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Equazioni differenziali ordinarie. — A  comparison theorem fo r  
general n-th order functional differential nonlinear equations with 
deviating arguments ^ . Nota di L u-S a n  C h e n  e C h e h - C h i h  Y e h ,  

presentata (**> dal Socio G. S a n s o n e .

R iassu nto . — Gli Autori estendono ad un’equazione differenziale di ordine n con 
argomenti ritardati alcuni risultati di A . G. Kartsatos e H . Onose.

i .  I n t r o d u c t io n

The results of this paper are inspired by two recent papers of Kartsatos- 
Onose [5] and Onose [7]. The method of the authors can be used to prove 
two comparison theorems for more general 72-th order functional differential 
nonlinear equations with deviating arguments

(I) L n x ( t ) + H } ( t , X [ g ( t ) ] )  =  Q(t)> J = i , 2 .

It is assumed throughout this paper that
00

(a) rk (t)e  C [R+ =  [o , oo) , R+ \ j o j ]  , j r k (t) dt =  oo ,

k  == I r 2 j * ’ * I n J

(P) H ,(G  Y ) e C  [R+X R ” , R =  ( ~ o o , o o ) ]  ,
Y =  O fi, • • - ,y m) >  o (i.e. y t >  o fo r  i =  i , 2 , • • -, m) ->

Y s  (yx ,• • - , y m) <  o (i.e. y { <  o f o r  i  =  i , 2 ->
- H i ( f , Y ) < o ;

and  H_, ( t , Y) is nondecreasing with respect to Y , i.e.

X =  (*!,•••> x f )  >  Y = ( y l t - - - , y m) (i-e. x i > y i , i = i , 2 , - - - , m ) ^ -  
-►Hj ( t , X) >  H,,- ( t , Y) f o r  j  = 1 , 2 .

■(f) Q ( l ) e  C [R+, R] and there is an oscillatory function f  (t) e C" [R+, R] 
such that

L „ / ( 0 = Q ( 0  and  lira Lx / ( 0  =  o , x  =  o , i , • • -, n —  i.
£-»oo

(8) gi (t) e C [R+ , R] , lim gi (t) =  oo , i  — I , 2 , ■ • • , m.
t —>• OO

(*) This research was supported by the National Science Council.
(**) Nella seduta del 12 febbraio 1977.
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A nontrivial solution of (1) which exists on [c , 00), for some fixed c >  o, 
is called oscillatory if it has arbitrary large zeros. Otherwise, it is said to be 
nonosdilatory. Equation (1) itself is called oscillatory if all solutions of (1) 
are oscillatory.

The reader is referred to Chen-Yeh [1—3], Kartsatos [4], Onose [7] and 
Kartsatos-Onose [5].

In order to obtain our main results, we need the following Kiguradze’s 
Lemma [6] which has been generalized by Chen-Yeh [1 ].

L emma. Suppose u( t )  > 0  and L n u (/) <  o f o r  t > c .  Then there exsits 
an integer k with o <  k <  n •— 1 and n +  k odd such that fo r  t large enough

x ^  o  , I , • * *, k ,

X =  k l y • • •, n .

2. Comparison Theorem

Theorem  i. Consider the equation.

(3) L . a r Œ + H A f . X  [*(*)]) = Q ( 0

and the inequality

(4) l„  x  O) +  h 2 (V, x  |> oo]) <  Q 00
where

H x ( t , X) <  H 2 (/ , X) , t e  R+ , X >  o ,

H r ( / , X )  > H 2 ( / , X ) ,  t e  R+ , X <  o .

I f  equation (3) is oscillatory fo r  n  even or a solution x  (f) of (3) is oscillatory 
or lim in f^(^) — o fo r  n odd> then the same fact holds fo r  equation (4).

t~> 00

Proof. Let # (t) be a nonoscillatory solution of (4) and lim inf | x  (f) | >  o
t-> 00

for n odd. W ithout loss of generality, we may assume that x  (f) > 0  for t > c .  
It follows from (8) that there exists a T >  c such that for t  >  T.

x  [gi 00] >  o , i =  I , 2 , • • -, m .

Then the function y  (t) =  x  (t) «—/  (/) is an eventually positive solution of 
the equation

(5) if) +  H 2 i t , Y [g (/)] +  F [g 0 0 ]) <  o

where Y [g (t)] =  (y  [#  ( t ) ] , - - - , y  [gm (/)]) and F [g (0 ] =  ( /  Ui (0 ] » * * ‘ 
In fact, Y [ g ( t ) ] + F [ g ( t ) ] > o  for t >  T, which implies 

<  0 f°r  ̂ ^  T, Consequently, y  (f) has to be eventually of constant

Ì LX u 00 >  o ,

(— i)*+x L Ku( t)  >  o ,
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sign. If y  (t) < 0  for all large t, t h e n / (t) >  — y  ( f)>  o for all large t, a con
tradiction to the oscillatory character of / ( / ) .  Hence

(6) X 00 >  0

eventually. It follows from Kiguradze’s Lemma that there exists k  with 
o <  k <  n — I and n-\- k odd such that (2) holds. In particular y  (t) >  o, 
ÿ  (f) >  o if n is even or odd, or possibly for n odd, y  (t) >  o, ÿ  (f) <  o for 
every t >  T. Let now T be so large that we also have \ f  (/) | < M  < j / ( T ) ,  
where M is a positive constant.

Integrating (5) ^-times, we have for t >  T

t Un- 1 W/z-Æ+1 ©O

(7) > ( 0 > M +  J  r} 1) j' r2 (un_2) • • • Jr t (un_k) J  rk+1 (Ufl_k_,)
T T T u„_k

00

-----J  H , (u , Y  [g (Y)] +  F [g (*)]) dsduj,“  -dun_t
Ml

=  M +  0  ( t ,  H 2 ( /, Y CO] +  F l> 0 )]))

> M  +  0 ( / , H 1( / , Y [ ^ ( / ) ] + F [ / (/)]))

where M =  y  (T) if y ’ (t) >  o and M =  ^  ^  if y  (t) <  o .
2

Now define
zo (?) — y  (f) for t  >  c ,

(M  + 0 ( * , H 1( f , Z 1, [*(/)] +  F [*(*)])) for t > T
zm  (0 = )

( M for c <  t  <  T .

Then from (7) we obtain by induction that for t >  T and n  =  o , 1 , • • •.

0 < z n (t) < y ( t )  ,

M <  sn+1 (t) <  zn ( t ) .

Consequently, letting lim zn (/) == z (t) for t >  T and applying Lebesgue’s
t-̂> 00

theorem on monotone convergence we get for t >  T

(8) . ( i ) = M  +  0 ( / , H 1( b Z [ ^ ( i ) ] + F [ ^ ) ] ) ) .

Differentiating (8) ^-times, we have

L .*(*) +  Hx(/, z  [ g ® \  +  F LrCO]) =  o.
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Letting r ( t ) = z  (t) +  /  ( 0  > we get for t  >  T

(9) LBr ( 0 + H 1 ( # , R [ ^ ( 0 3 ) =  Q ( 0 .

Since # (0 + / ( 0  > M  + / 0 0  >  o, (9) has an eventually positive solution, or 
for n  odd, lim inf r ( / )  >  o, a contradiction.

£->oo

R em ark  i. Taking rK (f) =  1, x =  1 , 2 , • • *, n i H x =  H 2 and Q (f) =  o, 
then Onose’s result [7, Theorem 1] is a special case of our Theorem 1.

REMARK 2. Taking (f) =  1 , x =  1 , 2 , • • • , # ,  m =  1 , and if the 
equality of (4) holds, then Kartsatos-Onose’s result [5] is a special case of our 
Theorem 1.

The following extends a result due to Onose [7, Theorem 4].

THEOREM 2. Let the conditions of Theorem I  hold. Suppose there exist 
constants qL, y2 sequences {/s} , {ts } such that

lim t's =  lim t ’ =  00 , /  (/') — qx , /  ( O  =  and ^  < /  (0 <  ÿ2 .
s-»oo  s->oo

For n odd i f  every solution x  if) of (3) is oscillatory or lim inf x  (f) =  o, then
t—> 00

every solution of (4) is oscillatory or lim [x (i ) •—f  (f)\ =  — qx (or — y2)>
00

^ i f  (3) oscillatory, (4) zV oscillatory.

Proof. The same procedure of the proof of Theorem 1 is used. Suppose 
^  (/) is a nonoscillatory positive solution of (4) for t >_ c. Put y( t)  =  x ( t ) —f ( t ) .  
Then we see that our proof proceeds until (6). Put z (t) =  y  (t) +  qx. Since 
y '  (f) is monotone, we have

lim z  (f) =  c (■— 00 <  c <  00) .
>00

If £ <  o, then we have JK ( 0  +  1̂ < 0  for t  large enough; this leads to a con
tradiction to the fact that

y  00 +  (%) + / 0 Ö  =  * (#) >  o .

If c =  o, then we have that lim [x (f) —/(£ )]  =  -— qv  If c >  o, then we
t - >  00

have

o < z ( t ) = y  (t) 4 - qt < y ( t )  + / ( 0  - 

It follows from (5) and (ß) that for t >  T

(to) Ln* ( / ) + H 1( / >Z [ i - ( 0 ] ) < L ŵ (0 +  H , ( / , Z | / ( / ) ] ) < o .

12. — RENDICONTI 1977, voi. LXII, fase. 2.
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Hence we consider the following equation

( i l )  K * ® + H 1( t , Z [ g m  =  o for t > T .

From (10), (11) and Theorem I, we complete our proof.

R e f e r e n c e s

[1] Lu-S an Ch e n  and Ch e h -C h ih  Yeh  -  Oscillations o f nonlinear retarded higher order 
differential equations, (to appear).

[2] Lu -S an  Ch e n  and Ch e h -C h ih  Y eh  -  Remarks on the oscillation o f functional differ- 
rential equations, «Atti Accad. Naz. Lincei Rend.», (in press).

[3] Lu-S an Ch e n  and Ch e h -C h ih  Yeh  -  A  note on n-th order differential inequalities, «Atti 
Accad. Naz. Lincei Rend. » (in press).

[4] A. G. KARTSATOS (1975) -  On n-th order differential inequalities, « J. Math. Anal. Appi. »,
52, 1-9.

[5] A. G. KARTSATOS and H. Onose (1976) -  A  comparison theorem fo r  functional differential 
equations, « Bull. Austral. Math. Soc. », 14, 343-347.

[6] I .T . KlGURADZE (1964) -  On the oscillation o f solutions o f the equation
dmu , ... , , w  .+  a if) I U  \n sign u = o .

«Mat. Sb. », 65 (107), 172-187.
[7] H. ONOSE (197s) -  A  comparison theorem and the forcêd oscillation, « Bull. Austral. Math. 

Soc.», 13, I3- Ï 9-


