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Analisi m atem atica. —  On Blumberg’s theorem. N ota  di O f e l ia  
T e r e sa  A las , p rese n ta ta  (*> dal Socio B. S egre .

R iassunto. — Si stabilisce un’estensione di un teorema di Blumberg includente altre 
più o meno recenti estensioni [ 4 ,5 ,2 ] .

H. Blumberg showed tha t if /  is a real-valued function on R n, there is a 
dense subset D of Rn such th a t /  restricted to D is continuous. H. R. Bennet 
[2]> J-C,  B radford and Casper Goffman [4], H. E. W hite Jr. [5], extended 
this theorem  in different ways. A n extension of B lum berg’s theorem  (inclu
ding the precedent ones) will be proved here.

F irst we recall some definitions and theorems.
Let X be a topological space, (Y , d)  be a m etric space and /  ; X -> Y 

be a function.

D efin ition  i ([2]). The function /  is said to approach j e X  First 
Categorically (written / 1  ->x)  if there is an s >  o and a neighborhood 
N (pc , e) of x  such that

M \ x  ,e ) -  { z e  N (x , e) | d  ( f  (s) , f  (x)) <  s} 

is a F irst Category set.

D efin ition  2 ([2]). T he function /  is said to approach i g X  densely 
(written f  -> x  densely) if given s >  o there is a neighborhood N (x , s) of 
x  such th a t

M ( x  , s)  =  { z e  N (a :, -s) \ d  ( /  (z) , /  (x)) <  e}

is dense in N (x , e). I f  D cz X and x  is a limit point of D then /  is said to 
approach x  densely via D (written f ~ > x  densely via D) if given s >  o there 
is a neighborhood N (x  , e) of x  such th a t M (x  , e) n D is dense in N ( x , e) fl D.

D efin ition  3 ([2]). An open set U c  X is a partial neighborhood of a 
point x  G X if either x e X J  or x  is a limit point of U.

D efin ition  4 ([5]). X has a cj-disjoint pseudo-base if  there is a set 
B =  U {Bn ] n =  i , 2 ,  - • •} of open subsets of X such th a t for each n the 
m em bers of Bn are pairwise disjoint and for every nonem pty open set U c  X 
there is a nonem pty V  e B contained in U .

THEOREM A ([2]). / /  ^ g X ,  then f  - * x  densely i f  and only i f  fo r  each
p a r tia l neighborhood U  o f x  , f  (pc) is a lim it po in t o f f  (U).

(*) Nella seduta dell’8 maggio 1976.
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T h eo rem  B (Banach). I f  E c  X is such that each poin t o f E  is F irst 
Category relative to X then E itself is o f F irst Category in  X.

Following the proof of Theorem  (1.6) of [2] we have

T h eo rem  i. Let X be a topological space, (Y , d) be a second countable 
metric space and  /  : X Y be a fu n c tio n . Then Fx =  { x  G X \ f  1 ~>x} and  
F2 =  { r e X | /  does not densely approach x} are sets o f F irst Category in  X.

Proof. I f  x e  F x there is s (x) >  o and a neighborhood N (x  , s (x)) of x  
such tha t M (x , z (x)) =  {z  G N (x  , e (x)) \ d  ( f ( z )  , f  (x)) <  s (x)} is a set of 
F irst Category in X. (W ith no lost of generality we m ay assume s (x) of 
the form 1 )m where m  =  I , 2 ,• • •). For each k  =  1 , 2 ,• • • let C (k) =  
— { x  G Fx I s(# ) =  I Ik}  and let D (i) =  {<3 (k , 2) | z =  1 , 2 , • • •} be a coun
table dense subset of f ( C  (k)). Let D =  U {a (k , i). | k  , i — 1 , 2,- • If
a (m , i) G D let R ( m  , i )  =  { x e C  (m) | d  (a (rn , i) , /  (F)) <  1 /2 z/z } and if 
x  e K (m , 0  let

RM  (x , i) — { ^ g M  (x  ,, i /zzz) I d  ( f  (z) , a (m , z)) <  1 / 2 zzz).

Now, if ^  j e R ( w p ' )  and # e RM  (x , 2) n N ( y  , 1 /zzz) then # G R M  (y  , i). 
Indeed, x , y e  R  (m , i) im ply d  (a (m , i) , /  (#)) <  1/2 m and d  (a (m , i ), 

f  (x)) <  ï / 2m;  z  G R M  (# , z). implies # e M (# , 1 /m) and F  ( /  (5) , a ( m  , z*)) <  
<  i / 2 m.  Thus, F  ( / ( # )  , /O 0 )  <  i/w  and ^ g  N (_y , i/zzz); it follows that 

# G M (y  , i \m) and d  ( f  (z) , a ( m ,  i)) <  1 \2  m\ in consequence z  G RM  ( y  , i).
P utting T  (m , i) =  U {RM (x  , i) | x e R (m , i)} we have th a t T  (m , z) is of
F irst Category in each of its points and by  Theorem  B is of First Category in X. 
Finally, we have th a t F jc: U {T (m , i) | m , i  — 1 , 2 , • • •} and this last set 
is of First Category in X.

Let us now prove the second part of the theorem. For each ^ g F 2 
there is s (x) >  o such tha t for each neighborhood N (x , s. (x)) of x  the set 
M (x e (x)) =  { z e  N ( x , s  (x)) | d  ( f ( z )  yf ( x ) )  <  £ (x)} is not dense in N ( x , s (x)).

Since Y is second countable let {G n | n  =  1 , 2 ,• • •} be an open basis 
of Y. For each n =  1 , 2 , • • • let

F  (») =  { x e  F 2 I / (V) e G„ c  B ( / ( * )  , e (*))}.

Since* F2 is contained in U { F (n) | n — 1 , 2 , • • •} it is enough to prove th a t the 
interior of the closure of F (ri) is em pty for each n =  1 , 2 , • • • On the con
trary , let G be a nonem pty open set contained in the closure of F (ri) for some 
n; if p , ç e G f \ F  (n) then d  (/(/» )>  f  (q)) < z  (p)  and { q e G  \ d ( f ( p )  , 

f  GO) <  2 (J>)} would be dense in G which is not possible. T he proof is 
completed.

T h eo rem  2. L et X be a Baire topological space, (Y , d) be a second coun
table metric space and f  : X -> Y be a function. There is a dense set D e  X 
such that i f  . tg D  then f  - * x  densely via  D.
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Proof. This theorem  is a generalization of Theorem  2.2 of [2]. Let 
Fi =  {xe  X I / 1 -> x} ; by  Theorem  1 Fx is of First Category in X. Now put 
Xj_ =  X —  Fx and F 2 =  { x e  X x | /  does not densely approach x. via X x}; 
by virtue of Theorem  1 F2 is of F irst Category in X x (and thus in X). 
Put D — X —  (Fx u F 2) ; D is dense in X and we shall prove th a t for 
each x e D , f ~ > x  densely via D. Indeed, let x e D  and let U  be a partial 
neighborhood of x  in X (thus, U  fi D is a partial neighborhood of x  in D). 
Since x $ F 2, f ~ > x  densely via X 2; given s >  o, there is a neighborhood 
M (x  , s/2) of ^  in X such th a t

M (x  , e/2) fl X 1 =  {z  e N (x  , e/2) I d  ( f  (z) , f  (xj) <  s/2} fl X x

is dense in N (x , e/2) fl X v T hen, there is a q e  U  fi M (x , 2/2) fl Xj and, 
since q does not belong to F l5 the set {z  e U  | d  ( /  (z) , f  (q)) <  z\P) fi D 
is not of F irst C ategory in X. If  y  belongs to this last set, we have th a t 
d  ( /  (y) , f  (pcj) <  s; it follows th a t f  (x) is a limit point of / ( U  H D), and 
by Theorem  1.5 of [2], f  x  densely via D.

THEOREM 3. L et X  be a Baire semi-metrizable topological space, (Y , d) 
be a second countable metric space and  f :  X  -> Y be a function. There is a 
dense subset D o f X  such that f  restricted to D is continuous.

Proof. T he proof follows in an analogous way of tha t of Theorem  2.5 
of [2], since this last proof depends only on .the  existence of a dense subset 
D of X, such th a t for each x e  D , /  x  densely via D.

THEOREM 4. L et X  be a Baire H aus dorff space zvith a <5-disjoint pseudo
base, Y  be a H ausdorff second countable space and f  : X -> Y be a function . 
There is a dense subset D o f X  such that the restriction o f f  to D is continuous.

Proof. Following Proposition 1.7 of [5], let & — U {Pn \ n =  1 , 2 , • • •} 
be a (7-disjoint pseudo-base of X; we m ay assume that, for each n } Gn =  U P n 
is dense in X ^nd Pn refines Pn_ i. Since X is a Baire space, X ' =  f| { Gn |
I n — I , 2 , • • •} is dense in X. P u t P (X ') =  {P fi X ' | P e #}. T hen P (X ') 
is a base for a topology t * on X ' and is a pseudo-base for the subspace topo
logy on X '. Since each element of P (X ') is open-closed in (X ', t*), this last 
space is régulai* and P (X ') is a a-discrete base for t *; thus, (X ', t *) is pseudo- 
m etrizable.

Furtherm ore, (X ', t*) is a Baire space. On the other hand, since Y is a 
H ausdorff second countable space, there is a second countable m etric space 
Z and a function g  : Z Y, which is continuous and bijective.

Now we have the Baire pseudo-m etrizable space (X ;, t *), the second 
countable m etric space Z and the function h \  X '  -> Z, which assigns to 
each x e  X ' the element z e  Z, where g(.s') =  f  (x). Since every Baire pseudo- 
m etrizable spa|:e contains a dense Baire m etrizable subspace, we m ay apply 
Theorem  3 and there is a dense subset D of X ' such tha t the restriction 
of h to D is continuous. But, since g  is continuous, the restriction of f  
to D is continuous. (Indeed, for each



582 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LX -  maggio 1976

We now give a exam ple to show that the hypothesis of second coun
tability  of Y in Theorem  4 cannot be entirely avoided.

Exam ple. Let R be the real line (with the usual topology) and Y be the 
discrete space over the real num bers. L e t/ :  R -> Y be the identity  function. 
Let us assume tha t there exists a dense subset D of R such th a t the restriction 
of /  to D is continuous. For each y e / ( D ) ,  the inverse image set / ^ ( { y } )  is 
an open un itary  set in D; thus, there is an open set in R such th a t ({9/}) =  
=  U /n  D. It follows th a t the open set has just one point in D, which 
impossible, because D is dense in R.
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