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Analisi funzionale. —- Approximation theorem fo r  set-valued func
tions. Nota di M ic h a e  K i s i e l e w i c z ,  presen ta ta(,) dal Corrisp. 
G. C lM M IN O .

RIASSUNTO. — La presente Nota contiene la dimostrazione di un teorema di appros
simazione per funzioni a valori insiemi compatti convessi. Si dimostra che ogni funzione 
F (/, x) soddisfacente condizioni di tipo Carathéodory può approssimarsi con una localmente 
lipschitziana.

This Note is concerned with the approxim ation of set-valued mappings 
satisfying C arathéodory type conditions by means of locally Lipschitzian 
set-valued m appings. This theorem  can be useful for proving existence 
theorem s in the theory  of differential equations for set-valued functions.

Let R ?? denote the Euclidean ^-space with the norm  ||-|| and let (H ,r )  
be the metric space o f all non-em pty compact convex subsets of R w, where 
r  is the m etric given by the H ausdorff distance. For A ,  B e  H and Ae R 
we define

(1) A +  B =  {x +  9/ : x e  A , y e  B} and )cA  =  { À i : r € A } .

Let D be a m easurable subset of Rw such tha t the Lebesgue measure | D | 
of D satisfies o <  ] D | <  0 0 .  A  function F : D -> H is called m easurable 
if for every C e  H the set {te  D : F (V )n C  7^ 0 }  is Lebesgue m easurable. 
A  m easurable function F : D -> H is called H ukuhara integrable ([3]) if the 
single-valued function g (t) =  r  (F  (t) , {o}), where o e R w, is Lebesgue inte
grable on D. The set of all H ukuhara  integrable functions F  : D —> H will 
be denoted by XD. It was proved in [2] tha t (X d, Dist), where

Dist (F, G) — J  r  (F (/) , G (/)) dt, is a complete metric space. For F  e X D the

D r
H ukuhara  integral of F on D will be denoted by I F (/) dt. If  R  is the set

J
D

of the real num bers and K a given set of vectors, together w ith the functions 
+  : K x K - > K  and • : R X K -*  K , K is called a quasilinear space over 
R, if and only if all the axioms for a linear space do hold, except (i) the 
d istribu tiv ity  of « • » over scalar addition and (ii) the existence of an inverse 
under « +  ». We shall call the metric space (Y , d) a quasinorm ed space if 
Y is a quasilinear space over R  and d (x +  u  , y  +  v) <  d (u , v) +  d (x , y), 
(A +  y) -x =  A >x +  y -x and d (A •% , A -y) — Ad (x , y)  for x  , y  9 u t v e  Y and 
A , y >; o. In the sequel we will denote by o the element of Y of the form

(*) Nella seduta del 13 novembre 1976.
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o -x  for x e  Y. It follows from [1] and [2] that (H , r) together w ith the
functions « +  » and « • » defined by (1) is a quasinorm ed space. Hence it
follows th a t ( X D , Dist), together w ith the functions © and © defined by

(2) (F © G) 01) =  F (0  +  G (0  and (X © F) (*) =  X • F (/)

for F , G G X D , Xe R and te  D is a quasinorm ed space, too.
Let (X , p) and (Y , d) be metric spaces and let U  c= X be an open set.

We will say / :  U  Y is locally L ipschitzian if for each x e U  there are an 
open set with x e  Q ^ c U  and a L c >  o such tha t d (J(xf)  , /(© 2)) <  
<  L x p (x1 , x 2) for all x L } x 2g A function /  will be said bounded in U 
if there is a num ber M >  o such tha t d ( f ( x )  , o) <  M for every x e  U. In 
sim ilar way as in [4] we prove

THEOREM i . Let (X , p) and  (Y  , d) be respectively a metric and a quasi
normed space and let U c  X be open. Let f  : U  -> Y be continuous and bounded 
on U . Then fo r  every z > 0  there exists a locally Lipschitzian and bounded 

function  / E : U —> Y such that d (J z (# )• ,/(# )) <  s fo r  a ll x e  U.

Proof For fixed x  e U  put N (s , x) =■ {y  e U : p (x , y) <  1 and 
d ( / ( * )  J ( y j )  <  e}. T hen U  =  ( J  N (e/2 , x). Since everv metric space is

xeU

paracom pact there is a locally finite refinem ent { Q a }a eA of {N (s/2  , x) : x e  U } ,  

where Q a  is nonem pty and open. Define \>.a : X [o , 0 0 )  and pa : X -> [o , 1 ] 
for all a e A  by

I o if x  $ Qa r -i-i
[Xa (*) =  J and A  W  =  Fa (*) I £  F3 (x) I ^

I D (x , dQa) if x e Q a

where D (x , 0Qa) =  inf {p (x , z) \ z e sQa}.
It is not difficult to see th a t p,a is L ipschitzian with constant 1. Hence 

it follows th a t pa is locally Lipschitzian in U - Let {:ra}aGA be a subset of U  
such th a t xa e Qa for a e  A. Let us define f s (x) =  A  (x) - f(x a) for x e  U.

aeA
.Since {Qa}aeA is locally finite, then for every x  e U  there is an open set Qx 
with x  e Q,v a  U  such that

d ( i f  O i) , f  (x2)) <  2  d (pa (xx) - f(x a) , pa (x2) - f(x a)) <
aeA

•d

—  [A x  Gr l )  Pa (© 2 )] *
aeA

Pa (% )

Pa (x \) ' ' Pat (pi)
Pa (x i)

Pat O l) —  p a  ( X 2)
<

— , 2  \.Pa (pl) Pa ip 2)] d (f(xa ) , Ó)
aeA
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for x1 , x 2 e O k and pa (xp) >  pa (x2). Similarly, for pa (xP) <  pa (xp) we obtain

d ( f  (*0 , f  ( x j)  <  2  [A  (V2) -  p  (x,)] •
aeA

•d
(
___ A CXl) - f  (x) F A
P a  ( X PP) ‘ ‘ P a  (-'Ll) L P a  ( X PP) ‘ P a  OLl)

<  S  [A (*2) — A OO] d ( /  CO , o).
aeA

<

T hen for x x , x 2e and pa (xP) -=f=. p 2 (x2) we m ay deduce the existence of a 
num ber L x > o such tha t d ( f z (xx) , / e (x2)) <  L̂ . p (cty , x 2). Hence it follows 
th a t f  is locally Lipschitzian. Similarly, for x e  U  we obtain d ( / £ (x) , o) < M . 
M oreover, by the definition of {Qa}aeA for every x e  U  there is axe A  so that 
/re  Qa .̂ T hen for ctxe A  there is x e  U  such that Qa .̂ c  N (s/2 , x). T here
fore for x e  U  there is x e  U  such that .re  Qax c= N (s /2 , x). Since pa (x) =  o 
for a A  a>r then

t ■

d ( /  (A , / s (7) =  d ( 2  A 7) •/ (*). 2  A (7 •/ (A)\aeA aeA

<  2  A  (A d (/(*) ,/(*„)) <  2  A , (A [d C/O) ,/(*)) +  d O O ) ,/O aJ)] <
aeA axeA

< e 2  A O) =  £-
aeA

This completes th e  proof.
W e shall say tha t F  : D x U  -> H satisfies C arathéodory type conditions 

if F  (• , x) is m easurable in te  D , F  ( / ,• )  is continuous in x e XJ  and there 
is a Lebesgue integrable function m : D -> R so th a t r  (F  ( t , x) , {o}) <  m (t) 
for x e U  and a.e. / e  D. Here F  (* ,^) denotes the function of the form 
D 3 /  -> F  ( t , x) for fixed x e U .  Now we can prove the following theorem:

THEOREM 2. Let ( X  , p) be a metric space and let (H , r) denote the space 
of all nonempty compact convex subsets of R >? with the Hausdorff metric r. 
Suppose U  is an open set of X and  D is a measurable subset of R m such 
that o <  I D I <  0 0 .  Let F : D XU -> H satisfy Carathéodory type conditions. 
Then fo r  every y] >  o there is a mapping F71 : D XU H satisfying Carathéodory 
type conditions with following property', fo r  every x eXJ  there are an open set LL 
with x e  £lx cz U  and a number L x > o such that D ist (F (*, x) , F73 (* , x)) < y)

fo r  each r e U  and j r  (F73 ( t , xP) , F71 ( / ,  x 2)) dt <  L x p (xx , x 2) fo r  x x, x 2e £ix . 
n

Proof. Let f  (x) =  F-(*, x) for fixed x €  U. We have f ( x ) e  X D for every 
x e  U. T h e r e f o r e / : U  -> XD. It is not difficult to verify tha t /  satisfies the 
assum ptions of Theorem  1. Then for z =  i \n there is a locally Lipschitzian 
function f n : U  -> Xd so th a t D ist (f n (x) , / (x)) <  1 In for x e  U.  There is 
a subsequence, say {/&} of {/*} such that r ( f k (x) (t) , f ( x )  (/)) -> o as k 0 0  

for a.e. t e  D and uniform ly with respect to x e U .  T hen for every y] >  o
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there is a positive integer such tha t r ( f k (x) (t) , f ( x )  (/)) <  7] for a.e. 
t e  D and x e  XJ. Let F71 ( t , x) — (x) (7). It is easy to see th a t F71 satisfies
C arathéodory type conditions. For x e  U  we have Dist (F75 (• , x) , F (• -, x)) < y). 
Furtherm ore for every x e U  there are an open set with x e  Qx c= U  and 
a num ber L T >  o such tha t D ist ( / ^  (xj) , / ^  (T2)) <  Lx p (x1 , x 2)> Therefore 
for x x , x 2 e Qx we have

D

r (F71 ( t , xj) , F75 (7 , .r2)) d/ <  L* p (xx , xj).

This completes the proof.
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