.SmkSij SmjSik) ÇZpql,r ~P ZipTiq ~f~ Zqrp f) ~p (SmlSki SmiSkl) *

’ (Z/pqj,r ~P Z’jpf^q ~p Z q Tp f i  -j- ( g mj S l k  S m k S l j )  ^fpqi^r ~P Z i p Tjq ~p Z q rp }i ) ~p
~P C S m iS j l  S m l S j ù  ÇZpqJc,r ~P Z>]Cp Tiq fi- Z g^ p )} O .

Definition (3.1). W e call equation (3.6) the concircular Veblen iden
tities and the tensor the concircular Veblen tensor.

From (3.6), we have the following

Theorem (3.1). In  any Riemannian space V n (n >  2), the following con
circular Veblen identities

(3-7) P ì jU  =  ^ \ j k l  +  QijJcl

hold, where QhijJci is the sum of all the terms in the right hand side of (3.6) 
excluding the first four terms.

W e observe th a t the righ t hand  side of (3.5) is also an identity; we call 
it the second form  of the concircular Veblen identity  and state the following

THEOREM (3.2). In  any Riemannian space V n (n >  2), the following 
concircular Veblen identities in terms of the tensor

(3-8) PL/ =  VL  +  Si,H

hold, where S ^  is the right-hand side of (3.5) excluding the first term.

THEOREM (3.3). I f  the covariant derivative of the Ricci tensor is symmetric, 
the concircular Veblen identities and the Veblen identities are identical

P r o o f From  Lem m a (2.1) and equation (3.2), the proof follows. 
From  the equations (3.6) and (2.8) we have

(3-9) B hijkl +  +  ^ ìijjc  =  T \ j 1d +  T i kji +  T l Uj +  T hjliJc +  B hijU

where
ghmg,■va

— 2 ( Z hUj)]c +  ZhjUjk +  z l j h i  +  _2)

{ ( S m j & i l  S m i S j l )  ÇZpqJc,r ~P Zpjcr>q “p ZpTq,jc) T  (^gmi Sk i  S m k S i l )

(Zpqj,r "P Zjpr,q "P Zqrp , j )  "p (^Smj Sk i  S m k S j l )  ÇZpqi,r "P Zpir ,q ~P Zprq , i ) }  •

THEOREM (3.4). (3.9) is the relation between the concircular Bianchi and
Veblen identities defined in (2.8) and (3.6) respectively.
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THEOREM (3.5). The necessary and sufficient condition that the concircular 
Bianchi and Veblen identities can be expressed explicitly in terms of one another 
is that the tensor. B is equal to zero.

4. Application to an E instein space

In  this section, we shall study  the properties of the concircular Bianchi 
and Veblen identities in an Einstein space V n . I t is well known th a t every V 2 
is an E instein space. A n Einstein space V 3 is a spherical space of constant 
R iem annian curvature [4]. Therefore, we shall consider the case n ^  4.

L et us suppose th a t V n is an Einstein space, therefore we have

(4 - i ) R .. =  T  g ..

It is obvious th a t the concircular Ricci tensor vanishes identically for an 
Einstein space according to equations (4.1) and (1.3).

For n >  2, equation (4.1) holds only if R  is constant [3]. Therefore, 
R  being constant, equations (2.4) and (3.3) give

(4.2)

and

(4 -3)

]

(4 -4)

TT'Ä __s^ijM ^ijH

w %u y hm -

From  (4.2) and (2.6) we have

gPQ ghm
{(.SmJcSij S m j S ih )  f é pql,r “b ^plr.q “b ^prq,l) “b(n — i ) (n  — 2)

~b (SnüSiJc Sm JcSil) (^ p q j,r ~~b ^ p jr.q  ~b ^prq,j) “b

“b (S m j S i i  Bini S i i )  (Zpq7c,r ~b ^phfyq T" '̂ Jprq,h j] — O •
Accordingly, from  (4.3) and (3.5) we have

ghm  grPQ.
(4 *5)  (V? I )  Q î 2 )  S m jS iJ c )  fä p q h r  ~b Z lp r ,q "b 'Z'qrp, 0 +

~b (Sm l S k i  S m i  Ski)  (t^pqj,r ~b ^ ip t .q  ~b '̂ j qrp,j) “b

~b ( S m j S l k  S m k S l j )  (^ p q i , r  ~b ^ ip r ,q  ~b ^qrp}i) (S m iS . i l  S m l S j i )

(Zpqk,r H“ Zkpr}q T  =  O .

In  a R iem annian space V n the ordinary  Bianchi and Veblen identities 
are satisfied, therefore from  equations (4.2) and (4.3) we have

(4.6)

(4 -7)

^■ijlcl O >

W U  =  o .
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From  (4.2) and (4.6) we establish the following

Theorem (4.1). The concircular Bianchi identities in an Einstein space 
and in a Riemannian space V n are identical.

T heorem (4.2). For an Einstein space (4.4) and (4.6) are identities and 
these are equivalent to the concircular Bianchi identities.

Consequently, from  (4.3) and (4.7) we have,

THEOREM (4.3). The concircular Veblen identities in an Einstein space 
and in a Riemannian space are identical.

Theorem (4.4). For an Einstein space (4.5) and (4.7) are identities and 
these are equivalent to the concircular Veblen identities.
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