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Analisi funzionale. — On surjectivity for e—quasibounded multi
valued maps(,). N o t a d i  G i u s e p p e  C o n t i  e P a o l o  N i s t r i , pre
sentata dal Socio G. S a n s o n e .

R iassunto. — Si danno condizioni di suriettività per applicazioni multivoche in spazi 
di Banach.

i .  In t r o d u c t io n

Let E be a Banach space and T : E —o E be a multi-valued map. The 
purpose of this Note is to investigate conditions under which the map I •— T 
is onto, where I is the identity on E.

We obtain results which extend Theorems proved in [4], [9] and [11 ]. 
The main tool we have used in this paper is a suitable definition of asymptotic 
spectrum of a multi-valued map T : E —o E as introduced in [1].

2. N o t a t io n s  a n d  d e f in it io n s

Let E , F be two real or complex Banach spaces and T : E —o F be a 
multi-valued map. We recall that T is upper semicontinuous on E if, for any 
x G E,T (#)'is compact (and not empty) and, for any open set U containing 
T (x), there exists a neighborhood V of ^ such that T (y)c: U for all y  e V.

If for any x e  E the set T (x) is acyclic in the Vietoris homology theory 
with coefficients in Q, then T is said to be acyclic-valued.

Let A be any bounded set of E. Denote by a (A) the Kuratowski measure 
of non-compactness of A (see [7]). If there exists k > o  such that a (T (A)) <  
<  kv. (A) for (any bounded set A c= E, then T is called an a-Lipschitz map 
with constant k . According to [2] we shall say that T is a-contractive (oL-no- 
nexpansive) if k <  1 (k =  1).

If a (T (A)) <  a (A) for any bounded and non precompact set A c  E, 
then T is said to be condensing.

Let M c  E. Define ® (M) . =  sup { \\y || : y  e M}.
The upper semicontinuous map T : E —o F is quasibounded if

I T  I = lim sup
|M l-> + o o

® (T (*))
11*11

<  +  00 .

The number | T | is called the quasinorm of T (see [5]).

(*) Work performed under the auspices of « Gruppo Nazionale della Analisi Funzionale 
e Applicazioni » and of « Istituto per lo sviluppo delle attività e delle ricerche scientifiche in 
Calabria ».

(**) Pervenuta alFAccademia il 31 ottobre 1976.
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The set Q (E) of all the multi-valued quasibounded maps T : E ■—0 E 
cannot be endowed with the structure of a vector space since, for any 
T e Q (E), we have that T — T =  o if and only if T is single-valued.

Let T , S G Q (E). We say that T satisfies property (A) if

t. diam T (x) hm ------ -  = 0
11«|| * + 0 0  11*11

where diam T (x) is the diameter of T (x).
t, .. 8 (T ( x ) , S (x)) 1 c . . ,it lim -—— —— rj— =  o then 1 and b are said to be asymp-

lte ll-> + o o  11*11

totically equivalent (T ^  S), where 8 is the Hausdorff distance between T (x) 
and S (x). In the case when S is linear then T is asymptotically linear and 
S =  T«, is said to be the asymptotic derivative of T (see [1]).

Clearly an asymptotically linear multi-valued map T : E •—0 E satisfies 
property (A).

Let D r =  {x G E : \\x || <  r}. A multi-valued map T satisfies the Leray- 
Schauder condition on D y if \x  e T (x) for some x e Sr , the boundary of D f , 
implies that X <  1.

3. S ome s u r j e c t iv it y  t h e o r e m s  fo r  ^-q u a s ib o u n d e d  m a ps

Let T : E —o E be a multi-valued upper semicontinuous map. We say 
that the real number |x is an eigenvalue of T if there exists x e  E , x  7^0, such 
that s x G T (x) for some s G R and

\i =  sup {se  R : s x e T (x)}.

Then x  is said to be an eigenvector of T belonging to [x.
Let r  >  o. Consider the extended real number defined as follows b (r , T) =  

=  sup {[i. >  o : [x is an eigenvalue of T with eigenvector # such that \\x\\ =  rj  
if the above set is not empty, and b ( r , T) =  o otherwise.

For any p  e E we define

0 (T)0 =  inf {b (r , T) \ r  >  0} .

2) (T)p — (! '  -•- p \  .

3) (T) =  sup {(T)p ; p  e E} .

If (T) <  -f- 00 , the mapping T is said to be essentially-quasibounded 
('e-quasibounded) and (T) will be called the essential quasinorm ('e-quasinorm) 
of the map T.
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We have the following 

Lem m a i

(i) (vT)0 =  v (T)„ ve  R+

(ii) (vT) =  v (T) v e R+

(iii) I f  T is quasibounded then T is e-quasibounded and (T) <  | T |.

Proof. The first property follows immediately from the fact that p is an 
eigenvalue of T if and only if vp is an eigenvalue of vT (v >  o).
Definition 2) and (i) imply that

(vT)p =  (vT +  p )o =  (v (T +  v - ^ ) ) 0 =  v (T +  r > A  =  v (T) v- i .

Hence (vT) =  v (T).
In order to prove (iii) observe that

b (r , T) <  sup 
IMI>r

$  (T (*))
\\x\\

For any p e  E we have

(T),, =  (T +  p )0 <  inf sup
r>0\\x\\>r

Q (T ( x ) + p )  
II xl\

.. <D (T (x) +  p)  im . ,hrn sup ---------------------- =  I T +  p
||æ||-*+oo II X  II

hence (T ) =  sup (T)„ <  | T
peE Q.E.D.

Remark. There are examples of T such that (T) <  | T | (see [4]).

THEOREM i . Let T  : E —o e  be an upper semicontinuous acyclic-valued 
condensing w,ap.

a) I f  (T)0 <  I then T has a fixed point.

b) I f  (T)p <  I the equation p  e  x  — T (x) has a solution.

c) I f  (T) <  I then I •— T is surjective (i.e. (I — T) (E) — E).

Proof \ It is easy to see that a) => b) => c), therefore it sufficies to prove a).
There exists r  >  o such that b (r  ,f)  <  1, that is all the eigenvalues X 

corresponding to eigenvectors x  with || x  || == r  are smaller than 1.
Therefore the mapping T satisfies the Leray-Schauder condition on the 

boundary of the ball D r. Hence, by a theorem due to Martelli [8], T has at 
least one fixed point.

Q.E.D.

A surjectivity result proved in [9] for the class of upper semicontinuous 
acyclic-valued condensing maps with |T  | <  1 can be derived from the above 
Theorem since (T) <  \ T | .
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In the case of single-valued maps we obtain as corollaries some surjectivity 
results of Granas [5] and Dubrowskij [3] (see also [9]).

COROLLARY i .  Let H  be an Hilbert space and let T  : H  ■— ° H  be an upper 
semi continuous acyclic-valued condensing map.

Define s (T , x) =  sup { (z , x) : z e T (x)}. I f

then I — T is onto.

s (T) =  lim sup
ll* lh > + o o

s (T , x)
Ik  II2

Proof. By Theorem 1 it suffices to prove that (T) <  s (T). In fact, take 
a >  s (T). Then there exists p >  o such that || x || >  p and z e T (x) implies 
{z ,x )  <  a \\x II2.

The above inequality shows that there are no positive eigenvalues greater 
than a corresponding to eigenvectors x  such that || x || >  p. Hence (T)0 <  a. 
The arbitrarity of a >  s (T) implies (T)0 <  s (T). Clearly j (T +  p) =  s (T) 
for all p  e E. Therefore (T +  p )Q <  s (T), and so (T) <  s (T).

Q.E.D.

Notice that in the case of single-valued maps the above result is due to 
Krasnosel’skij (see [6]).

C o r o l l a r y  2. Let T : E-—<> E be an upper semicontinuous acyclic-valued 
map. Assume that T is c l- Lips chitz with constant k.

Then for any u such that u >  max {k , (T)} the map ul — T is onto.

Proof. Clearly ir^T is a-contractive and (u-1 T) <  1.
Q.E.D.

In [1] a notion of asymptotic spectrum for multi-valued quasibounded 
maps ijs given. We state now a Theorem which gives a relation between this 
spectrum and the concept of ^-quasibounded maps.

Let us recall first some definitions of [1].
Let T € Q (E). Put

d ( A - T ) lim inf
||æ ||-> + o o

8 (T (x) , Xx) A 6 c

where X —■ T : E ■—° E is the map defined by (X — T) x =  \x  — T#. The 
asymptotic spectrum 2 (T) of T is the set

S (T) =  {Xe C : d (X — T) =  0}

and the spectral radius r  (T) of T is the non-negative real number

r  (T) =  sup { IA I : A e 2 (T)}.

Moreover we put r + (T) =  sup {A >  o : Ae 2 (T)}. (r(T) =  r+(T) =  o if
S(T) =  0 ).
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The following theorem holds

THEOREM 2. Let T g  Q (E). I f  T satisfies property (A) then T is e-quasi- 
bounded and (T) <  r+ (T) <  | T | .

Proof. Clearly r+ (T) <  r  (T). On the other hand r  (T) <  | T | (see [1 ]). 
Therefore it is enough to prove that (T) <  r+ (T). Observe that d (X — T) =  

=  d(X-— T p) for all p e  E.
In fact

d (X •— T +  p) =  lim inf
IM |-> + o o

8 (T { x ) ~ p , i \x)
~  R Î

<  lim inf
INK+00

S (T (x) , \x)
11*11

lim sup
| |* |K + o o

S (— p  , o)
11*11

=  d (X T).

On the other hand

d (X — T) =  lim inf
INK+00

<  lim inf
. 11*1 K +00

§ (T (x) — p  , \x)
R Î

8 (T (pc) *— p  , \x  — p)
F T

lim sup -.. - =■ 11 * 1  K + 0 0  I k  I I

<

d (X — T +  p).

Therefore r + (T +  p) =  (T) for any p  e E. Hence it sufficies to show
that (T)0 < r + (T).

Assume the contrary. Then there exist s >  o and two sequences {Xw}<= R + 
and {xn} a  E , || xn || -> +  00 as n -* od, such that Xn >  r+ (T) +  £ and 
\ nxne T (xn). Therefore || Xnxn \\ <  8 (T (xn) , o) and so

o' <  Xn <
S (T (xn) , o)

I!** II
<  I T

The sequence {kn} is bounded, hence we may assume without loss of genera
lity that \ n -> X >  r + (T) +  s.

We have

S (T (xn) , \x n)
'll*» II

8 (T (xn) , l nxn)
ll*«H

+  |xn— x | < di am T (xn)
ÌT*»ÌÌ

+  I  ̂I •

Thus
r s (fxn , T (xn)) 

IKIK+OO librali
=  O ' .

Then d(X — T) =  o that is Xe £  (T), contradicting the hypothesis.

Q.E.D.
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This Theorem extends to multi-valued maps a Theorem of M. Furi and 
A. Vignoli [4] (see also [11]).

We give now an example which shows that in the above Theorem the

assumption lim diam T ^  =  o is essential.
IMI“>+oo II x  II

Example. Let T : R •—0 R be a multi-valued map defined by T (x) =  
=  {y  e R : — | x | <  y  <  | x |}. T is compact and quasibounded with 
I T I =  I.

We can prove that (T) — 1, while 2 (T) =  0  and so r + (T) =  o.
In fact

.. diam T (x)lim ------ n— — L =  2 .
||a|I-*»+oo II x  II

COROLLARY 3. Let T  : E —o E be an upper semicontinuous condensing, 
acyclic-valued map. Suppose that T is asymptotically linear.

I f  r + (T̂ >) <  I, then I — T is onto.

Proof. By definition T̂ > ^ T  and so 2 (T) =  2 (T̂ >) (see [1]). It follows 
that r + (T) =  r + (T̂ >). Hence by Theorem 2 we have (T) <  1.

Therefore the result follows from Theorem 1.
Q.E.D.

Corollary 3 extends a result obtained in [1].

C o r o l l a r y  4. Let T : E —0 E be an upper semicontinous acyclic-valued 
map. Assume that T is asymptotically linear and cn-contractive. I f

\ x  f=- T'qq (x) for all x  and X >  1,

then — T is onto.

Proof. T 'oq is an a-contraction with the same constant (see [10]) and 
r+ (T'oo) <  1 (see [4]). Hence the result is a consequence of Corollary 3.

Q.E.D.
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